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Abstract: We consider three different secure broadcasting scenarios: i) Broadcast channels with common and confidential messages
(BCC), ii) multi-receiver wiretap channels with public and confidential messages, and iii) compound wiretap channels. The BCC is
a broadcast channel with two users, where in addition to the common message sent to both users, a private message, which needs
to be kept hidden as much as possible from the other user, is sent
to each user. In this model, each user treats the other user as an
eavesdropper. The multi-receiver wiretap channel is a broadcast
channel with two legitimate users and an external eavesdropper,
where the transmitter sends a pair of public and confidential messages to each legitimate user. Although there is no secrecy concern
about the public messages, the confidential messages need to be
kept perfectly secret from the eavesdropper. The compound wiretap channel is a compound broadcast channel with a group of legitimate users and a group of eavesdroppers. In this model, the
transmitter sends a common confidential message to the legitimate
users, and this confidential message needs to be kept perfectly secret from all eavesdroppers. In this paper, we provide a survey of
the existing information-theoretic results for these three forms of
secure broadcasting problems, with a closer look at the Gaussian
multiple-input multiple-output (MIMO) channel models. We also
present the existing results for the more general discrete memoryless channel models, as they are often the first step in obtaining
the capacity results for the corresponding Gaussian MIMO channel models.
Index Terms: Broadcast channels, information theoretic security,
multiple antennas.

I. INTRODUCTION
Information theoretic secrecy was initiated by Wyner in his
landmark paper [1], where he introduced the wiretap channel
which consists of a transmitter, a legitimate user and an eavesdropper. In the wiretap channel, the transmitter sends a message
to the legitimate user, where this message needs to be kept hidden as much as possible from the eavesdropper. Wyner considers
the degraded wiretap channel, where the eavesdropper’s observation is degraded with respect to the legitimate user, and obtains the capacity-equivocation region of the degraded wiretap
channel. Wyner’s result is generalized by Csiszar-Korner [2] in
two ways: i) Csiszar-Korner considers a general, not necessarily
degraded, wiretap channel and ii) in their set-up, there is also a
common message sent to both the legitimate user and the eavesdropper, in addition to the legitimate user’s private message that
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needs to be kept hidden as much as possible from the eavesdropper. For this rather general scenario, Csiszar-Korner establishes
the capacity-equivocation region.
Recently, information-theoretic secrecy has gathered a renewed interest, and the basic wiretap channel [1], [2] has been extended to various multi-user communication scenarios. The motivation of these works comes from wireless communications,
where the inherent openness of the wireless medium lets each
user have an overheard information on all ongoing communication sessions. This overheard information is the basis for both
cooperation and loss of confidentiality. There have been many
extensions of the basic wiretap channel to multi-user channels,
such as multiple-access channels with confidential messages, interference channels with confidential messages, relay channels
with confidential messages, etc. A tutorial on all these models
can be found in [3]. Here, we focus on one of these multi-user
scenarios: Secure broadcasting, and provide an in depth tutorial
on its development, as well as the current state-of-the-art in this
field.
In the secure broadcasting problem, generally speaking, there
is a transmitter that broadcasts confidential information to many
users while this communication is being eavesdropped. In this
paper, we consider three different secure broadcasting problems.
In other words, we consider three different channel models that
capture different aspects of the secure broadcasting problem:
i) Broadcast channel with common and confidential messages
(BCC)1 , ii) multi-receiver wiretap channels, and iii) compound
wiretap channels.
The BCC is a two-user broadcast channel where each user
treats the other user as an eavesdropper. For this channel model,
we consider the most general communication scenario where
the transmitter sends a common message to both users as well
as a private message to each user. In this scenario, the aim of
the transmitter is to send the private message of each user while
keeping the other user as ignorant of this message as possible.
This scenario can be viewed as a symmetrized version of the
wiretap channel [1], [2], where only one of the two users was
modeled to receive a private message with a secrecy concern on
it. We note that this scenario can be used to model the communication from a base station to the end-users in a cellular system, where each end-user treats the other end-users as potential
eavesdroppers.
The multi-receiver wiretap channel is a broadcast channel
with two legitimate users, and an external eavesdropper. For this
channel model, we consider the most general communication
scenario studied in the literature so far, where the transmitter
sends a pair of public and confidential messages to each legiti1 A survey for the BCC is also provided in [4]. After the publication of [4],
many other results have appeared for the BCC, which are provided in this paper.
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mate user. In this scenario, although there is no secrecy concern
on the public messages, the confidential messages need to be
kept perfectly secret from the eavesdropper. This scenario can
be viewed as a generalization of the basic wiretap channel [1],
[2] to a broadcast channel with multiple legitimate users. We
also note that, similar to the previous channel model, this channel model can also be used to model the communication from a
base station to the end-users in a cellular system, where now this
communication needs to be kept secure from an external eavesdropper in the communication range.
The compound wiretap channel can be defined in two equivalent ways. In the first, classical, definition, there is a basic
wiretap channel [1], [2] where the channel has a finite number
of states determining the transition probability of the channel,
and the transmitter does not know the realization of the channel
state. The goal of the transmitter is to send a message to the legitimate user while keeping the eavesdropper totally ignorant of
the message, irrespective of the channel state realization. Since
each channel state yields a different wiretap channel, the compound wiretap channel can be viewed as a collection of many
wiretap channels such that there is a group of legitimate users
and a group of eavesdroppers in the channel, and the transmitter sends a common confidential message to all legitimate users
while keeping all eavesdroppers ignorant of this message [5].
This interpretation corresponds to the second definition of the
compound wiretap channel, and is the reason why we consider
the compound wiretap channel as a form of secure broadcasting. This second definition reveals that the compound wiretap
channel can be viewed as a generalization of the basic wiretap
channel to the wiretap channel with many legitimate users and
many eavesdroppers. We note that compound wiretap channel
can be used to model the broadcast of a television station to the
subscribed users aiming to keep the unsubscribed users ignorant
of the content.
In this paper, we mainly consider the Gaussian multi-input
multi-output (MIMO) models for these three scenarios. In each
scenario, we start our discussion with the corresponding discrete
memoryless channel model as it generally serves as an intermediate step in obtaining the result for the Gaussian MIMO channel model. In this paper, we give a special emphasis to the Gaussian MIMO channel model because of the enhanced secrecy that
can be obtained by the use of multiple antennas. To provide an
example to the fact that secrecy can be enhanced by the use of
multiple antennas, let us consider the Gaussian broadcast channel with two users where each user treats the other one as an
eavesdropper, i.e., as in the first secure broadcasting scenario
discussed above. It is well-known that in this single-antenna
system, both users cannot have secrecy simultaneously [6]. On
the other hand, if the transmitter and the receivers are equipped
with multiple antennas, both users can enjoy simultaneous secure communication [7]. Similar examples can be provided for
the Gaussian multi-receiver wiretap channel [8], [9], and Gaussian compound wiretap channel [5].
II. CHANNEL MODELS
In this paper, we review the state-of-art for three secure broadcasting scenarios. In this section, we introduce the correspond-

ing Gaussian MIMO channel models for these three problems.
Since achievable schemes, outer bounds and capacity results for
discrete memoryless channel models serve as intermediate steps
to obtain achievable schemes, outer bounds and capacity results
for Gaussian MIMO channel models, here we also introduce
the corresponding discrete memoryless channel models for these
three problems.
A. Broadcast Channels with Common and Confidential Messages
The BCC consists of a transmitter with an input X ∈ X , and
two receivers with observations Y1 ∈ Y1 and Y2 ∈ Y2 . The
channel is memoryless with a transition probability p(y1 , y2 |x).
The transmitter sends a common message to both users, and
a private message to each user. In this channel, each user (receiver) treats the other one as an eavesdropper, and hence, wants
its private message to be kept hidden as much as possible from
the other user.
An (n, 2nR0 , 2nR1 , 2nR2 ) code for this channel consists
of three message sets W0 = {1, · · ·, 2nR0 }, W1 =
{1, · · ·, 2nR1 }, and W2 = {1, · · ·, 2nR2 }, an encoder at the
transmitter f n : W0 × W1 × W2 → X n , and two decoders
gjn : Yjn → W0 × Wj , one at each receiver. The probabiln
n
n
, Pe2
}, where Pej
=
ity of error is defined as Pen = max{Pe1
Pr[gjn (Yjn ) = (W0 , Wj )], and W0 , W1 , and W2 are uniformly
distributed random variables in W0 , W1 , and W2 , respectively.
The secrecy of each user’s private message is measured by its
equivocation at the other user2
1
H(W1 |W0 , W2 , Y2n )
n

and

1
H(W2 |W0 , W1 , Y1n ).
n

(1)

A rate tuple (R0 , R1 , R2 , Re1 , Re2 ) is said to be achievable
if there exists an (n, 2nR0 , 2nR1 , 2nR2 ) code which satisfies
limn→∞ Pen = 0 and
1
H(W1 |W0 , W2 , Y2n ),
n→∞ n
1
≤ lim H(W2 |W0 , W1 , Y1n ).
n→∞ n

Re1 ≤ lim

(2)

Re2

(3)

The capacity-equivocation region of the BCC is defined as the
closure of all achievable rate tuples (R0 , R1 , R2 , Re1 , Re2 ). The
capacity-equivocation region of the BCC is a five-dimensional
region which contains many sub-regions. From a secrecy point
of view, one important sub-region that the capacity-equivocation
region of the BCC contains is the secrecy capacity region
which contains all rate tuples of the form (R0 , R1 , R2 , Re1 =
R1 , Re2 = R2 ) in the capacity-equivocation region of the BCC.
Hence, the secrecy capacity region is a three dimensional region that contains rate triples (R0 , R1 , R2 ) for which the private messages are transmitted in perfect secrecy, i.e., Re1 =
R1 and Re2 = R2 3 . Moreover, we note that in view of (2)–(3),
2 Equivalently,

equivocation can be defined as
1
H(W1 |Y2n )
n

and

1
H(W2 |Y1n )
n

since the first user decodes W0 , W1 , and the second user decodes W0 , W2 .
3 Whenever a private message is transmitted in perfect secrecy, i.e., R
ej =
Rj , we call the private message confidential message.
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the perfect secrecy requirement Re1 = R1 and Re2 = R2 can
be expressed as

we require the confidential messages to be transmitted in perfect
secrecy. We call the channel model arising from this scenario
the multi-receiver wiretap channel with public and confidential
messages.
An (n, 2nRp1 , 2nRs1 , 2nRp2 , 2nRs2 ) code for this channel
consists of four message sets Wp1 = {1, · · ·, 2nRp1 }, Ws1 =
{1, · · ·, 2nRs1 }, Wp2 = {1, · · ·, 2nRp2 }, and Ws2 =
{1, · · ·, 2nRs2 }, one encoder at the transmitter f n : Wp1 ×
Ws1 × Wp2 × Ws2 → X n , and one decoder at each legitimate user gjn : Yjn → Wpj × Wsj . The probability of error is
n
n
n
, Pe2
}, where Pej
= Pr[gjn (Yjn ) =
defined as Pen = max{Pe1
(Wpj , Wsj )] and Wp1 , Ws1 , Wp2 , and Ws2 are uniformly distributed random variables in Wp1 , Ws1 , Wp2 , and Ws2 , respectively. A rate tuple (Rp1 , Rs1 , Rp2 , Rs2 ) is said to be achievable
if there exists an (n, 2nRp1 , 2nRs1 , 2nRp2 , 2nRs2 ) code which
satisfies limn→∞ Pen = 0 and

1
I(W1 ; W0 , W2 , Y2n ) = 0,
n
1
lim I(W2 ; W0 , W1 , Y1n ) = 0.
n→∞ n
lim

n→∞

(4)
(5)

Another important point in the capacity-equivocation region of
the BCC is the secrecy capacity of each user which is the maximum private message rate of a user such that the private message
can be transmitted in perfect secrecy.
Now, we introduce a class of broadcast channels which satisfy
the following Markov chain
X → Y1 → Y2 .

(6)

A broadcast channel satisfying the Markov chain in (6) is called
a degraded broadcast channel.
Next, we introduce the Gaussian MIMO BCC which is defined by
Y1 = H1 X + N1 ,
Y2 = H2 X + N2

(7)
(8)

where the t × 1 vector X denotes the channel input, the rj × t
matrix Hj is the channel gain matrix of the jth user, and Nj
is the Gaussian noise with zero-mean and identity covariance
matrix at the jth user’s receiver. The channel input is subject to
the following covariance constraint


(9)
E XX  S
where S is a strictly positive definite matrix.
B. Multi-Receiver Wiretap Channels
The multi-receiver wiretap is a broadcast channel with K + 1
receivers where there are K legitimate users receiving confidential messages, and an eavesdropper which is listening to
the communication between the transmitter and the legitimate
users. For the sake of simplicity, we set K = 2 here4 . Thus,
the multi-receiver channel under consideration consists of one
transmitter with input alphabet X , two legitimate users with
output alphabets Y1 and Y2 , and an eavesdropper with output
alphabet Z. The channel is memoryless with a transition probability p(y1 , y2 , z|x), where X ∈ X is the channel input, and
Y1 ∈ Y1 , Y2 ∈ Y2 , and Z ∈ Z denote the channel output of the
first legitimate user, the second legitimate user, and the eavesdropper, respectively.
We consider the scenario in which, the transmitter sends a pair
of public and confidential messages to each legitimate user5 .
While there are no secrecy constraints on the public messages,
4 When necessary, we will give references to papers where K > 2 was considered.
5 We note that this scenario is not the most general one that can be studied
for the multi-receiver wiretap channel. For example, in addition to the public
and confidential messages involved in this scenario, there might be a common
message sent to both the eavesdropper and the legitimate users. Inclusion of this
common message would yield a more general scenario than the one considered
here. However, the scenario considered here is the most general scenario studied
so far.

lim

n→∞

1
I(Ws1 , Ws2 ; Z n ) = 0.
n

(10)

We note that the perfect secrecy requirement in (10) implies the
following two conditions
lim

n→∞

1
I(Ws1 ; Z n ) = 0
n

and

lim

n→∞

1
I(Ws2 ; Z n ) = 0.
n
(11)

The capacity region of the multi-receiver wiretap channel with
public and confidential messages is defined as the convex closure of all achievable rate tuples (Rp1 , Rs1 , Rp2 , Rs2 ). From
a secrecy point of view, one important sub-region that the capacity region of the multi-receiver wiretap channel includes is
the secrecy capacity region which contains all rate tuples of the
form (Rp1 = 0, Rs1 , Rp2 = 0, Rs2 ) in the capacity region of
the multi-receiver wiretap channel. Thus, the secrecy capacity
region of the multi-receiver wiretap channel corresponds to the
scenario where there are only two confidential messages, one for
each legitimate user, i.e., there are no public messages, and these
confidential messages need to be kept perfectly secret from the
eavesdropper.
Now, we introduce a class of multi-receiver wiretap channels
which satisfy the following Markov chain
X → Y1 → Y2 → Z.

(12)

A multi-receiver wiretap channel satisfying the Markov chain in
(12) is called a degraded multi-receiver wiretap channel.
Next, we introduce the Gaussian MIMO multi-receiver wiretap channel which is defined by
Y1 = H1 X + N1 ,
Y2 = H2 X + N2 ,
Z = HZ X + NZ

(13)
(14)
(15)

where the t × 1 vector X denotes the channel input, the rj × t
matrix Hj is the channel gain matrix of the jth user, the rZ × t
matrix HZ is the channel gain matrix of the eavesdropper, and
{Nj }2j=1 and NZ are the Gaussian noise vectors with zeromean and identity covariance matrices at the legitimate users’
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and the eavesdropper’s receivers, respectively. The channel input is subject to the following covariance constraint


E XX  S
(16)
where S is a strictly positive definite matrix.
Finally, we conclude this section by the definition of the degraded Gaussian MIMO multi-receiver wiretap channel. In view
of the definition of the degraded discrete memoryless multireceiver wiretap channel and the Markov chain in (12), a Gaussian MIMO multi-receiver wiretap channel is said to be degraded if it satisfies the following Markov chain
X → Y1 → Y2 → Z.

(17)

Equivalently, the degradedness of a Gaussian MIMO multireceiver wiretap channel can be defined as follows: A Gaussian
MIMO multi-receiver wiretap channel is degraded if there exist
two matrices D12 and D2Z which satisfy the following conditions.
i) H2 = D12 H1 and HZ = D2Z H2 .

ii) D12 D
12  I and D2Z D2Z  I.
C. Compound Wiretap Channels
The compound wiretap channel consists of a legitimate user
and an eavesdropper. In compound wiretap channels, there are
a finite number of channel states determining the channel transition probability. The channel takes a certain fixed state for the
entire duration of the transmission, and the transmitter does not
have any knowledge about the channel state realization, whereas
both the legitimate user and the eavesdropper know the realization of the channel state. Thus, the aim of the transmitter is to
ensure both the reliability and the secrecy of messages irrespective of the channel state realization. In addition to this definition, the compound wiretap channel admits another interpretation. Consider the multi-receiver wiretap channel with several
legitimate users and many eavesdroppers, where the transmitter wants to transmit a common confidential message to legitimate users while keeping all of the eavesdroppers totally ignorant of the message. Since each eavesdropper and legitimate user
pair can be regarded as a different channel state realization, this
channel is equivalent to a compound wiretap channel. Therefore,
one can interpret a compound wiretap channel as multicasting a
common confidential message to several legitimate receivers in
the presence of one or more eavesdroppers [5]. Due to this interpretation, we treat the compound wiretap channel as a form
of secure broadcasting.
The discrete memoryless compound wiretap channel consists
of a transmitter with input alphabet X , KY legitimate users with
output alphabets Yj , and KZ eavesdroppers with output alphabets Zk . The channel is memoryless with a transition probability
p(y1 , · · ·, yKY , z1 , · · ·, zKZ |x) where x ∈ X is the channel input, yj ∈ Yj is the jth legitimate user’s output, and zk ∈ Zk
is the kth eavesdropper’s channel output. We consider the scenario where the transmitter sends a common confidential message to KY legitimate users, and this common confidential message needs to be kept perfectly secret from KZ eavesdroppers.
An (n, 2nR ) code for the compound wiretap channel consists of a message set W = {1, · · ·, 2nR }, an encoder at the

transmitter f n : W → X n , and one decoder at each legitimate user gjn : Yjn → W. The probability of error is defined


n
n
as Pen = maxj=1,···,KY Pej
, where Pej
= Pr gjn (Yjn ) = W ,
and W is a uniformly distributed random variable in W. A secrecy rate R is said to be achievable if there exists an (n, 2nR )
code which satisfies limn→∞ Pen = 0 and
lim

n→∞

1
I(W ; Zkn ) = 0,
n

k = 1, · · ·, KZ .

(18)

The maximum of all achievable secrecy rates for a compound
wiretap channel is called the secrecy capacity.
Now, we define a class of compound wiretap channels called
the degraded compound wiretap channel which satisfies the following Markov chain
X → Yj → Zk

(19)

for any (j, k) pair.
Next, we introduce the Gaussian MIMO compound wiretap
channel which is defined by
Yj = HYj X + NYj ,

(20)

HZ
kX

(21)

Zk =

+

NZ
k

where the t × 1 vector X denotes the channel input, the rjY × t
matrix HYj is the channel gain matrix of the jth legitimate user,
the rkZ ×t matrix HZ
k is the channel gain matrix of the kth eavesdropper, and NYj and NZ
k are the Gaussian noise vectors with
zero-mean and identity covariance matrices at the jth legitimate
user’s and the kth eavesdropper’s receivers, respectively. The
channel input is subject to the following covariance constraint


(22)
E XX  S
where S is a strictly positive definite matrix.
Now, we define the degraded Gaussian MIMO compound
wiretap channel. In view of the definition of the degraded discrete memoryless compound wiretap channel and the Markov
chain in (19), a Gaussian MIMO compound wiretap channel is
said to be degraded if it satisfies the following Markov chain
X → Yj → Zk

(23)

for any (j, k) pair. Equivalently, the degradedness of a Gaussian
MIMO compound wiretap channel can be defined as follows: A
Gaussian MIMO compound wiretap channel is degraded if, for
any (j, k) pair, there exists a matrix Djk satisfying Djk HYj =

HZ
k and Djk Djk  I.
D. Comments on Gaussian MIMO Channels
We provide some comments about the way we define Gaussian MIMO channel models. The first
 one is about the fact that
of the
we use the covariance constraint E XX  S instead

more common total power constraint tr E XX ≤ P . We
note that the covariance constraint is more general and it subsumes the total power constraint as a special case [10]. In particular, any result for the covariance constraint can be used to
obtain the corresponding result for the total power constraint.
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For example, if we denote a capacity region that arises from the
use of a covariance constraint by C(S), the capacity region arising from the use of a total power constraint C tot−pow (P ) can be
obtained as [10]

C(S).
(24)
C tot−pow (P ) =

rate-splitting, i.e., each private message can be divided into two
parts, and one of these two parts can be sent together with the
common message by using U . Since U denotes the information
that is decoded by both users, the parts of the private messages
carried by U cannot have any confidentiality. In Theorem 1, V1
and V2 represent the private messages, or parts of the private
messages if rate-splitting is used, of the first and second user,
respectively. Besides rate-splitting, this achievable scheme uses
superposition coding and random binning. U and (V1 , V2 ) correspond to the two layers of the superposition coding. To encode the private messages into V1 and V2 , random binning is
used. The difference of the achievable scheme in Theorem 1
from Marton’s inner bound comes from the equivocation computation which necessitates one more random binning on top
of the already present random binning in Marton’s achievable
scheme. Thus, the achievable scheme in Theorem 1 uses double binning. In Marton’s achievable scheme, random binning is
used to ensure the joint typicality of the codewords generated
through V1 and V2 . On the other hand, the additional binning
used for the achievable scheme in Theorem 1 provides the necessary randomness and protection to achieve equivocation.
In general, it is unknown whether the achievable rate region
in Theorem 1 is equal to the capacity-equivocation region of the
BCC. However, the partial tightness of this achievable region
has been shown, i.e., if certain rates are set to zero, this inner
bound matches the capacity-equivocation region of the BCC.
Since our main emphasis is on secrecy in this paper, we review
only the relevant secrecy literature. In the secrecy context, the
partial tightness of the region in Theorem 1 has been shown
by Wyner for the first time [1]. Wyner studied the degraded
broadcast channel for the scenario where there is no common
message, and no private message for the second user. Hence,
the second user acts as a pure eavesdropper, i.e., no information is sent to the second user. Thus, in this scenario, there is
only one private message sent to the first user and this message
needs to be kept hidden as much as possible from the second
user (eavesdropper), i.e., the scenario studied by Wyner can be
obtained from the general scenario introduced for the BCC in
subsection II-A by setting R0 = R2 = Re2 = 0. The capacityequivocation region for this scenario is given by the following
theorem.
Theorem 2 ([1]) The capacity-equivocation region of the degraded broadcast channel with only one private message is given
by the union of rate pairs (R1 , Re1 ) satisfying

S:tr(S)≤P

If C(S) is the capacity arising from the use of a covariance constraint, the capacity arising from the use of a total power constraint is given by
C tot−pow (P ) =

max

S:tr(S)≤P

C(S).

(25)

The conversion of any inner or outer bound obtained for a covariance constraint to the corresponding inner and outer bound
for a total power constraint can be accomplished by using relations similar to the ones given in (24) and (25).
The second comment is about our assumption that S is strictly
positive definite. This assumption does not lead to any loss of
generality because for any Gaussian MIMO channel model with
a positive semi-definite covariance constraint, i.e., S  0 and
|S| = 0, we can always
 construct an equivalent channel with
the constraint E XX  S where S  0 (see Lemma 2 of
[10]).
III. BROADCAST CHANNELS WITH COMMON AND
CONFIDENTIAL MESSAGES
First, we review the results for the capacity-equivocation region of the discrete memoryless BCC, and next present the
results for the Gaussian MIMO BCC. We start with the best
known inner bound for the capacity-equivocation region of the
BCC, i.e., the largest achievable region. This achievable region
is given by the following theorem.
Theorem 1 ([11], [12]) Rate tuples (R0 , R1 , R2 , Re1 , Re2 )
satisfying
R0 ≤ min{I(U ; Y1 ), I(U ; Y2 )},
(26)
R0 + R1 ≤ min{I(U ; Y1 ), I(U ; Y2 )} + I(V1 ; Y1 |U ),
(27)
R0 + R2 ≤ min{I(U ; Y1 ), I(U ; Y2 )} + I(V2 ; Y2 |U ),
(28)
R0 + R1 + R2 ≤ min{I(U ; Y1 ), I(U ; Y2 )} + I(V1 ; Y1 |U )
(29)
+ I(V2 ; Y2 |U ) − I(V1 ; V2 |U ),
+

(30)

+

(31)
(32)
(33)

Re1 ≤ [I(V1 ; Y1 |U ) − I(V1 ; Y2 , V2 |U )] ,
Re2 ≤ [I(V2 ; Y2 |U ) − I(V2 ; Y1 , V1 |U )] ,
Re1 ≤ R1 ,
Re2 ≤ R2

for some (U, V1 , V2 ) → X → (Y1 , Y2 ) are achievable.
This achievable rate region can viewed as a generalization of
Marton’s inner bound [13] for broadcast channels to the secrecy
context. Similar to Marton’s inner bound for broadcast channels,
in Theorem 1, U denotes the common message intended to both
receivers as well as the parts of the private messages through

R1 ≤ I(X; Y1 ),
Re1 ≤ I(X; Y1 ) − I(X; Y2 ),
Re1 ≤ R1

(34)
(35)
(36)

where X → Y1 → Y2 .
We note that the capacity-equivocation region in Theorem 2
can be obtained by setting U = V2 = φ and V1 = X in the
achievable region in Theorem 1, hence the achievable region in
Theorem 1 is tight for this case. From Theorem 2, by setting
Re1 = R1 , we can obtain the secrecy capacity of a degraded
wiretap channel as follows.
Corollary 1 ([1]) The secrecy capacity of a degraded wiretap
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channel is given by
max I(X; Y1 ) − I(X; Y2 )
X

(37)

where X → Y1 → Y2 .
Wyner’s result is generalized by Csiszar-Korner [2] in two
ways: i) They consider a general, i.e., not necessarily degraded,
broadcast channel and ii) their scenario includes a common
message intended to both the first user and the second user
(eavesdropper) in addition to the private message for the first
user. Thus, their scenario can be obtained from the general
scenario introduced for the BCC in subsection II-A by setting
R2 = Re2 = 0. The capacity-equivocation region for this scenario is given by the following theorem.
Theorem 3 ([2]) The capacity-equivocation region of the
broadcast channel with common and only one private message
is given by the union of rate tuples (R0 , R1 , Re1 ) satisfying
R0 ≤ min{I(U ; Y1 ), I(U ; Y2 )},
R0 + R1 ≤ min{I(U ; Y1 ), I(U ; Y2 )} + I(V ; Y1 |U ),
+

Re1 ≤ [I(V ; Y1 |U ) − I(V ; Y2 |U )] ,
Re1 ≤ R1

(38)
(39)
(40)
(41)

where U → V → X → Y1 → Y2 .
We note that the capacity-equivocation region in Theorem 3
can be obtained from the achievable region in Theorem 1 by
setting V2 = φ and V1 = V . Hence, the achievable scheme in
Theorem 1 is tight for this scenario as well.
Since the proof of Theorem 3 provides many new tools
which proved to be very useful for many subsequent secrecy
problems, now we provide some more detail about the proof
of Theorem 3. The achievability proof of the capacity result
in Theorem 3 brought the concept of channel pre-fixing. In
particular, in the achievability proof of Theorem 3, [2] first
shows the achievability of the region that consists of rate triples
(R0 , R1 , Re1 ) satisfying
R0 ≤ min{I(U ; Y1 ), I(U ; Y2 )},
R0 + R1 ≤ min{I(U ; Y1 ), I(U ; Y2 )} + I(X; Y1 |U ),
Re1 ≤ [I(X; Y1 |U ) − I(X; Y2 |U )]+ ,
Re1 ≤ R1

(42)
(43)
(44)
(45)

where U → X → Y1 , Y2 . Next, they consider a new channel, i.e., stochastic mapping, with transition probability p(x|v)
which is used to pre-fix the original channel p(y1 , y2 |x) yielding
a new equivalent channel p(y1 , y2 |v). We note that any coding
scheme for the new equivalent channel can be transformed into a
coding scheme for the original channel because the encoder for
the new channel f  can be transformed into the encoder f for the
original channel by multiplying f  with p(x|v), and the stochastic connection between the messages and the received sequences
would be the same in both cases, i.e., the decoder for the new
channel works for the original channel as well. In light of these
facts, the achievability of the region in (42)–(45) implies the
achievability of the region in Theorem 3. We note that although
one reduces the rate transmitted to the first user by replacing X
with V , i.e., by using channel pre-fixing, because the rate goes

down from I(X; Y1 |U ) to I(V ; Y1 |U ), channel pre-fixing reduces the rate eavesdropped by the second user as well. Thus,
if channel pre-fixing reduces the rate going to the eavesdropper
more than the rate transmitted to the first user, the equivocation
can be improved. Hence, the main idea of channel pre-fixing is
to introduce more randomness to the channel which might improve the confidentiality of the private message by harming the
eavesdropper more than harming the first user.
Similar to the achievability proof of Theorem 3, the converse
proof in [2] also provides new tools. In particular, the construction of the auxiliary random variables U and V , and the bounding technique for the equivocation proved to be very useful for
many subsequent secrecy problems. Indeed, both of these contributions are inspired by the Csiszar-Korner sum identity, which
is introduced in [2] as well. The Csiszar-Korner sum identity is
given as follows.
Lemma 1 ([2]) Let T be an arbitrary random variable, and
Y1n , Y2n be two length-n random vectors. We have
n

i=1

n
I(Y2(i+1)
; Y1i |T, Y1i−1 ) =

n

i=1

n
I(Y1i−1 ; Y2i |T, Y2(i+1)
).

(46)
In the converse proof of Theorem 3, by using Lemma 1, [2]
has showed that
nRe1 ≤

n

i=1

n
I(W1 ; Y1i |W0 , Y1i−1 , Y2(i+1)
)

n
) + nn
− I(W1 ; Y2i |W0 , Y1i−1 , Y2(i+1)

(47)

where n → 0 as n → ∞. In view of (47), [2] has identified the auxiliary random variables Ui and Vi as Ui =
n
) and Vi = (W1 , Ui ). Once the equivoca(W0 , Y1i−1 , Y2(i+1)
tion is bounded as in (47) and the auxiliary random variables are
identified, the bounds on R0 and R1 can be obtained in a rather
straightforward way. Thus, the Csiszar-Korner sum identity in
Lemma 1 can be viewed as the most important instrument to
obtain the converse proof for Theorem 3.
We note an interesting point about Theorem 3, by focusing on the scenario where the transmitter sends only a private
message to the first user and this message needs to be kept
hidden as much as possible from the second user (eavesdropper). Hence, this scenario can be obtained from the general
scenario introduced for the BCC in subsection II-A by setting
R0 = R2 = Re2 = 0. Moreover, this scenario can be viewed as
the generalization of Wyner’s scenario from the degraded broadcast channel to the general, not necessarily degraded, broadcast channel. The corresponding capacity-equivocation region
is given as follows.
Theorem 4 ([2]) The capacity-equivocation region of the
broadcast channel with only one private message is given by
the union of rate pairs (R1 , Re1 ) satisfying
R1 ≤ I(V ; Y1 ),
Re1 ≤ I(V ; Y1 |U ) − I(V ; Y2 |U )

(48)
(49)

where U → V → X → Y1 , Y2 .
The interesting point revealed by Theorem 4 is that although there is only one message to be transmitted, we need
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rate-splitting and superposition coding to achieve the capacityequivocation region. In particular, this single message needs
to be divided into two parts, where the first part is mapped to
codewords generated by U and the second part is superimposed
on the first one and mapped to the codewords generated by V .
Moreover, as (49) suggests, the first part of the private message
sent with U does not contribute to the equivocation. Indeed, it
can be shown that this first part of the private message is decoded by the second user (eavesdropper) as well. We also note
that, as Theorem 2 shows, if the broadcast channel is degraded,
there is no need for rate-splitting or superposition coding to attain the capacity-equivocation region of the broadcast channel
with only one private message.
Finally, we conclude our discussion about the discrete memoryless BCC by obtaining the secrecy capacity in a general, not
necessarily degraded, broadcast channel. By setting Re1 = R1
in Theorem 4, we can obtain the secrecy capacity as follows.

Theorem 5: An achievable region for the Gaussian MIMO
BCC is given by

R21
(55)
conv R12

I(V ; Y1 |U ) − I(V ; Y2 |U )


p(u) I(V ; Y1 |U = u) − I(V ; Y2 |U = u)
max

max

U,V →X→Yj

=

≤

=

U,V →X→Yj

max



U,V →X→Yj

max

V →X→Yj

u∈U


p(u) max I(V ; Y1 |U = u)

u∈U

(50)

u∈U

− I(V ; Y2 |U = u)
(51)

max I(V ; Y1 |U = u) − I(V ; Y2 |U = u)
u∈U

(52)
=

max

V →X→Yj

I(V ; Y1 ) − I(V ; Y2 ).

(53)

This result is formally stated in the following corollary.
Corollary 2 ([2]) The secrecy capacity of a general, not necessarily degraded, wiretap channel is given by
max I(V ; Y1 ) − I(V ; Y2 )
V,X

(54)

where V → X → Y1 , Y2 .
This corollary states that as opposed to the degraded wiretap channel, to achieve the secrecy capacity of a general, not
necessarily degraded, wiretap channel, channel pre-fixing might
be necessary. In other words, although, in view of Corollary 1,
V = X achieves the secrecy capacity of a degraded wiretap
channel, V = X might be sub-optimal in a general, not necessarily degraded, wiretap channel.
A. Gaussian MIMO BCC
In this section, we review the results for the capacityequivocation region of the Gaussian MIMO BCC. First, we
present an achievable rate region which can be obtained by evaluating the region in Theorem 1 by using certain selections for
the auxiliary random variables U, V1 , and V2 in Theorem 1. In
particular, the following achievable rate region corresponds to a
jointly Gaussian selection of U, V1 , and V2 with a certain correlation structure.

where R12 consists of the rate tuples satisfying
|Hj SH
1
j + I|
log
,
j=1,2 2
|Hj (K1 + K2 )H
j + I|

R0 = min

|H1 (K1 + K2 )H
1
1 + I|
log
,

2
|H1 K2 H1 + I)|
1
R2 = log |H2 K2 H
2 + I|,
2
|H1 (K1 + K2 )H
1
1 + I|
Re1 = log

2
|H1 K2 H1 + I|
R1 =

(56)
(57)
(58)

|H2 (K1 + K2 )H
1
2 + I|
log
,
(59)
2
|H2 K2 H
+
I|
2
1
1
log |H1 K2 H
= log |H2 K2 H
2 + I| −
1 + I| (60)
2
2
−

Re2

for some positive semi-definite matrices K1 and K2 such that
K1 + K2  S, and R21 can be obtained from R12 by swapping
the indices 1 and 2.
Theorem 5 states that the common message, for which a covariance matrix S − K1 − K2 is allotted, should be encoded by
using a standard Gaussian codebook generated by using U , and
the private messages, for which covariance matrices K1 and K2
are allotted, need to be encoded by using dirty-paper coding
(DPC) [14]. The codewords for the private messages need to
be generated by using V1 and V2 . The receivers first decode the
common message by treating the private messages as noise, and
then each receiver decodes the private message intended for itself. Depending on the encoding order used in DPC, one of the
users gets a clean link for the transmission of its private message, where there is no interference originating from the other
user’s private message.
Next, we note that the inner bound in Theorem 6 can potentially be improved by using the following observation: If
(R0 , R1 , R2 , Re1 , Re2 ) is an achievable rate tuple, the rate tuple (R0 − α − β, R1 + α, R2 + β, Re1 , Re2 ) is also achievable
for any α, β satisfying 0 ≤ α, 0 ≤ β, α + β ≤ R0 . In other
words, since the common message is decoded by both users,
its rate can be given up in the favor of the rates of the private
messages without changing the equivocations. Using this observation and Theorem 6, the achievability of the following region
can be shown.
Theorem 6: An achievable region for the Gaussian MIMO
BCC is given by

(61)
R21
conv R12
where R12 consists of the rate tuples satisfying
|Hj SH
1
j + I|
log
, (62)
j=1,2 2
|Hj (K1 + K2 )H
j + I|

R0 ≤ min

|Hj SH
1
j + I|
log
j=1,2 2
|Hj (K1 + K2 )H
j + I|

R0 + R1 ≤ min
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+

|H1 (K1 + K2 )H
1
1 + I|
log
,
2
|H1 K2 H
+
I)|
1

R0 + R2 ≤ min

j=1,2

(63)

|Hj SH
1
j + I|
log
2
|Hj (K1 + K2 )H
j + I|

1
log |H2 K2 H
2 + I|,
2
|Hj SH
1
j + I|
R0 + R1 + R2 ≤ min log
j=1,2 2
|Hj (K1 + K2 )H
j + I|
+

1
|H1 (K1 + K2 )H
1 + I|
log
2
|H1 K2 H
+
I)|
1
1
+ log |H2 K2 H
2 + I|,
2
|H1 (K1 + K2 )H
1
1 + I|
≤ log
2
|H1 K2 H
+
I|
1

(64)

+

Re1

−

|H2 (K1 + K2 )H
1
2 + I|
log
,

2
|H2 K2 H2 + I|

1
log |H2 K2 H
2 + I|
2
1
− log |H1 K2 H
1 + I|,
2
≤ R1 ,
≤ R2

(65)

(66)

Re2 ≤

Re1
Re2

(67)
(68)
(69)

for some positive semi-definite matrices K1 and K2 such that
K1 + K2  S, and R21 can be obtained from R12 by swapping
the indices 1 and 2.
Similar to the inner bound for the discrete memoryless
BCC in Theorem 1, the achievable region for the Gaussian
MIMO channel in Theorem 6 is also known to be partially
tight although, in general, it is unknown whether it is exactly equal to the capacity-equivocation region of the Gaussian MIMO BCC. Next, we present the cases where the inner
bound in Theorem 6 is partially tight. To this end, we note
that the capacity-equivocation region of the Gaussian MIMO
BCC is a five-dimensional region (R0 , R1 , R2 , Re1 , Re2 ). As
of now, two three-dimensional sub-regions of the capacityequivocation region have been obtained, where these two subregions are the dimension-wise largest known sub-regions of the
capacity-equivocation region [15]–[19]. These two dimensionwise largest known sub-regions correspond to the following scenarios.
• In the first scenario, there is a common message sent to both
users, and a private message intended to the first user where
this private message needs to be kept hidden as much as possible from the second user. Hence, this scenario can be obtained by setting R2 = Re2 = 0 in the most general scenario
for the Gaussian MIMO BCC. Thus, this scenario is identical to the one that was studied by [2], and can be viewed as
an application of their scenario to the Gaussian MIMO BCC.
Moreover, since the capacity-equivocation region of this scenario has been obtained by [2] for discrete memoryless BCC,
the single-letter description for the capacity-equivocation region of the Gaussian MIMO BCC exists. To obtain capacityequivocation of the Gaussian MIMO BCC in an explicit form,
one needs to find to the optimal (U, V, X) to evaluate the

single-letter description in Theorem 3. This is accomplished
in [15] and [16], and it is shown that this explicit form of the
capacity-equivocation region is the same as the achievable
region that can be obtained from Theorem 6, that is jointly
Gaussian (U, V, X) is optimal.
• In the second scenario, there is a common message sent
to both users, and a private message for each user where
the private messages need to be transmitted in perfect secrecy. Hence, this scenario can be obtained by setting Re1 =
R1 and Re2 = R2 in the most general scenario for the Gaussian MIMO BCC. Thus, the second scenario addresses the
description of the secrecy capacity region of the Gaussian
MIMO BCC. Unlike to the first scenario, the single-letter description for the capacity-equivocation region of this scenario
does not exist since the secrecy capacity region of the discrete
memoryless BCC is unknown in general. Despite the absence
of a single-letter description, the secrecy capacity region of
the Gaussian MIMO BCC has been obtained in [17]–[19],
and is the same as the achievable region that can be obtained
from Theorem 6.
In the upcoming two sub-sections, we present the capacity
results for these two scenarios and some specializations of these
capacity results.
A.1 First Scenario
We start with the capacity result for the first scenario, i.e., the
capacity-equivocation region of the Gaussian MIMO BCC with
common and only one private messages, which is stated in the
following theorem.
Theorem 7 ([15], [16]) The capacity-equivocation region of
the Gaussian MIMO BCC with common and only one private
message is given by the union of rate triples (R0 , R1 , Re1 ) satisfying
|Hj SH
1
j + I|
log
,
j=1,2 2
|Hj KH
j + I|

R0 ≤ min

(70)

|Hj SH
1
1
j + I|
log
+ log |H1 KH
1 + I|,
j=1,2 2
2
|Hj KH
+
I|
j
(71)
1
1
log |H2 KH
≤ log |H1 KH
1 + I| −
2 + I|
2
2
(72)

R0 + R1 ≤ min

Re1

where K is a positive semi-definite matrix such that K  S.
We note that the capacity-equivocation region in Theorem 7
can be attained by the inner bound in Theorem 6 by setting R2 =
Re2 = 0, K2 = 0, and K1 = K. Thus, Theorem 6 is tight for
this case. Besides Theorem 6, the achievability of the capacityequivocation region in Theorem 7 can be shown by evaluating
the single-letter description for the capacity-equivocation region
given in Theorem 3 for the following selections of U, V, and X:
i) U is selected as a Gaussian random vector with zero-mean and
covariance matrix S − K and ii) we set V = X = U + U  where
U  is a Gaussian random vector with zero-mean and covariance
matrix K, and is independent of U . The converse proof of Theorem 7 is more involved than the achievability proof. In particular, to provide a converse proof, one needs to show that this
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selection of (U, V, X) is sufficient to exhaust the single-letter
description given in Theorem 3. This is accomplished in [15]
and [16] by using the channel enhancement technique [10] and
some extremal inequalities.
Next, we investigate Theorem 7 for special cases. The first
special case is the secrecy capacity region of the Gaussian
MIMO BCC with common and only one private message, which
can be obtained from Theorem 7 by setting Re1 = R1 .
Corollary 3 ([20]) The secrecy capacity region of the Gaussian MIMO BCC with common and only one private message is
given by the union of rate pairs (R0 , R1 ) satisfying

bound [27]. In this outer bound, first a new channel is constructed by providing the second user’s (eavesdropper’s) observation to the first user. Hence, the secrecy capacity of this
new channel serves as an outer bound for the secrecy capacity of the original channel. Moreover, the new channel is degraded and its secrecy capacity is known in a single-letter form
due to Wyner [1], see Corollary 1. We note that since this new
channel is degraded, there is no auxiliary random variable in
its secrecy capacity, and its secrecy capacity can be obtained
in an explicit form by showing the optimality of Gaussian X.
Second, this outer bound is tightened by noting the fact that
the secrecy capacity in a broadcast channel does not depend on
the entire distribution p(y1 , y2 |x) but the marginal distributions
p(y1 |x) and p(y2 |x). Thus, this Sato-type outer bound can be
tightened by minimizing it over all possible joint distributions
q(y1 , y2 |x) such that the corresponding marginal distributions
q(y1 |x) and q(y2 |x) are equal to the ones in the original channel,
i.e., q(y1 |x) = p(y1 |x) and q(y2 |x) = p(y2 |x). After this tightening, it is shown that this outer bound is equal to the achievable
secrecy rate.
The proofs in [23]–[25] involve rather complicated optimization problems, however, indeed, a simpler proof can be provided as was done in [26] by using channel enhancement [10].
The proofs in [23]–[25] which rely on a Sato-type outer bound
reveal that for any Gaussian MIMO BCC, there exists a degraded Gaussian MIMO BCC whose secrecy capacity is potentially larger than the secrecy capacity of the original channel, and thus the secrecy capacity of the degraded channel is an
outer bound for the secrecy capacity of the original channel. In
fact, due to the insensitivity of the secrecy capacity on the joint
distribution, there exist many degraded Gaussian MIMO BCCs,
which provide potentially loose outer bounds. The development
in [23]–[25] shows that, at least one of these degraded Gaussian MIMO BCCs have secrecy capacity which equals to the
secrecy capacity of the original channel. Indeed, this outline of
the proofs [23]–[25] relying on Sato-type outer bound is a manifestation of the channel enhancement technique [10], where exactly the same steps are taken to prove a capacity result. This
similarity is noticed in [26] where an alternative proof for the
secrecy capacity of the Gaussian MIMO BCC is provided by
using channel enhancement.
We note that the optimal covariance matrix K∗ that attains
the maximum in (77) can be obtained in an explicit form by using the generalized eigenvalue decomposition [28] as it is done
in [7] and [29]. The last point we discuss about Corollary 5
is that to achieve the secrecy capacity of the Gaussian MIMO
BCC, channel pre-fixing is not necessary, i.e., V = X is an optimal selection. Interestingly, [7] shows that this secrecy capacity
can also be achieved by using channel pre-fixing. In particular, [7] shows that the secrecy capacity of the Gaussian MIMO
BCC also admits the following form.
Theorem 8 ([7]) The secrecy capacity of the Gaussian
MIMO BCC is given by

|Hj SH
1
j + I|
log
,
j=1,2 2
|Hj KH
j + I|
1
1
log |H2 KH
R1 ≤ log |H1 KH
1 + I| −
2 + I|
2
2
R0 ≤ min

(73)
(74)

where K is a positive semi-definite matrix such that K  S.
The second special scenario is the capacity-equivocation region of the Gaussian MIMO BCC with only one private message
and no common message, which can be obtained from Theorem 7 by setting R0 = 0.
Corollary 4 ([21]) The capacity-equivocation region of the
Gaussian MIMO BCC with only one private message is given
by the union of rate pairs (R1 , Re1 ) satisfying
1
log |H1 SH
1 + I|,
2
1
1
log |H2 KH
≤ log |H1 KH
1 + I| −
2 + I|
2
2

R1 ≤
Re1

(75)
(76)

where K is a positive semi-definite matrix such that K  S.
This corollary can be viewed as Gaussian MIMO version of
the capacity result in Theorem 4, where although there is a single message to be transmitted, rate-splitting and superposition
coding was necessary to attain the capacity-equivocation region.
The capacity result in this corollary provides a concrete example to show this necessity. In particular, this corollary states that
the private message of the first user needs to be decomposed
into two parts, and these two parts need to be encoded by using
superposition coding [22]. The transmitter allots the covariance
matrix S − K to the first part, and the covariance matrix K to
the second part, where the the first part does not contribute to
the equivocation, and the entire equivocation comes from the
second part.
We conclude this section by presenting the secrecy capacity
of the Gaussian MIMO BCC, which can be obtained from Theorem 7 by setting R0 = 0 and R1 = Re1 .
Corollary 5 ([23]–[26]) The secrecy capacity of the Gaussian MIMO BCC is given by
max

0KS

1
1
log |H1 KH
log |H2 KH
1 + I| −
2 + I|.
2
2

(77)

This corollary states that the secrecy capacity of the Gaussian MIMO BCC can be achieved by selecting V = X as
a zero-mean Gaussian vector with covariance matrix K in
Corollary 2. There are various proofs of Corollary 5 [23]–[26].
Most of these proofs [23]–[25] rely on a Sato-type outer

|H1 SH
|H2 SH
1
1
1 + I|
2 + I|
log
− log
. (78)

0KS 2
|H1 KH1 + I| 2
|H2 KH
2 + I|
max

This alternative form of the secrecy capacity of the Gaussian
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MIMO BCC can be achieved by selecting V as a zero-mean
Gaussian random vector with covariance matrix S−K, and X =
V + V  , where V  is also a zero-mean Gaussian random vector
with covariance matrix K, and is independent of V . We note
that in this alternative form of the secrecy capacity, one does not
set V = X, i.e., channel pre-fixing is used.
A.2 Second Scenario
The second dimension-wise largest known sub-region, for
which the inner bound in Theorem 6 is tight, is the secrecy capacity region of the Gaussian MIMO BCC [17]–[19]. In other
words, in the second scenario, there is a common message sent
to both users and a private message for each user, where the
private messages need to be transmitted in perfect secrecy, i.e.,
Re1 = R1 and Re2 = R2 . We note that as opposed to the first
scenario, where the capacity-equivocation region is known for
the discrete memoryless BCC as it is given in Theorem 3, for the
second scenario, the capacity-equivocation region is not known
for the discrete memoryless channel in general. However, as the
following theorem states, the capacity-equivocation region corresponding to the second scenario can be obtained for the Gaussian MIMO BCC.
Theorem 9 ([17]–[19]) The secrecy capacity region of the
Gaussian MIMO BCC is given by
= RS−DPC
RS−DPC
12
21

(79)

where RS−DPC
is given by the union of rate triples
12
(R0 , R1 , R2 ) satisfying
R0 ≤ min

j=1,2

R1 ≤

|Hj SH
1
j + I|
log
,
2
|Hj (K1 + K2 )H
j + I|

(80)
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log

2
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2
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(81)
(82)

for some positive semi-definite matrices K1 and K2 such that
can be obtained from RS−DPC
by
K1 + K2  S. RS−DPC
21
12
swapping the indices 1 and 2.
This theorem implies that the secrecy capacity region of the
Gaussian MIMO BCC can be obtained from the inner bound
given in Theorem 6 by setting Re1 = R1 and Re2 = R2 . We
remind that DPC [14] is used to encode the private messages in
Theorem 6, where depending on the encoding order used, one
of the two users gets a clean link because it does not see any
interference originating from the existence of the other user. As
mentioned earlier, the difference of this DPC from the one used
when there is no secrecy concern is the additional random binning introduced on top of the already present binning. This additional binning is necessitated by the secrecy concern. Consequently, this double binning provides codewords for the private
messages, by using V1 and V2 , with three indices. One of these
three indices is a dummy fixed index to ensure the joint typicality of the codewords generated by V1 and V2 , and the other
two indices carry the parts of the private messages, i.e., each

private message is divided into two parts. One of these two indices provides the necessary protection for the confidentiality of
the other index. Thus, one of these two indices is transmitted in
perfect secrecy, and the other index, the one providing the necessary protection, does not contribute to the equivocation. Consequently, if we specialize the DPC scheme to the perfect secrecy
case here, the information content of the index providing protection for the other one is replaced by some dummy content. This
specialization of DPC to the perfect secrecy case is called secret
DPC (S-DPC) [7], [17]–[19]. This is why we have superscript
S-DPC in (79).
Since S-DPC corresponds to a specialization of DPC, in SDPC, depending on the encoding order used, a user gets a clean
link, where there is no interference from the other user’s confidential message. Thus, one expects that the two achievable rate
and RS−DPC
, arising from two possiregions, i.e., RS−DPC
12
21
ble encoding orders, should not be equal, and taking a convex
∪
closure of these two regions, i.e., the region conv(RS−DPC
12
),
should
yield
a
larger
achievable
rate
region.
HowRS−DPC
21
ever, Theorem 9 reveals that both achievable rate regions are
identical, and are equal to the secrecy capacity region of the
Gaussian MIMO BCC. Thus, to achieve the secrecy capacity region of the Gaussian MIMO BCC, anyone of the two possible
encoding orders used in S-DPC, which lead to the achievable reand RS−DPC
, is sufficient. This invariance propgions RS−DPC
12
21
erty of the S-DPC has connections with the capacity region of
the Gaussian MIMO broadcast channel with common and private messages [30]–[32], where there is no secrecy concern on
the private messages. A more detailed discussion about the invariance of S-DPC with respect to the encoding order can be
found in [17] and [18].
Next, we consider the specializations of the capacity result
in Theorem 9. First, we note that if we disable one of the two
confidential messages by setting its rate to zero, we recover the
secrecy capacity region of the Gaussian MIMO BCC with common and only one confidential message given in Corollary 3.
In addition to one of the two confidential messages, if we also
disable the common message by setting its rate to zero, we recover the secrecy capacity of the Gaussian MIMO BCC stated
in Corollary 5. The final specialization of the capacity result in
Theorem 9 can be obtained by disabling only the common message by setting its rate to zero. The corresponding result is stated
in the following corollary.
Corollary 6 ([7]) The secrecy capacity region of the Gaussian MIMO BCC without a common message is given by the
union of rate pairs (R1 , R2 ) satisfying
|H1 SH
|H2 SH
1
1
1 + I|
2 + I|
log
log
−
,

2
|H1 KH1 + I| 2
|H2 KH
2 + I|
1
1
R2 ≤ log |H2 KH
log |H1 KH
2 + I| −
1 + I|
2
2
R1 ≤

(83)
(84)

for some positive semi-definite matrix K satisfying K  S.
As pointed out in [7], the secrecy capacity region in Corollary 6 is rectangular which is implied by the fact that both (83)
and (84) have the same maximizer. Thus, the secrecy capacity
region in Corollary 6 can be restated as follows.
Corollary 7 ([7]) The secrecy capacity region of the Gaussian MIMO BCC without common message is given by the
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union of rate pairs (R1 , R2 ) satisfying
|H1 SH
|H2 SH
1
1
1 + I|
2 + I|
log
log
−
,

0KS 2
|H1 KH1 + I| 2
|H2 KH
2 + I|
(85)
1
1
log |H2 KH
log |H1 KH
R2 ≤ max
2 + I| −
1 + I|.
0KS 2
2
(86)
Finally, we note that in a Gaussian MIMO BCC without a
common message, both users can achieve their secrecy capacity
because in view of Theorem 8, (85) is the secrecy capacity of the
first user, and in view of Corollary 5, (86) is the secrecy capacity
of the second user.
R1 ≤ max

IV. MULTI-RECEIVER WIRETAP CHANNELS
Similar to our presentation for the BCC, here also, we first
present the results for the discrete memoryless multi-receiver
wiretap channel, and next present the results for the Gaussian
MIMO channel. We start with the best known inner bound for
the capacity region of the discrete memoryless multi-receiver
wiretap channel.
Theorem 10 ([33]) The rate tuples (Rp1 , Rs1 , Rp2 , Rs2 ) satisfying
Rs1 ≤ min I(U ; Yj ) + I(V1 ; Y1 |U ) − I(U, V1 ; Z),
j=1,2

(87)
Rs2 ≤ min I(U ; Yj ) + I(V2 ; Y2 |U ) − I(U, V2 ; Z),
j=1,2

(88)
Rs1 + Rs2 ≤ min I(U ; Yj ) + I(V1 ; Y1 |U ) + I(V2 ; Y2 |U )
j=1,2

− I(V1 ; V2 |U ) − I(U, V1 , V2 ; Z),
Rs1 + Rp1 ≤ min I(U ; Yj ) + I(V1 ; Y1 |U ),

(89)
(90)

Rs2 + Rp2 ≤ min I(U ; Yj ) + I(V2 ; Y2 |U ),

(91)

j=1,2
j=1,2

2

j=1

Rsj + Rp1 ≤ min I(U ; Yj ) + I(V1 ; Y1 |U ) + I(V2 ; Y2 |U )
j=1,2

− I(V2 ; Z|U ),
2

j=1

Rsj + Rp2 ≤ min I(U ; Yj ) + I(V1 ; Y1 |U ) + I(V2 ; Y2 |U )
j=1,2

− I(V1 ; Z|U ),
2

j=1

(92)

(93)

Rsj + Rpj ≤ min I(U ; Yj ) + I(V1 ; Y1 |U ) + I(V2 ; Y2 |U )
j=1,2

− I(V1 ; V2 |U )

(94)

for some U, V1 , and V2 such that (U, V1 , V2 ) → X →
(Y1 , Y2 , Z) are achievable.
This inner bound is obtained by using rate-splitting, superposition coding [22] and Marton coding [13]. In particular, each
public and confidential message pair (Wsj , Wpj ) is divided into
1
1
2
2
, Wpj
) and (Wsj
, Wpj
). After rate-splitting,
two parts as (Wsj
the first parts of public and confidential message pairs, i.e.,
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1
1
1
1
, Wp1
) and (Ws2
, Wp2
), are encoded by using the code(Ws1
words generated through U . These codewords constitute the first
layer of the superposition coding. In the second layer of the
superposition coding, the second parts of the public and confidential message pairs are encoded. In particular, the second
2
2
, Wpj
)
part of each public and confidential message pair (Wsj
is encoded to the codewords generated by using Vj , where encoding is performed by using Marton’s coding. Similar to the
use of Marton’s coding for the inner bound in Theorem 1, here
also Marton’s coding is slightly modified due to the presence
of the secrecy requirement. In particular, similar to Theorem 1,
here also, an additional level of binning is required to meet the
secrecy constraints, on top of the already existing binning in
Marton’s coding. Indeed, here additional binning is necessitated
by not only the presence of the secrecy requirement but also
the presence of the public messages. In other words, the public
messages have a dual role of both carrying information and also
providing protection for the confidential messages.
Next, we consider the specializations of Theorem 10 to
the degraded multi-receiver wiretap channel. For the degraded
multi-receiver wiretap channel, first, we provide the following
achievable rate region which can be obtained from the one in
Theorem 10 by setting U = V2 and V1 = X which satisfy the
Markov chain U → X → Y1 , Y2 , Z, and eliminating the redundant bounds.
Corollary 8 ([33], [34]) In a degraded multi-receiver wiretap channel, the rate tuples (Rp1 , Rs1 , Rp2 , Rs2 ) satisfying

Rs2 ≤ I(U ; Y2 ) − I(U ; Z),
Rs1 + Rs2 ≤ I(U ; Y2 ) + I(X; Y1 |U )
− I(X; Z),
Rs2 + Rp2 ≤ I(U ; Y2 ),
Rs1 + Rs2 + Rp2 ≤ I(U ; Y2 ) + I(X; Y1 |U )
− I(X; Z|U ),
Rs1 + Rs2 + Rp1 + Rp2 ≤ I(U ; Y2 ) + I(X; Y1 |U )

(95)
(96)
(97)
(98)
(99)

are achievable, where U and X satisfy the following Markov
chain
U → X → Y1 → Y2 → Z.

(100)

As mentioned earlier, this inner bound for the degraded multireceiver wiretap channel can be obtained by a proper selection
of the auxiliary random variables U, V1 , and V2 in Theorem 10.
However, Corollary 8 can also be obtained without invoking
Theorem 10. In this alternative derivation, only superposition
coding is used, i.e., as opposed to Theorem 10, there is no need
to use Marton’s coding. The alternative derivation of Corollary 8
consists of two steps. As a first step, using superposition coding,
one can show that the rate tuples (Rp1 , Rs1 , Rp2 , Rs2 ) satisfying
Rp2
Rs2
Rp1
Rs1

≤ I(U ; Z),
≤ I(U ; Y2 ) − I(U ; Z),
≤ I(X; Z|U ),
≤ I(X; Y1 |U ) − I(X; Z|U )

(101)
(102)
(103)
(104)

422

JOURNAL OF COMMUNICATIONS AND NETWORKS, VOL. 12, NO. 5, OCTOBER 2010

are achievable, where (U, X) satisfy (100). As the second step
for the alternative derivation of Corollary 8, one can use the following facts.
• Since confidential messages can be considered as public messages as well, each legitimate user’s confidential message
rate Rsj can be given up in the favor of its public message rate Rpj , i.e., if (Rp1 , Rs1 , Rp2 , Rs2 ) is achievable,
(Rp1 + α1 , Rs1 − α1 , Rp2 + α2 , Rs2 − α2 ) is also achievable
for non-negative (α1 , α2 ) pairs satisfying αj ≤ Rsj .
• Since the channel is degraded, the second legitimate user’s
confidential message rate Rs2 can be given up in the favor
of the first legitimate user’s public and confidential message
rates Rp1 and Rs1 , i.e., if (Rp1 , Rs1 , Rp2 , Rs2 ) is achievable,
(Rp1 + α, Rs1 + β, Rp2 , Rs2 − α − β) is also achievable for
non-negative (α, β) pairs satisfying α + β ≤ Rs2 .
• Since the channel is degraded, the second legitimate user’s
public message rate Rp2 can be given up in the favor of
the first legitimate user’s public message rate Rp1 , i.e., if
(Rp1 , Rs1 , Rp2 , Rs2 ) is achievable, (Rp1 + α, Rs1 , Rp2 −
α, Rs2 ) is also achievable for any non-negative α satisfying
α ≤ Rp2 ,
in conjunction with Fourier-Motzkin elimination, and show that
the region given in (101)–(104) is equivalent to the one given in
Corollary 8.
We next present an outer bound for the capacity region of the
degraded multi-receiver wiretap channel which demonstrates
the partial tightness of the inner bound in Corollary 8.
Theorem 11 ([33], [34]) The capacity region of the degraded
multi-receiver wiretap channel with public and confidential
messages is contained in the union of rate tuples (Rp1 , Rs1 ,
Rp2 , Rs2 ) satisfying
Rs2 ≤ I(U ; Y2 ) − I(U ; Z),
Rs1 + Rs2 ≤ I(U ; Y2 ) + I(X; Y1 |U )
− I(X; Z),
Rp2 + Rs2 ≤ I(U ; Y2 ),
Rp1 + Rs1 + Rp2 + Rs2 ≤ I(U ; Y2 ) + I(X; Y1 |U )

(105)
(106)
(107)
(108)

for some (U, X) such that U, X exhibit the following Markov
chain
U → X → Y1 → Y2 → Z.

(109)

This outer bound provides a partial converse for the capacity
region of the degraded multi-receiver wiretap channel because
the only difference between the inner bound in Corollary 8 and
the outer bound in Theorem 11 is the bound on Rs1 + Rp2 + Rs2
given by (98). In particular, in addition to the bounds defining
the outer bound for the capacity region, the inner bound includes
the following constraint
Rs1 + Rp2 + Rs2 ≤ I(U ; Y2 ) + I(X; Y1 |U ) − I(X; Z|U ).
(110)
Besides that, the inner and outer bounds are identical. However,
still there are cases where the capacity region can be obtained.
The first case where the inner bound in Corollary 8 and the outer
bound in Theorem 11 match can be obtained by setting the confidential message rate of the first legitimate user to zero, i.e.,
Rs1 = 0.

Corollary 9 ([33], [34]) The capacity region of the degraded
multi-receiver wiretap channel without the first legitimate user’s
confidential message is given by the union of rate triples
(Rp1 , Rs1 , Rs2 ) satisfying
Rs2 ≤ I(U ; Y2 ) − I(U ; Z),
Rs2 + Rp2 ≤ I(U ; Y2 ),
Rp1 + Rp2 + Rs2 ≤ I(U ; Y2 ) + I(X; Y1 |U )

(111)
(112)
(113)

where U and X exhibit the following Markov chain
U → X → Y1 → Y2 → Z.

(114)

The second case where the inner bound in Corollary 8 and the
outer bound in Theorem 11 match can be obtained by setting the
public message rate of the second legitimate user to zero, i.e.,
Rp2 = 0.
Corollary 10 ([33], [34]) The capacity region of the degraded multi-receiver wiretap channel without the second legitimate user’s public message is given by the union of rate triples
(Rp1 , Rs1 , Rs2 ) satisfying
Rs2 ≤ I(U ; Y2 ) − I(U ; Z),
(115)
Rs1 + Rs2 ≤ I(U ; Y2 ) + I(X; Y1 |U ) − I(X; Z),
(116)
Rp1 + Rs1 + Rs2 ≤ I(U ; Y2 ) + I(X; Y1 |U )

(117)

where U, X exhibit the following Markov chain
U → X → Y1 → Y2 → Z.

(118)

Corollary 10 also implies that the inner bound in Corollary 8
and the outer bound in Theorem 11 match on the secrecy capacity region of the degraded multi-receiver wiretap channel.
In particular, Corollary 8 and the outer bound in Theorem 11
match if the rates of both public messages are set to zero, i.e.,
Rp1 = Rp2 = 0. The secrecy capacity region of the degraded
multi-receiver wiretap channel is given by the following corollary.
Corollary 11 ([35]–[37]) The secrecy capacity region of the
degraded multi-receiver wiretap channel is given by the union
of rate pairs (Rs1 , Rs2 ) satisfying6
Rs2 ≤ I(U ; Y2 ) − I(U ; Z),
Rs1 ≤ I(X; Y1 |U ) − I(X; Z|U )

(119)
(120)

where U, X exhibit the following Markov chain
U → X → Y1 → Y2 → Z.

(121)

We note that in addition to its representation in Corollary 11,
the secrecy capacity region of the degraded multi-receiver wiretap channel can be stated in an alternative form as the union of
rate pairs (Rs1 , Rs2 ) satisfying
Rs2 ≤ I(U ; Y2 ) − I(U ; Z),
Rs1 + Rs2 ≤ I(U ; Y2 ) + I(X; Y1 |U ) − I(X; Z)

(122)
(123)

where U, X exhibit the Markov chain in (121).
6 The secrecy capacity region of the degraded multi-receiver wiretap channel
for an arbitrary number of legitimate users, i.e., for more than two legitimate
users, can be found in [36] and [37].
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A. Gaussian MIMO Multi-Receiver Wiretap Channels
In this section, we present the existing results for the capacity
region of the Gaussian MIMO multi-receiver wiretap channel.
We start with an inner bound for the capacity region of the Gaussian MIMO channel, where this inner bound can be obtained by
using a specific selection of (U, V1 , V2 ) in Theorem 10.
Theorem 12 ([33]) An achievable rate region for the Gaussian MIMO multi-receiver wiretap channel is given by

(124)
conv R12 R21
where R12 is given by the union of rate tuples (Rp1 , Rs1 , Rp2 ,
Rs2 ) satisfying
Rs1

|H1 (K1 + K2 )H
1
1 + I|
≤ log

2
|H1 K2 H1 + I|
−

|HZ (K1 + K2 )H
1
Z + I|
log
,
2
|HZ K2 H
+
I|
Z

(125)

|H1 (K1 + K2 )H
1
1 + I|
log
,
(126)
2
|H1 K2 H
+
I|
1
1
1
log |HZ K2 H
≤ log |H2 K2 H
2 + I| −
Z + I|,
2
2
(127)
1
≤ log |H2 K2 H
(128)
2 + I|
2

Rs1 + Rp1 ≤
Rs2
Rs2 + Rp2

where K1 and K2 are positive semi-definite matrices satisfying
K1 + K2  S. R21 can be obtained from R12 by swapping the
indices 1 and 2.
This inner bound can be obtained from the achievable rate region in Theorem 10 by selecting U = φ and V1 , V2 as jointly
Gaussian random vectors. In particular, the pairs of confidential
and public messages are encoded by using DPC [14], where a
covariance matrix K2 is allotted for the second legitimate user’s
confidential and public message pair, and the covariance matrix K1 is allotted for the first legitimate user’s confidential and
public message pair. To obtain the achievable rate region R12 ,
the first legitimate user’s confidential and public message pair
is encoded by a standard Gaussian codebook generated by using the Gaussian random vector V1 with covariance matrix K1 .
Next, the second legitimate user’s confidential and public message pair is encoded by using DPC such that the second legitimate user observes an interference-free link between itself and
the transmitter. The second achievable rate region R21 is obtained by changing the encoding order, i.e., to obtain R21 , the
second legitimate user’s messages are encoded first, and next,
the first legitimate user’s messages are encoded.
Similar to the inner bound in Theorem 10, under certain scenarios, the inner bound in Theorem 12 is tight for the degraded
Gaussian MIMO channel. However, there is also a case where
the inner bound in Theorem 12 is shown to be tight for the
non-degraded Gaussian MIMO channel. This case can be obtained by setting the rates of both public messages to zero, i.e.,
Rp1 = Rp2 = 0. In other words, the inner bound in Theorem 12 matches the secrecy capacity region of the Gaussian
MIMO multi-receiver wiretap channel. This result is stated in
the following theorem.
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Theorem 13 ([8], [9]) The secrecy capacity region of the
Gaussian MIMO multi-receiver wiretap channel is given by7

conv R12
(129)
R21
where R12 is given by the union of rate pairs (Rs1 , Rs2 ) satisfying
Rs1 ≤

|H1 (K1 + K2 )H
1
1 + I|
log
2
|H1 K2 H
+
I|
1

|HZ (K1 + K2 )H
1
Z + I|
log
,
(130)

2
|HZ K2 HZ + I|
1
1
≤ log |H2 K2 H
log |HZ K2 H
2 + I| −
Z + I| (131)
2
2
−

Rs2

where K1 and K2 are positive semi-definite matrices satisfying
K1 + K2  S. R21 can be obtained from R12 by swapping the
indices 1 and 2.
This theorem states that the inner bound in Theorem 12 can
attain the the secrecy capacity region of the Gaussian MIMO
multi-receiver wiretap channel if one sets Rp1 = Rp2 = 0 in
Theorem 12. Thus, using DPC, one can achieve the secrecy capacity region of the Gaussian multi-receiver wiretap channel.
There is a slight difference between the use of DPC for Theorem 12 and the use of DPC for Theorem 13. In Theorem 12,
DPC was used to generate codewords that carry both the confidential message and the public message. In other words, codewords generated through Vj carries the pair of confidential and
public messages, where besides their information content, public messages provide the necessary protection for the confidential messages. However, in Theorem 13, the public messages are
replaced with dummy messages with no information content,
where the sole purpose of these dummy messages is to protect
the confidential messages from the eavesdropper. We note that
the difference between the DPC used to achieve Theorem 12
and the DPC used to achieve Theorem 13 is similar to the difference between the DPC used to achieve Theorem 6 and the DPC,
which was called S-DPC, used to achieve Theorem 9.
Next, we provide an outline of the converse proof of Theorem 13. One of the main challenges to provide a converse proof
for Theorem 13 is that Theorem 13 gives the secrecy capacity
region of a non-degraded multi-receiver wiretap channel and although there is a single-letter expression for the secrecy capacity
region of the degraded multi-receiver wiretap channel, there is
no such description for the general, not necessarily degraded,
multi-receiver wiretap channel. However, despite the lack of a
single-letter description for the secrecy capacity region of the
non-degraded multi-receiver wiretap channel, a converse proof
is provided in [8] and [9]. This converse proof consists of two
main steps. In the first step, [8] and [9] obtains the secrecy capacity region of the degraded Gaussian MIMO multi-receiver
wiretap channel8. Contrary to the non-degraded multi-receiver
wiretap channel, the secrecy capacity region of the degraded
7 The secrecy capacity region of the Gaussian MIMO multi-receiver wiretap
channel for an arbitrary number of legitimate users, i.e., for more than two legitimate users, can be found in [8] and [9].
8 The secrecy capacity region of the degraded Gaussian MIMO multi-receiver
wiretap channel for K = 2 was independently and concurrently obtained in
[38].
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channel is known due to Corollary 11. Thus, to obtain the secrecy capacity region of the degraded Gaussian MIMO multireceiver wiretap channel, one needs to find the optimal random
vector (U, X) that exhausts the region given in Corollary 11.
References [8] and [9] achieve this task by showing that jointly
Gaussian (U, X) is sufficient to evaluate the region in Corollary 11. This task is accomplished by using the de Bruijn identity [39], [40], a connection between the Fisher information matrix and the differential entropy, and the properties of the Fisher
information matrix. In particular, using these tools, [8] and [9]
show that for any non-Gaussian (U, X), there exists a jointly
Gaussian (U G , XG ) which provides higher secrecy rates than
the ones that any non-Gaussian (U, X) can provide.
The second step of the converse proof consists of lifting the
capacity result for the degraded Gaussian MIMO channel to the
general, i.e., non-degraded, Gaussian MIMO channel by using
channel enhancement [10]. In this step, [8] and [9] consider a
non-degraded Gaussian MIMO multi-receiver wiretap channel
and examines the boundary of the achievable region given in
Theorem 13 for this non-degraded channel. Next, [8] and [9]
pick an arbitrary point on the boundary of the achievable region
in Theorem 13. For this arbitrary point, a new degraded Gaussian MIMO multi-receiver wiretap channel is constructed by using channel enhancement [10], such that the secrecy capacity region of the new degraded channel includes the secrecy capacity
of the original non-degraded channel. Thus, the secrecy capacity
region of the new degraded channel, which is known due to the
first step of the converse proof, serves as an outer bound for the
secrecy capacity region of the original non-degraded channel.
Finally, [8] and [9] show that the point picked on the boundary of the achievable region in Theorem 13, from which the
new degraded channel was constructed, is also on the boundary of the secrecy capacity region of the new degraded channel.
Since the secrecy capacity region of the new degraded channel
is an outer bound for the secrecy capacity region of the original
non-degraded channel, the point picked on the boundary of the
achievable region in Theorem 13 should be on the boundary of
the secrecy capacity region of the original non-degraded channel. This argument finalizes the converse proof in [8] and [9].
Next, as we previously show the partial tightness of the inner bound in Theorem 10 for the degraded discrete memoryless multi-receiver wiretap channel, we consider the degraded
Gaussian MIMO multi-receiver wiretap channel, and state the
partial tightness of the inner bound in Theorem 12 for the degraded Gaussian MIMO multi-receiver wiretap channel. To this
end, first we specialize the inner bound in Theorem 12 to the
degraded Gaussian MIMO multi-receiver wiretap channel9 .
Corollary 12 ([33], [34]) An inner bound for the capacity region of the degraded Gaussian MIMO multi-receiver wiretap
channel is given by the union of rate tuples (Rp1 , Rs1 , Rp2 , Rs2 )
9 Indeed, one case, where the specialization of the inner bound in Theorem 12
to the degraded Gaussian MIMO multi-receiver wiretap channel is tight, is
already stated in Theorem 13. In particular, since degraded Gaussian MIMO
multi-receiver channels constitute a sub-class of Gaussian MIMO multi-receiver
channels, Theorem 13 gives the secrecy capacity region of the degraded Gaussian MIMO multi-receiver wiretap channel as well. Hence, the specialization of
the inner bound in Theorem 12 to the degraded Gaussian MIMO channel is tight
for the secrecy capacity region of the degraded Gaussian MIMO multi-receiver
wiretap channel.
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where K is a positive semi-definite matrix satisfying K  S.
This inner bound can be obtained from Theorem 12 in two
steps. In the first step, only one of the two regions R12 and R21
needs to be considered, namely R21 , which is given by the union
of rate tuples (Rp1 , Rs1 , Rp2 , Rs2 ) satisfying
Rs2 ≤
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|HZ SH
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(139)
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≤ log |H1 KH
(140)
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2

Rs2 + Rp2 ≤
Rs1
Rs1 + Rp1

where K is a positive semi-definite matrix satisfying K  S. We
set K1 + K2 = S and K1 = K in the original R21 to obtain the
region given by (137)–(140). The second step involves showing
the equivalence between the two regions given in (133)–(136)
and (137)–(140), respectively. This step can be done by using Fourier-Moztkin elimination for the region in (137)–(140)
in conjunction with the following facts.
• Since confidential messages can be considered as public messages as well, each legitimate user’s confidential message
rate Rsj can be given up in the favor of its public message rate Rpj , i.e., if (Rp1 , Rs1 , Rp2 , Rs2 ) is achievable,
(Rp1 + α1 , Rs1 − α1 , Rp2 + α2 , Rs2 − α2 ) is also achievable
for all non-negative (α1 , α2 ) pairs satisfying αj ≤ Rsj .
• Since the channel is degraded, the second legitimate user’s
confidential message rate Rs2 can be given up in the favor
of the first legitimate user’s public and confidential message
rates Rp1 and Rs1 , i.e., if (Rp1 , Rs1 , Rp2 , Rs2 ) is achievable,
(Rp1 + α, Rs1 + β, Rp2 , Rs2 − α − β) is also achievable for
all non-negative (α, β) pairs satisfying α + β ≤ Rs2 .
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•

Since the channel is degraded, the second legitimate user’s
public message rate Rp2 can be given up in the favor of
the first legitimate user’s public message rate Rp1 , i.e., if
(Rp1 , Rs1 , Rp2 , Rs2 ) is achievable, (Rp1 + α, Rs1 , Rp2 −
α, Rs2 ) is also achievable for any non-negative α satisfying
α ≤ Rp2 .

Besides obtaining the achievable rate region in Corollary 12
from Theorem 12, an alternative derivation can be provided
by using Corollary 8, where an achievable rate region is given
for the degraded multi-receiver wiretap channel. This alternative derivation corresponds to the evaluation of the achievable
rate region in Corollary 8 for the degraded Gaussian MIMO
multi-receiver wiretap channel by using the following selection
of U and X: i) U is a zero-mean Gaussian random vector with
covariance matrix S−K and ii) X = U +U  where U  is a zeromean Gaussian random vector with covariance matrix K, and
is independent of U . We note that besides this jointly Gaussian
(U, X) selection, there might be other possible (U, X) selections
which may yield a larger region than the one obtained by using
jointly Gaussian (U, X). However, it is shown in [33] and [34]
that jointly Gaussian (U, X) selection is sufficient to evaluate
the achievable rate region in Corollary 8 for the degraded Gaussian MIMO wiretap channel. In other words, jointly Gaussian
(U, X) selection exhausts the achievable rate region in Corollary 8 for the degraded Gaussian MIMO multi-receiver wiretap
channel. This sufficiency result is stated in the following theorem.
Theorem 14 ([33], [34]) For the degraded Gaussian multireceiver wiretap channel, the achievable rate region in Corollary 8 is exhausted by jointly Gaussian (U, X). In particular,
for any non-Gaussian (U, X), there exists a Gaussian (U G , XG )
which yields a larger region than the one obtained by using the
non-Gaussian (U, X).
Next, we provide an outer bound for the capacity region of the
degraded Gaussian MIMO multi-receiver wiretap channel. This
outer bound can be obtained by evaluating the outer bound given
in Theorem 11 for the degraded Gaussian MIMO multi-receiver
wiretap channel. This evaluation is tantamount to find the optimal (U, X) which exhausts the outer bound in Theorem 11
for the degraded Gaussian MIMO multi-receiver wiretap channel. In [33] and [34], it is shown that jointly Gaussian (U, X) is
sufficient to exhaust the outer bound in Theorem 11. The corresponding outer bound is stated in the following theorem.
Theorem 15 ([33], [34]) The capacity region of the degraded
Gaussian MIMO multi-receiver wiretap channel is contained in
the union of rate tuples (Rp1 , Rs1 , Rp2 , Rs2 ) satisfying
Rs2
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where K is a positive semi-definite matrix satisfying K  S.
We note that the only difference between the inner and the
outer bounds for the degraded Gaussian MIMO multi-receiver
wiretap given in Corollary 12 and Theorem 15, respectively,
comes from the bound in (135). In other words, there is one
more constraint in the inner bound given by Corollary 12 than
the outer bound given by Theorem 15. This additional constraint
is
Rs1 + Rs2 + Rp2 ≤
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2
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− log |HZ KH
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2

(145)

Besides this constraint on Rs1 +Rs2 +Rp2 , both the inner bound
in Corollary 12 and the outer bound in Theorem 15 are the same.
We conclude this section by providing the cases where the inner bound in Corollary 12 and the outer bound in Theorem 15
match. Indeed, one such case is already presented in Theorem 13, which provides the secrecy capacity region of the general, not necessarily degraded, Gaussian MIMO multi-receiver
wiretap channel. Thus, the inner bound in Corollary 12 and the
outer bound in Theorem 15 match on the secrecy capacity region of the degraded Gaussian MIMO multi-receiver wiretap
channel. Next, we present two other cases where these inner and
outer bounds match. The first scenario where the inner bound in
Corollary 12 and the outer bound in Theorem 15 match can be
obtained by setting the confidential message rate of the first legitimate user to zero, i.e., Rs1 = 0. The corresponding capacity
region is given by the following corollary.
Corollary 13 ([33], [34]) The capacity region of the degraded Gaussian MIMO multi-receiver wiretap channel without
the first legitimate user’s confidential message rate is given by
the union of rate tuples (Rp1 , Rp2 , Rs2 ) satisfying
Rs2 ≤

|H2 SH
1
2 + I|
log
2
|H2 KH
2 + I|
−

Rs2 + Rp2 ≤
Rs2 +

2

j=1

Rpj ≤

|HZ SH
1
Z + I|
log
,
2
|HZ KH
Z + I|

|H2 SH
1
2 + I|
log
,
2
|H2 KH
2 + I|

(146)
(147)

1
|H2 SH
1
2 + I|
+ log |H1 KH
log
1 + I|

2
|H2 KH2 + I| 2
(148)

where K is a positive semi-definite matrix satisfying K  S.
We note that Corollary 13 is the Gaussian MIMO version of
Corollary 9 which obtains the capacity region of the degraded
discrete memoryless multi-receiver wiretap channel without the
first legitimate user’s confidential message. Corollary 13 can be
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proved by setting Rs1 = 0 in both Corollary 12 and Theorem 15
and eliminating the redundant bounds.
The last scenario where the inner bound in Corollary 12 and
the outer bound in Theorem 15 match can be obtained by setting
the public message rate of the second legitimate user to zero,
i.e., Rp2 = 0. The corresponding capacity region is stated in the
following corollary.
Corollary 14 ([33], [34]) The capacity region of the degraded Gaussian MIMO multi-receiver wiretap channel without the second legitimate user’s public message is given by the
union of rate tuples (Rp1 , Rs1 , Rs2 ) satisfying
Rs2 ≤

|H2 SH
1
2 + I|
log
2
|H2 KH
2 + I|
−

Rs1 + Rs2 ≤

2

j=1

Rsj + Rp1 ≤

|HZ SH
1
Z + I|
log
,
2
|HZ KH
Z + I|

I(V ; Yj  ) − I(V ; Zk )
(149)

|H2 SH
1
1
2 + I|
log
+ log |H1 KH
1 + I|
2
2
|H2 KH
+
I|
2
1
− log |HZ SH
(150)
Z + I|,
2
1
|H2 SH
2 + I|
log
2
|H2 KH
2 + I|
+

1
log |H1 KH
1 + I|
2

V. COMPOUND WIRETAP CHANNELS
Similar to the previous sections, here also we first consider
the discrete memoryless compound wiretap channel. We start
with the following achievable secrecy rate for the discrete memoryless compound wiretap channel.
Theorem 16 ([5]) For the discrete memoryless compound
wiretap channel, the following secrecy rate is achievable
j,k

(152)

where the maximization is over all (V, X) which satisfy the following Markov chain
V → X → Yj , Zk

(153)

for any (j, k) pair.
This achievable secrecy rate can be seen as the generalization of Csiszar-Korner’s achievable secrecy rate for the broadcast channel with only one confidential message [2] to the compound setting. If we fix a (j, k) pair, due to [2], the following
I(V ; Yj ) − I(V ; Zk )

(155)

in the wiretap channel indexed by (j  , k  ). Thus, this intuitive
argument is not technically correct. To show the existence of
a codebook which provides the secrecy rate in (152) in all of
the underlying wiretap channels associated with the compound
wiretap channel is the key part of the proof of Theorem 16. To
show the existence of such a codebook, random binning and
channel pre-fixing are used. First, the achievability of the following secrecy rate
max min I(X; Yj ) − I(X; Zk )

(151)

where K is a positive semi-definite matrix satisfying K  S.
We note that Corollary 14 is the Gaussian MIMO version of
Corollary 10 which obtains the capacity region of the degraded
discrete memoryless multi-receiver wiretap channel without the
second legitimate user’s public message. Corollary 14 can be
proved by setting Rp2 = 0 in both Corollary 12 and Theorem 15
and eliminating the redundant bounds.

max min I(V ; Yj ) − I(V ; Zk )

is an achievable secrecy rate. Thus, following their footsteps,
one expects to achieve the secrecy rate given in Theorem 16 because, intuitively, the secrecy rate in Theorem 16 considers the
worst (j, k) pair by taking a minimization of (154) over all (j, k)
pairs. Although this explanation seems to be intuitively correct,
there is a subtlety which arises from the fact that there needs to
exist a single codebook which needs to achieve a certain fixed
secrecy rate in all of the underlying wiretap channels associated
with the compound wiretap channel. In other words, if there is a
codebook which provides the secrecy rate in (154) in the wiretap channel indexed by (j, k), this codebook might not achieve
the following secrecy rate

(154)

X

(156)

j,k

is shown. To this end, a codebook of size 2n(R+R̃) is generated by using X. The codewords in this codebook have double
indices, where one index, with rate R, carries the confidential
message, and the other index, with rate R̃, has no information
content, and has the sole purpose of providing the necessary protection for the confidential part. Until now, the codebook generation is identical to the one in Csisar-Korner [2]. The difference of the codebook in [5] from the one in [2] comes from
the adjustment of the rates R and R̃. Since R̃ is the dummy
index sent to protect the confidential message, it needs to be
set according the best eavesdropper, namely its rate should be
maxk I(X; Zk ). Since all legitimate users needs to decode the
codewors, the total rate R + R̃ needs to be adjusted according
to the worst legitimate user, namely the total rate R + R̃ needs
to be minj I(X; Yj ). These selections ensure both the reliability and the security of the confidential messages yielding (156)
as an achievable secrecy rate. Finally, the achievability of the
secrecy rate in Theorem 16 is concluded by the use of channel
pre-fixing [2].
The lower bound in Theorem 16 is not tight in general, as it
was shown in [41]. In [41], the compound wiretap channel with
two legitimate users and one eavesdropper, i.e., KY = 2 and
KZ = 1, is considered, and the following achievable secrecy
rate is provided.
Theorem 17 ([41]) The secrecy capacity of the two-user
one-eavesdropper discrete memoryless compound wiretap channel is lower bounded by the maximum of R satisfying
R ≤ I(V0 , V1 ; Y1 ) − I(V0 , V1 ; Z),
R ≤ I(V0 , V2 ; Y2 ) − I(V0 , V2 ; Z)
for some (V0 , V1 , V2 ) such that (V0 , V1 , V2 )

(157)
(158)
→

X

→
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(Y1 , Y2 , Z), and
I(V1 , V2 ; Z|V0 ) + I(V1 ; V2 |V0 ) ≤ I(V1 ; Z|V0 ) + I(V2 ; Z|V0 ).
(159)
This achievable secrecy rate is obtained by using indirect decoding [42] and Marton’s coding [13]. First, a codebook of size
2n(R+R̃) is generated by using V0 , and next for each V0n , a codebook of size 2nR̃j is generated by using Vj , j = 1, 2, where
V1n and V2n are encoded by Marton’s coding. Here, R denotes
the rate of the confidential messages, and R̃, R̃1 , and R̃2 denote the rates of the dummy messages whose sole purpose is
to protect the confidential messages. The jth legitimate user estimates the transmitted confidential message by jointly decoding V0n , and Vjn . Thus, here the same confidential message
is transmitted to each legitimate user by different codewords,
as opposed to the transmission by a single codeword in Theorem 16. This approach turns out to be more useful in the sense
that it provides higher secrecy rates than Theorem 16 can provide because of the more randomness injected to the channel.
In particular, in [41], an example is provided to show that the
achievable secrecy rate given in Theorem 17 is strictly larger
than the achievable secrecy rate given in Theorem 16. Thus, the
lower bound in Theorem 16 is not the secrecy capacity of the
compound wiretap channel.
In [43], a new achievable secrecy rate for the two-user oneeavesdropper compound wiretap channel is provided, and it is
shown that this achievable secrecy rate is potentially better than
the achievable secrecy rate in Theorem 17. This potentially better achievable scheme in [43] is similar to the achievable scheme
given in Theorem 17 in terms of the techniques used. In particular, the achievable scheme in [43] also uses indirect decoding [42] and Marton’s coding [13]. The only new ingredient in
this potentially better achievable scheme, as compared to the
achievable scheme in Theorem 17, is the computation of the
equivocation rate, i.e., the method [43] uses to show that the
perfect secrecy requirement on the confidential message given
by (18) is satisfied. In particular, while computing the equivocation rate in the proof of Theorem 17, one needs to show the
following
1
H(V1n , V2n |W, V0n , Z n ) = 0.
(160)
n→∞ n
Reference [41] shows that (160) is satisfied by using the following bound
lim

1
1
H(V1n , V2n |W, V0n , Z n ) ≤ H(V1n |W, V0n , Z n )
n
n
1
+ H(V2n |W, V0n , Z n ) (161)
n
which might result in potential suboptimality in the achievable
secrecy rate given in Theorem 17 as compared to the achievable secrecy rate that can be obtained by directly showing (160)
without any recourse to the bound in (161). The corresponding
new achievable secrecy rate, obtained by showing (160) without
using the bound in (161), is given in the following theorem.
Theorem 18 ([43]) The secrecy capacity of the two-user
one-eavesdropper discrete memoryless compound wiretap channel is lower bounded by the maximum of R satisfying
R ≤ I(V0 , V1 ; Y1 ) − I(V0 , V1 ; Z),

(162)
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(163)
R ≤ I(V0 , V2 ; Y2 ) − I(V0 , V2 ; Z),
2R ≤ I(V0 , V1 ; Y1 ) + I(V0 , V2 ; Y2 ) − 2I(V0 ; Z)
(164)
− I(V1 , V2 ; Z|V0 ) − I(V1 ; V2 |V0 )
for some (V0 , V1 , V2 ) such that (V0 , V1 , V2 ) → X →
(Y1 , Y2 , Z).
We note that the achievable secrecy rate given in Theorem 18
has one more rate constraint than the achievable secrecy rate
given in Theorem 17, while both achievable secrecy rates have
two rate constraints (162)–(163) in common. On the other hand,
the new achievable secrecy rate in Theorem 18 does not have
the constraint in (159) that Theorem 17 has. In [43], it is shown
that any secrecy rate achievable by Theorem 17 is also achievable by Theorem 18, and there might be achievable secrecy rates
which can be achieved by Theorem 18 and cannot be achieved
by Theorem 17, because of the constraint in (159).
Next, we provide the existing outer bounds for the compound
wiretap channel. The first outer bound can be obtained by noting the facts that there are KY ×KZ wiretap channels associated
with a compound wiretap channel with KY legitimate users and
KZ eavesdroppers, and the secrecy capacity of the compound
wiretap channel cannot be larger than the minimum of the secrecy capacities of these KY × KZ wiretap channels. This argument leads to the following outer bound.
Theorem 19 ([5]) The secrecy capacity of the compound
wiretap channel is upper bounded by
min max I(V ; Yj ) − I(V ; Zk )
j,k

(165)

where the maximization is over all (V, X) satisfying V → X →
Yj , Zk , ∀(j, k). In other words, the secrecy capacity of the compound wiretap channel is upper bounded by the minimum of the
secrecy capacities of all underlying wiretap channels associated
with the compound wiretap channel.
In general, it is not expected that the outer bound in Theorem 19 is equal to the secrecy capacity of the compound wiretap
channel because of the fact that if a certain (V, X) achieves the
secrecy capacity of the (j, k)th wiretap channel in the compound
channel, it might not achieve the secrecy capacities of all other
wiretap channels associated with the compound wiretap channel. In other words, if a codebook attains the secrecy capacity of
the (j, k)th wiretap channel in the compound channel, the same
codebook might not perform in the other wiretap channels associated with the compound wiretap channel as well as it performs
in the (j, k)th wiretap channel, i.e., it might not simultaneously
achieve the secrecy capacities of all of the underlying wiretap
channels in the compound wiretap channel.
Next, we present another outer bound for the secrecy capacity
of the compound wiretap channel.
Theorem 20 ([44]) The secrecy capacity of the compound
wiretap channel is upper bounded by
max min I(X; Yj |Zk )
j,k

(166)

where the maximization is over all X.
This outer bound considers the (j, k)th wiretap channel in the
compound channel, and enhances this wiretap channel by providing the eavesdropper’s observation to the legitimate user. For
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a fixed input distribution on X, the achievable secrecy rate is
shown to be upper bounded by I(X; Yj |Zk ) for this (j, k)th
wiretap channel. Finally, taking the minimum of I(X; Yj |Zk )
over all possible (j, k) pairs leads to an upper bound for the secrecy capacity of the compound wiretap channel, as stated in
Theorem 20.
Although the secrecy capacity of the compound wiretap channel is unknown in general, there are special instances of the compound wiretap channel, for which the secrecy capacity is known.
The first instance is the degraded compound wiretap channel.
The secrecy capacity of the degraded compound wiretap channel is stated in the following theorem.
Theorem 21 ([5]) The secrecy capacity of the degraded
compound wiretap channel is given by
max min I(X; Yj ) − I(X; Zk )
j,k

(167)

where the maximization is over all X.
The achievability of the secrecy rate in Theorem 21 can be
shown by setting V = X in Theorem 16. The converse proof
for Theorem 21 follows from Theorem 20 by noting the Markov
chain X → Yj → Zk , ∀(j, k). The second instance of the
compound wiretap channel, for which the secrecy capacity is
known, is a special class of parallel compound wiretap channels with KZ = 1. In this special compound wiretap channel,
there is only one eavesdropper, and an arbitrary number of legitimate users, where the channel between the transmitter and the
receivers constitute L independent parallel channels. In other
words, the channel transition probability is given by


L
p {y1 , · · ·, yKY  , z }L
=1 |{x }=1
L

=

p (y1 , · · ·, yKY  , z |x )

(168)

=1

where x is the channel input of the th parallel channel, yj
is the channel output of the th parallel channel at the jth legitimate user, and z is the channel output of the th parallel
channel at the eavesdropper. This special class of parallel compound wiretap channels exhibits a certain degradation order in
each parallel channel as follows
X → Yj1  · · · → Z → · · · → YjKy  ,

 = 1, · · ·, L

(169)

where j1 , j2 , · · ·, jKY is a permutation of 1, · · ·, KY , and can be
different in each parallel channel. This special class of parallel compound wiretap channels is called the reversely degraded
parallel compound wiretap channel [45], for which the secrecy
capacity is stated in the following theorem.
Theorem 22 ([45]) The secrecy capacity of the reversely degraded parallel compound wiretap channel is given by
max min
j

L


I(X ; Yj |Z )

(170)

=1

where the maximization is over all input distributions of the
L
form p(x1 , · · ·, xL ) = =1 p(x ).
The achievability of this secrecy rate can be shown by using the codebook in [45], where this codebook consists of L

independent sub-codebooks, each of which is used for a parallel
channel. The size of the th codebook is 2n(R+I(X ;Z )) , where
the rate I(X ; Z ) is the rate of the dummy messages sent to
protect the confidential message, and R is the rate of the confidential message. Thus, the rate of the confidential messages is
not split into L sub-rates, instead, the entire confidential message is sent over each parallel channel. The converse proof of
Theorem 22 can be obtained by specializing the outer bound in
Theorem 20 to the reversely degraded parallel compound wiretap channel.
A. Gaussian Compound Wiretap Channels
Here, we investigate the Gaussian compound wiretap channel. First we start with the Gaussian parallel compound wiretap
channel which can be defined as10
Yj = hYj X + Nj ,

j = 1, · · ·, KY

(171)

hZ
k X

k = 1, · · ·, KZ

(172)

Zk =

+ Nk ,

where  = 1, · · ·, L denotes the index of the parallel channel,
and Nj and Nk are the zero-mean unit-variance Gaussian random variables, and are independent across the parallel channels.
The channel input is subject to a power constraint as follows
L


 
E X2 ≤ P.

(173)

=1

The secrecy capacity of the Gaussian parallel compound wiretap
channel is unknown in general. However, the secrecy capacity
is known when i) KY = 1 and KZ is arbitrary and ii) KY is
arbitrary and KZ = 1. The secrecy capacity of the case KY = 1
and KZ is arbitrary is stated in the following theorem.
Theorem 23 ([44]) The secrecy capacity of the Gaussian
parallel compound wiretap channel with KY = 1 and arbitrary
KZ is given by
 2
 2
1 
log 1 + hY P − log 1 + hZ
P
k
2
L

max min
k

=1

+

(174)

where the maximization is over all non-negative P1 , · · ·, PL satL
isfying =1 P = P .
The achievability of this theorem is shown by adapting the
achievable scheme proposed in [46] for the wiretap II channel to
the Gaussian parallel compound wiretap channel with KY = 1
and arbitrary KZ . The converse proof can be shown by using
the outer bound in Theorem 20.
Next, we consider the Gaussian parallel compound wiretap
channel with KZ = 1 and arbitrary KY . Indeed, this Gaussian parallel compound wiretap channel is an instance of the
reversely degraded compound wiretap channel for which the secrecy capacity is known in a single-letter form as stated in Theorem 22. Evaluation of this single-letter expression provides us
10 The Gaussian parallel compound wiretap channel corresponds to a special
case of the Gaussian MIMO compound wiretap channel. The parallel channel
can be obtained from the Gaussian MIMO channel by taking all channel gain
Z
matrices HY
j and Hk as L × L diagonal matrices.
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the secrecy capacity of the Gaussian parallel compound wiretap
channel with KZ = 1 and arbitrary KY as follows.
Theorem 24 ([45]) The secrecy capacity of the Gaussian
parallel compound wiretap channel with KZ = 1 and arbitrary
KY is given by

corresponding secure degrees of freedom. A similar approach
is also taken in [47], where the general Gaussian multi-input
single output (MISO) compound wiretap channel, i.e., the transmitter has multiple antennas whereas the legitimate users and
the eavesdroppers have single antenna each, is studied. Reference [47] considers the lower bound in Theorem 16 and evaluates it by using interference alignment, i.e., V and X are selected according to an interference alignment scheme [48], [49].
Similar to [5], [47] also focuses on the achievable secure degrees of freedom. In particular, [47] obtains an achievable secure degrees of freedom corresponding to the evaluation of the
inner bound in Theorem 16 by using an interference alignment
scheme [48], [49]. Moreover, [47] proposes outer bounds for
the general Gaussian MISO compound wiretap channel, and obtains the maximum achievable secure degrees of freedom under
certain cases which are determined by the number of transmitter antennas, the number of legitimate users, and the number of
eavesdroppers.
Another lower bound for the secrecy capacity of the general Gaussian MIMO compound wiretap channel with two legitimate users and one eavesdropper can be obtained by using
Theorem 18 as follows.
Theorem 27 ([43]) The secrecy capacity of the two-user
one-eavesdropper Gaussian MIMO compound wiretap channel
is lower bounded by the maximum of R satisfying


(178)
R = max RS12 (K0 , K1 , K2 ), RS21 (K0 , K1 , K2 )

 2
 2
1 
log 1 + hYj P − log 1 + hZ
P

2
L

max min
j

=1

+

(175)

where the maximization is over all non-negative P1 , · · ·, PL sat
isfying L
=1 P = P .
Next, we consider the Gaussian MIMO compound wiretap
channel. We note that the secrecy capacity of the general, not
necessarily degraded, Gaussian MIMO compound wiretap channel is unknown. However, the secrecy capacity of the degraded
Gaussian MIMO compound wiretap channel is known as stated
in the following theorem.
Theorem 25 ([5]) The secrecy capacity of the degraded
Gaussian MIMO compound wiretap channel is given by
1
1
Z 
log |HYj S(HYj ) + I| − log |HZ
k S(Hk ) + I|.
2
2
(176)
We note that due to Theorem 21, the single-letter form of the
secrecy capacity of the degraded compound wiretap channel is
known. To obtain the secrecy capacity of the degraded Gaussian
MIMO compound wiretap channel, one needs to find the optimal input distribution for X that attains the maximum for the
single-letter formula given in Theorem 21. This is accomplished
in [5] by showing that Gaussian X with covariance matrix S is
the maximizer for this single-letter formula.
As we noted before, the secrecy capacity of the general, nondegraded, Gaussian MIMO compound wiretap channel is unknown in general. However, using either Theorem 16 or Theorem 18, lower bounds for the secrecy capacity of the general
Gaussian MIMO compound wiretap channel can be provided.
In particular, using Theorem 16, the following lower bound is
provided in [5].
Theorem 26 ([5]) A lower bound for the secrecy capacity of
the general Gaussian MIMO compound wiretap channel is given
by
min
j,k

max min
j,k

1
1
Z 
log |HYj K(HYj ) + I| − log |HZ
k K(Hk ) + I|
2
2
(177)

where the maximization is over all positive semi-definite matrices K satisfying K  S.
This lower bound can be obtained from Theorem 16 by setting V = X, and selecting X as a zero-mean Gaussian random vector with covariance matrix K. The lower bound in Theorem 26 is further investigated in [5] to obtain some achievable
secure degrees of freedom11. In particular, [5] proposes a linear beamforming scheme which corresponds to a special selection of the covariance matrix K in Theorem 26, and obtains the
11 A

secure degrees of freedom d is said to be achievable if there is an achievable secrecy rate R such that d = limP →∞ 1 R . Thus, the secure degrees
2

log P

of freedom represents the scaling of the secrecy rate with

1
2

log P as P → ∞.

for some positive semi-definite matrices K0 , K1 , and K2 such
that K0 + K1 + K2  S, and RS12 (K0 , K1 , K2 ) is given by
12
(K0 , K1 , K2 )
RS12 (K0 , K1 , K2 ) = min RSj
j=1,2

(179)

12
12
where RS1
(K0 , K1 , K2 ) and RS2
(K0 , K1 , K2 ) are
12
RS1
(K0 , K1 , K2 ) =

12
RS2
(K0 , K1 , K2 ) =

1
|K0 + K1 + K2 + Σ1 |
log
2
|K2 + Σ1 |
|K0 + K1 + K2 + ΣZ |
1
,
− log
2
|K2 + ΣZ |

(180)

|K0 + K1 + K2 + Σ1 |
1
log
2
|K1 + K2 + Σ2 |
|K0 + K1 + K2 + ΣZ |
1
− log
2
|K1 + K2 + ΣZ |
1
|K2 + Σ2 | 1
|K2 + ΣZ |
+ log
− log
.
2
|Σ2 |
2
|ΣZ |
(181)

We note that RS21 (K0 , K1 , K2 ) can be obtained from
RS12 (K0 , K1 , K2 ) by swapping the indices 1 and 2.
This lower bound can be obtained from Theorem 18 in two
steps. In the first step, Theorem 18 is used to show the achievability of the following rate


(182)
R = max RS12 , RS21
for some (V0 , V1 , V2 ) such that (V0 , V1 , V2 )
(Y1 , Y2 , Z), and RS12 and RS21 are given by
RS12 = min{I(V0 , V1 ; Y1 ) − I(V0 , V1 ; Z),

→

X

→
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I(V0 , V2 ; Y2 ) − I(V0 ; Z) − I(V2 ; Z, V1 |V0 )}, (183)
RS21

= min{I(V0 , V1 ; Y1 ) − I(V0 ; Z) − I(V1 ; Z, V2 |V0 ),
(184)
I(V0 , V2 ; Y2 ) − I(V0 , V2 ; Z)}.

In the second step, the achievable secrecy rate given by
(182)–(184) is evaluated for the Gaussian MIMO compound
wiretap channel by using a jointly Gaussian selection of
V0 , V1 , and V2 with a specific correlation structure. In particular, V0 is selected as a zero-mean Gaussian random vector with
covariance matrix K0 , and V1 and V2 are encoded by using
DPC. Reference [43] further studies the lower bound in Theorem 27 and shows that it achieves at least half of the minimum
of secrecy capacities of the underlying two Gaussian MIMO
wiretap channels in the two-user one-eavesdropper Gaussian
MIMO compound wiretap channel. Moreover, [43] obtains the
secrecy capacity of a class of two-user one-eavesdropper Gaussian MIMO compound wiretap channels, where for the channels
in this class, the eavesdropper is degraded with respect to one of
the two legitimate users, and there is no degradedness relationship between the eavesdropper and the other legitimate user.

In the compound multi-receiver wiretap channel, there are
a transmitter, two groups of legitimate users and a group of
eavesdroppers. References [51] and [52] consider the degraded
compound multi-receiver wiretap channel, where the legitimate
users in the second (weaker) group are degraded with respect to
the legitimate users in the first (stronger) group, and eavesdroppers are degraded with respect to the legitimate users in the second group. References [51] and [52] study this degraded channel
under two scenarios. In the first scenario, the transmitter sends
a confidential message to each group of legitimate users where
these messages need to be kept perfectly hidden from all eavesdroppers. In the second scenario, the transmitter again sends a
confidential message to each group of legitimate users, where
the message of the stronger group needs to be kept perfectly
hidden from the weaker group in addition to all eavesdroppers,
and the message of the weaker group needs to be kept perfectly
secret from all eavesdroppers. References [51] and [52] obtain
the secrecy capacity regions corresponding to both scenarios for
both the discrete memoryless and the Gaussian MIMO channel
under certain conditions on the number of users in each group
and on the number of eavesdroppers.

B. Compound Wiretap Channels with Multiple Confidential
Messages
Until now, we considered compound wiretap channels for the
scenario where there is only one confidential message that needs
to be transmitted both reliably and securely. In this section, we
consider a more general scenario where there are more than one
group of legitimate users, and the transmitter multicasts a different confidential message to each group of legitimate users. In
the literature, there are two models which consider the multicast of more than one confidential message: i) The compound
broadcast channel with confidential messages [47], [50] and ii)
the compound multi-receiver wiretap channel [51], [52].
In the compound broadcast channel with confidential messages, there is a transmitter and two groups of users, where each
group treats the other group as a collection of eavesdroppers. In
this model, the transmitter sends a confidential message to each
group of users, and this message needs to be kept perfectly secret
from the other group of users. This channel model is investigated
in [47] and [50]. Reference [50] first considers the discrete memoryless compound broadcast channels and proposes an achievable secrecy rate region by extending the achievable secrecy rate
region given in Theorem 1 to the compound setting. Next, [50]
studies the Gaussian MIMO compound broadcast channel and
obtains an achievable secure degrees of freedom region by evaluating their achievable secrecy rate region, the one proposed
for the discrete memoryless channel, for the Gaussian MIMO
channel with a linear beamforming scheme. Reference [47] considers the Gaussian MISO compound channel with confidential
messages, i.e., the transmitter has multiple antennas whereas
all receivers are equipped with a single antenna each, for the
sum secrecy rate. Reference [47] evaluates the achievable sum
secrecy, that can be obtained from the achievable scheme proposed in [50] for the discrete memoryless channel, using an interference alignment scheme [48], [49], and obtains the achievable secure degrees of freedom for the sum secrecy rate. Moreover, [47] proposes outer bounds for the secure degrees of freedom of the sum secrecy rate.

VI. CONCLUSIONS
In this paper, we provided a survey of the literature for
three forms of secure broadcasting problems, namely the broadcast channels with common and confidential messages, multireceiver wiretap channels, and compound wiretap channels, by
focusing on the Gaussian MIMO channel models more closely.
We also considered the discrete memoryless channel models
for these three secure broadcasting problems, as the discrete
memoryless models often serve as intermediate steps to obtain
information-theoretic results for the Gaussian MIMO channel
models. We provided and explained the current capacity results,
existing inner and outer bounds for these three forms of secure
broadcasting problems. We described the main informationtheoretic tools and approaches used to obtain these results with
pointers to the works where these tools and approaches were
originally devised.
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