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Abstract

We study the potential advantages enabled by quantum resources in distributed
storage systems. Consider an (n,k,d) distributed storage system in which a file is
stored across n nodes such that any k nodes suffice to reconstruct the file. When
a node fails, any d helper nodes transmit information to a newcomer to rebuild the
system. In contrast to the classical repair, where helper nodes transmit classical bits, we
allow them to send classical information over quantum channels to the newcomer. The
newcomer then generates its storage by performing appropriate measurements on the
received quantum states. Within this framework, we fully characterize the fundamental
tradeoff between classical storage and quantum repair bandwidth (total communication
cost). We present converse and achievability proofs to show the optimality of the
tradeoff. The converse proof relies on dimension bound and data processing inequality
from quantum information theory, while the achievability proof develops a structured
invariant-based framework that guarantees preservation of the data retrieval property
under arbitrary repair sequences. Our results demonstrate that compared to classical
systems, the optimal storage-bandwidth tradeoff can be significantly improved with
the enhancement of quantum entanglement shared only among the surviving nodes,
particularly at the minimum-storage regenerating point. Remarkably, we show that
when d > 2k — 2, there exists an operating point at which both storage and repair
bandwidth are simultaneously minimized. This phenomenon breaks the tradeoff in
the classical setting and reveals a fundamentally new regime enabled by quantum

communication.

1 Introduction

Distributed storage systems are a fundamental infrastructure for modern data centers and

cloud storage platforms [1-3]. Since individual storage nodes may be unreliable or subject



to erasures, redundancy must be introduced to ensure data reliability. Specifically, a file of
size B is encoded and stored across n nodes such that the original file can be reconstructed
by accessing the contents of any k nodes (referred to as the data retrieval property) [4,5].
A widely adopted solution is to employ an (n, k) maximum distance separable (MDS) code,
which achieves the minimum possible per-node storage of B/k.

While MDS codes are optimal from a storage-efficiency perspective, they may incur a
substantial communication cost during node repair. When a storage node fails, the system
initiates a repair process to preserve the data retrieval property. Specifically, a newcomer
node connects to any d surviving helper nodes, each of which transmits 3 dits of information.
Based on the received data, the newcomer generates its stored content so that the system
continues to satisfy the data retrieval requirement.!? A fundamental tradeoff arises between
storage and repair bandwidth. For instance, if an MDS code with per-node storage B/k
is used and d = k, repairing a failed node requires downloading the entire file, resulting in
repair bandwidth B. However, by allowing larger per-node storage, the repair bandwidth
can be reduced. In fact, increasing the per-node storage to 2B/(k + 1) reduces the repair
bandwidth to 2B/(k + 1). This tradeoff was fully characterized by Dimakis et al. [4], which
showed that per-node storage and repair bandwidth cannot, in general, be simultaneously
minimized. Thus, reducing storage necessarily increases repair bandwidth, and vice versa.

Over the past decades, quantum technology has been shown to enhance the efficiency
of classical communication significantly [6-8]. A typical example is superdense coding, in
which a single qubit, when assisted by pre-shared entanglement between the transmitter
and the receiver, can convey up to two classical bits of information. More recently, quantum
resources have also demonstrated significant advantages in distributed information processing
tasks such as private information retrieval (PIR) [9-13] and distributed computation [14—
17]. In these settings, entanglement is shared only among static entities such as servers
(transmitters), which is more realistic in practice than entanglement with dynamic users. In
PIR settings, a user wishes to download a classical message stored at the servers in such a way
that the servers do not learn which particular message the user aims to download. Classical
schemes necessarily introduce structured interference to mask the user’s request, increasing
the total download cost. In contrast, quantum resources allow the user to eliminate part
of the interference subspace via appropriate quantum measurements, thereby improving the
achievable rate. It was shown in various PIR variants that quantum schemes achieve up
to twice of the classical rate. Similarly, in distributed computation problems, a user seeks
to compute a function (e.g., summation) of classical data stored across multiple servers.
Shared entanglement among the servers can reduce the required communication cost. In

particular, for certain linear computations, the communication cost can be reduced by a

IThe repair problem has two variants: ezact repair and functional repair. In exact repair, the newcomer
stores exactly the same content as the failed node, whereas in functional repair, the stored content may differ
as long as the data retrieval property is preserved. In this paper, we focus on the more general functional
repair setting.



factor of two compared to classical schemes [14,15]. We note here that distributed storage
problem is fundamentally different from distributed computation problems. In particular,
in each repair process, the newcomer is not required to compute a specific function of the
storage of the helper nodes. Instead, it only needs to generate storage such that the global
data retrieval property is preserved. This additional structural flexibility raises the possibility
that quantum communication can alter the fundamental performance limits of distributed
storage systems.

Motivated by this, we seek to characterize the new storage-bandwidth tradeoff when
helper nodes are allowed to transmit quantum states (qudits), and to determine the maxi-
mum performance gains achievable via entanglement assistance among the surviving nodes
(transmitters). We consider an entanglement-assisted repair model in which the helper nodes
share a pre-established entangled quantum state and locally encode their stored classical in-
formation into their states, which are then transmitted to the newcomer. Upon receiving
these quantum states, the newcomer performs appropriate measurements to generate its
stored content, while ensuring that the resulting storage system continues to satisfy the
data retrieval property. In this framework, we fully characterize the fundamental trade-
off between classical storage and quantum repair bandwidth. We provide converse and
achievability results that prove the optimality of the tradeoff. The converse proof relies on
quantum information—theoretic inequalities. The achievability proof develops a structured
invariant-based framework, ensuring that the data retrieval property is preserved under
arbitrary sequences of repair rounds. Furthermore, we analyze the performance gains en-
abled by quantum resources at both the minimum-storage regenerating (MSR) point and
the minimum-bandwidth regenerating (MBR) point, and provide a pictorial explanation to
explicitly show the quantum advantage regions. Our results show that when d < 2k — 2,
entanglement-assisted repair can reduce the required repair bandwidth by a factor of two at
the MSR point. Further, when d > 2k — 2, we identify a unique operating point at which
both the repair bandwidth and per-node storage are simultaneously minimized, which does
not occur in classical systems.

Notation: For an integer M, [M] denotes the set {1,...,M}. For integers a and b,
[a : b] denotes {a,...,b}. Ap is the compact notation of {Ay, Ay, ..., Ay }. @ denotes the
tensor product. For a ¢-dimensional quantum system, the computational basis is denoted
as {|7)}jer,, where ¢ 2 p” and p is a prime number. For a vector w = [uy, ..., u,]T, we use

diag(u) to denote the n x n diagonal matrix whose ith diagonal entry is u;, i € [n].



2 Preliminaries

2.1 Classical Error Correcting Codes

Definition 1 (Generalized Reed-Solomon (GRS) Code) Let F, be a finite field, and
let o 2 [, ... o] € FY consist of n distinct elements and u 2 [u, ..., u,] € FY consist of
n nonzero elements. Assume that ¢ > n. The Generalized Reed-Solomon (GRS) code C is

the length-n, dimension-k linear code over F, defined as
A
ca {(ulf(al), o unf(an))  f(z) € Fyla], deg f < k} (1)

A generator matriz of GRS (o, u) is given by

wup uoq wed L. uah Tt
q A U2 U2t uzag . u20/§*1 ok
GRS}, (o, u) = € F, " (2)
Up UpQy UpQ2 ... Upab!

It is known that GRS codes are maximum-distance separable (MDS), i.e., any k rows of
GRSZm(a, u) are linearly independent, and the code distance satisfies d = n — k + 1.

Moreover, the dual of a GRS code is also a GRS code. Specifically, there exists a vector
v = [vy,...,v,] € F} with v; # 0 such that [11]

GRSZ’n(a, u)t = GRSf%k’n(a, v). (3)
Equivalently, the corresponding generator matrices satisfy
(GRSE (e, u))’ - GRS}, i, v) = Opx(np)- (4)

Finally, the generator matrix admits the decomposition

I g o2 ... of!
g . 1 ay a2 ... of™!
GRSk’n(a,u) = diag(u) o . | (5)
1 a, a2 ak1
évA ’

where A is a Vandermonde matrix.



2.2 Quantum Information

Definition 2 (Quantum channel and Kraus representation [18]) A quantum channel
with input quantum system A and output quantum system B is a completely positive and

trace-preserving (CPTP) linear mapping
A 'D('HA) — D(HB), (6)

where D(H) denotes the set of density operators on the Hilbert space H. Moreover, A can

be represented by a Kraus representation
Ap) = ZKka,I, (7)
k
where { Ky} are Kraus operators satisfying

Y KK, =1, (8)
k

where I s the identity matriz.

Definition 3 (Generalized Pauli operators) For any a,b € F,, define two single-qudit

Pauli operators as

X(@) 23 i+a) G, Z0) 23w ™ [5) (4], (9)

j€F, J€Fq

where w 2 exp(27rx/—1/p) and tr : F, — F, denotes the field trace. For vectors x 2

[z1,..., 2.7, z 2 [21, ..., za)" € XY, the corresponding n-qudit Pauli operator is defined

as the tensor product

X(x)Z(z) = Q) X(x:)Z(z)- (10)

i€[n]

Definition 4 (CSS codes) A CSS code C = CSS(Cx,Cz) is a stabilizer code® defined by
two classical linear codes Cx, Cz C Fy satisfying Cx C Cz. The corresponding stabilizer

group s specified by
S £ {X(a)Z(b) |a € Ck,beCLY). (11)

Definition 5 (Syndrome measurement for CSS codes [10]) A general quantum mea-

surement is described by a positive operator-valued measure (POVM), which is a set {Q; }icn

2 A stabilizer code is a code that can be defined by its stabilizer group only and whose codewords are the
+1 eigenvectors of the stabilizer group [18].



of positive semidefinite operators satisfying » .\ Qi = 1.
For a CSS code CSS(Cx,Cz), the syndrome for a Pauli error X(x)Z(z) is obtained by
measuring the stabilizer generators. Let Hyx and Hy be the parity-check matrices of Cx and

Cz, respectively. The syndrome measurement outcome is expressed by [19]
Sx = H;X, Sz = H§Z (12)

Remark 1 Syndrome measurement provides the mechanism for connecting classical infor-
mation with quantum states in error correction. By encoding classical data into the Pauli
parameters (x,z) and applying the corresponding Pauli operator X(x)Z(z) to a quantum
state, the receiver can extract the syndromes sx,sz. One can therefore design the classical
codes Cx, Cz so that these syndromes are specific linear functions of (x,z). This enables the

construction of our achievability scheme.

3 Problem Statement & Classical Results

3.1 System Model

We consider an (n, k,d) distributed storage system storing a (classical) file consisting of B
dits across n storage nodes, where each node stores « dits. The system is required to satisfy

the following properties:

e (Data retrieval) The entire file can be reconstructed by a data collector (DC) from

the contents of any k£ nodes.

e (Single-node repair) Upon the failure of a storage node, a newcomer node connects
to any d surviving nodes among the remaining n — 1 nodes, where k < d < n—1 [20].?

After the repair process, the resulting system must continue to satisfy the data retrieval

property.

We consider the repair process under classical and quantum communication models specified

as follows.

3.1.1 Classical Repair

In the classical setting, each of the d surviving nodes transmits (5. dits to the newcomer,
resulting in a total repair communication cost (repair bandwidth) of df.. A fundamental
result for this (n,k,d, «, B, B) system is that there exists a tradeoff between the per-node

storage o and the repair bandwidth df.: increasing storage can reduce the required repair

3We assume that k£ and d are chosen minimally such that the data retrieval property and single-node
repair property hold. In particular, if d < k, then the file could be reconstructed from fewer than k£ nodes,
contradicting the minimality of k [20].



bandwidth, and vice versa. This storage-bandwidth tradeoff was fully characterized in [4],

and is reviewed in Section 3.2.

3.1.2 Quantum Repair

In this paper, we explore performance improvement by allowing quantum communication

during the repair process. Specifically, the d helper nodes are assumed to share a prior

entangled state. Each helper node transmits 3, qudits to the newcomer. By performing

appropriate quantum measurements on the received quantum systems, the newcomer recon-

structs « classical dits to be stored locally, such that the repaired system continues to satisfy

the data retrieval property.

The quantum communication-assisted repair steps are specified as follows.

a)

(Entanglement distribution) Suppose the newcomer node communicates with d
nodes among the n — 1 surviving nodes, indexed by s}, ..., s). These d nodes share a
globally entangled quantum state represented by the density matrix p™ in the quan-
tum system Q = Q;---Q,. This state is pre-established before the communication
begins. The dimension of each quantum subsystem Q; is given by 4, 2 |Q;l, and each

subsystem consists of 3, qudits, i.e., log, s = (4.

(Information encoding) Each helper node s € {s/,...,s}} applies a local encoding
operation to its quantum state on its subsystem Q, in order to embed classical infor-
mation determined by its stored data. Specifically, node s applies a CPTP map A, to
its quantum state based on its local storage content. After all encoding operations are

applied, the joint quantum state is given by the density matrix

= QA (13

se{s],...,sh}

The d encoded quantum subsystems are then transmitted to the newcomer through

separate noiseless quantum channels.

(Storage generation) Upon receiving the encoded quantum state, p®°, the newcomer
performs a suitable POVM. The resulting measurement outcomes allow the newcomer
to generate a dits as its storage, such that the repaired system continues to satisfy the

data retrieval property and the single-node repair property.

Our objective is to characterize the new tradeoff between storage and repair bandwidth

for this (n,k,d, o, Bq, B) system. We compare the tradeoffs in the classical and quantum

settings in order to show the potential quantum advantage in distributed storage systems.

To this end, we next review the result in classical distributed storage systems.



3.2 Classical Results

The fundamental storage-repair bandwidth (in dits) tradeoff was established in [4]. Specifi-
cally, by applying the cut-set bound from network coding, any classical distributed storage
system with parameters (n, k, d, a, B, B) must satisfy

[Classical] : Zmin{(d —14)fe, a} > B. (14)

This inequality characterizes all achievable tradeoff between per-node storage o and repair
bandwidth dp..

Two extremal points on the tradeoff curve are of particular interest: the minimum-storage
regenerating (MSR) point and the minimum-bandwidth regenerating (MBR) point [4, 20],
which are specified as follows.

e The MSR point is obtained by first minimizing the per-node storage o and then min-
imizing the per-node bandwidth .. The corresponding operating point is

(15)

(aMSR dﬁMSR) — (B B d )

Bk d—k+1

e The MBR point is obtained by first minimizing . and then minimizing ov. The resulting
operating point is

2Bd 92Bd
MBR d MBR — ) 1
(o™, dB™) d— K2+ k' 2kd — k2 + k (16)

Remark 2 Note that aMBR > oMSR gnd the equality holds if and only if the file is replicated
among all nodes (k = 1). Hence, for any non-replicated storage system, i.e., k > 2, the
MSR point and MBR point do not coincide in the classical setting. In the following, we
show that with the assistance of quantum communication and entanglement, it is possible to

simultaneously minimize both the storage and repair bandwidth (in qudits).

4 Main Results

Theorem 1 Consider a distributed storage system with parameters (n,k,d, «, By, B). The

optimal tradeoff between storage and repair bandwidth (measured in qudits) is characterized

by

k—1

[Quantum] : Zmin{Z(d —1)fq,dfBq, a} > B. (17)
=0



The converse and achievability proofs of Theorem 1 are presented in Section 6 and Sec-
tion 7, respectively. We now provide more intuition on Theorem 1. The bound in Theorem 1
can be interpreted via a cut-set argument on a quantum-communication-assisted information
flow graph. To be specific, the information flow graph consists of a single data source S,
storage nodes x! ,x . for each i € [n], and a data collector DC. The source node S represents
the original file. Each storage node i is modeled by a pair of vertices x!, and x’ , connected
by a directed edge with capacity equal to the storage size at node i. A data collector DC
reconstructs the file by connecting to any k storage nodes through edges with infinite capac-
ities. Here, a cut is defined as a set of edges whose removal separates S from DC, and the
minimum cut is the cut with the smallest total capacity among all such separating cuts.

Now, consider a distributed storage system with parameters (n, k,d) = (4,2, 3), storage

a = 3, and per-helper bandwidth 8. = fq 2 f = 1. The classical cutset bound (14) gives

> min{(3—-1i),3} =3+2=5, (18)

which corresponds to the cut illustrated in Fig. 1. Hence, the system can store a file of size
at most B = 5 dits. In contrast, with quantum communication and pre-shared entanglement

among the helper nodes, the corresponding bound in (17) becomes

> min{2(3 —1),3,3} =3+3 =6, (19)

=0

which corresponds to the same cut in Fig. 1 with increased effective capacity.

This gain arises because, while the classical cut consists of one storage edge of capacity
a = 3 and two repair edges each of capacity f = 1, the quantum communication links can
jointly convey additional information. In particular, due to the superdense coding gain,
two quantum links carrying a total of 25 qudits can transmit up to 45 dits of classical
information [7], while the Holevo bound [21] requires that the total amount of information is
restricted by the total number of transmitted qudits from the 3 helper nodes, i.e., 33. Hence,
the two quantum links can send min{44, 35} = 3 dits. As a result, the entanglement-assisted
system provides a strictly larger cut capacity than its classical counterpart.

From Theorem 1, the quantum MSR (QMSR) point and the quantum MBR (QMBR)
point can be derived explicitly in the following corollaries.

Corollary 1 The QMSR point is given by the pair

B B d
(SR, M) — (p zmaX{L m}) .
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Figure 1: The classical and quantum cut for distributed storage system with (n, k,d) =
(4,2,3),a=3,and fc =B, =0 = 1.

|

%, ) if d > 2k — 2,
- B Bd
k' 2k(d—Fk+1)

(21)
), ifk<d<2k—2.

Proof: We first minimize the storage parameter a subject to the cut-set bound in (17). The

minimum storage is achieved when the term « is the active constraint in every summand,
ie., a <min{2(d —i)Bq,dfq},Vi=0,....k—1, ie.,

a < fq-min{d,2(d —k+1)}. (22)
Under this condition, (17) reduces to koo > B, and hence the minimum storage is aQMSR — %.
Next, we minimize 3, subject to (22). Substituting aqgusr into (22) gives
1

min{d,2(d — k+1)}
1 1

S R . o

Multiplying both sides by d yields the stated expression for dfBqmsr, completing the proof.
[ |

ﬁQMSR

(23)

B
k-
B
k-

10
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Figure 2: The per-node bandwidth ratio ﬁEMW versus the number of helper nodes d, when

n =50, k = 10.

Remark 3 Compared with the classical MSR point, the minimum storage remains un-

aMSR — QMSR %. However, the required bandwidth with quantum repair

changed, 1.e.,
18 strictly smaller. In particular, the ratio between the quantum and classical per-helper

bandwidths is given by

5(1:\/ISR :max{l—T,E} (25)
k—1
1— 22 ifd>2k -2,
=<1 d (26)

2 if k <d<2k—2.

This ratio s illustrated in Fig. 2. Observe that the bandwidth advantage enabled by quantum
resources is maximized in the regime of small repair degree, i.e., d < 2k — 2, where the
quantum bandwidth is exactly one half of its classical counterpart. As d increases beyond
this threshold, the relative gain gradually diminishes and vanishes asymptotically as d — oo.
This is because, for large repair degrees, d, the classical repair process already approaches
its optimal efficiency, i.e., % — 1, leaving limited room for further improvement via

quantum communaication.

11



Corollary 2 The QMBR point is given by the pair
B B
- = fd > 2k —2
( k Y k: ) Y Zf — Y
(@, a), if k <d<2k-—2,

(aQMBR7 dﬁSMBR) — (27)

where

A dB
a2+ 1) + (2d— k- [d/2]) (k- [d/2] = 1)

(28)

Q

Proof: We first minimize the repair bandwidth parameter 3, and then minimize the storage
parameter . From the bound in (17), the minimum f, is attained when the bandwidth-

related terms are active in each summand, namely,
min{dfq,2(d — )64} < a, i=0,1,--- k—1. (29)

Under this condition, the bound (17) reduces to

k—1
B =Y min{d,2(d—i)}. (30)
i=0
We analyze this expression by considering the following two cases.
1. Ifd<2(d—1),Vi=0,...,k—1,1ie.,d > 2k — 2, then
B = kdf,, (31)

which implies aqupr = dBMER = 2.

e

2. Ifd>2(d—k+1),ie., d<2k—2, then the minimum in min{d, 2(d — i)} switches at
i = |d/2]. Specifically,

, PN i=0,1,...,d/2],
windd, 20d =2} 2d—i), i=|d/2]+1,... k—1. (32)

Hence, we have

B=(ld/2) + )5 +2 S (d—i)f, (3)
i=|d/2)+1
= (Ld/2] + 1)dB, + (2d — K — d/2]) (0 — [4/2] — 1)6 (34

Solving for 3, yields dS@MBR. This gives the expression of the QMBR point for k <

12



d <2k —2.
This completes the proof. W

Remark 4 We now compare the QMBR point with the classical MBR point. Since both
points satisfy a = df, it suffices to compare the ratio of the per-helper repair bandwidths
QMBR
i
o When d > 2k — 2, the ratio between the quantum and classical per-helper repair band-

widths 1s given by

QMBR _
Py k-1 (35)
BYR 2d
Hence,
3 BQVBR
15 gMBR <1. (36)

Moreover, for a fixed k, this ratio is a monotonically increasing function of d, rising
from 3/4 and approaching 1 as d grows. This indicates that the relative bandwidth
reduction offered by quantum communication becomes less significant when the repair

degree is much larger than k.

o When k < d < 2k—2, the ratio between the quantum and classical per-helper bandwidth
18
A BEMBR k(2d —k+1)

) = Sl ) 20—k ka7

which depends on whether d is odd or even. Nevertheless, several qualitative properties

can be observed as follows.

1. For a fized k, the ratio r(d, k) increases monotonically with d over the interval
k <d <2k —2, and it reaches 3/4 when d = 2k — 2.

2. Consider three consecutive values of d, namely d = 2m, 2m+1, and 2m+2. The
increment of the ratio from the even value 2m to the subsequent odd value 2m + 1

18 no smaller than that from 2m + 1 to 2m + 2, i.e.,
r(2m+ 1, k) —r(2m,k) > r(2m+2,k) —r(2m + 1, k). (38)

The proof is presented in Appendiz A.

QMBR
Qwverall, the per-node bandwidth ratio ’8“M—BR s a monotonically increasing function of the

number of helper nodes d over the entire range k < d < n — 1. In particular, when k < d <

13
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Figure 3: The per-node bandwidth ratio BEM—BR versus the number of helper nodes d, when

n =50,k = 10.

2k — 2, the ratio increases with d and attains the value 3/4 at d = 2k — 2. For d > 2k — 2,
the ratio continues to increase from 3/4 and asymptotically approaches 1 as d grows. The

curve 18 illustrated in Fig. 3.

Corollary 3 (Optimal regenerating point) By comparing Corollary 1 and Corollary 2,
we observe that the QMSR and QQMBR points coincide when d > 2k — 2. In this regime,
there is a single optimal regenerating point that simultaneously minimizes both the storage
cost and the repair bandwidth, thereby breaking the fundamental storage-bandwidth tradeoff
present in classical systems. This phenomenon arises because, when d > 2k—2, entanglement
assistance enables the repair bandwidth at the QMSR point to attain its minimum value,
d@?MSR = a®SR which also achieves the minimization of the bandwidth, i.e., the QMBR
point. Consequently, the QMSR and QMBR points coincide.

5 Illustrative Examples

Example 1 (d > 2k —2) Consider a distributed storage system with parameters (n,k,d) =
(8,4,7), and normalize the file size B =1. We now compare the storage-bandwidth tradeoff

in classical and entanglement-assisted settings. From (14), the classical storage-bandwidth

14



tradeoff is given by

3
Zmin{(? — )b, a} > 1.
=0
The corresponding MSR point is thus

17
MSR ggMsRy _ (2 _©
(a ) /BC ) 47 16 7

while the MBR point is given by

77
MBR ggMBRy _ ([
(@6 =\ 5555 )

where the repair bandwidth equals the per-node storage at the MBR point.
In contrast, under entanglement assistance, Theorem 1 yields the bound

3
Z min{2(7 — ) g, 7Bq, o} = 4min{a, 78} > 1,
=0

as shown in (17). Hence, the QMSR and QMBR operating points are given by

11
(aQMSR’dﬁc(]QMSR) _ (aQMBR7dﬁC?MBR) _ <Z’ Z) )

(40)

(41)

(42)

(43)

The classical and quantum curves are shown in Fig. 4. It can be seen that, in the case of

minimum storage, we have a5t = oMSR byt the bandwidth is significantly reduced. Indeed,

when d > 2k — 2, entanglement assistance allows the repair bandwidth at the QMSR point

to attain its minimum possible value, equal to the per-node storage. This also leads to the

minimum bandwidth point. Hence, the QMSR and QMBR points coincide, yielding a single

optimal point on the quantum curve.

Example 2 (d < 2k —2) In this ezample, we focus on the other regime when the number of

helper nodes is relatively small, i.e., d < 2k — 2. Consider a distributed storage system with

parameters (n, k,d) = (15,10,14) and a normalized file size B = 1. In the classical setting,

the storage—bandwidth tradeoff is characterized by

9
> min{(14 — )8, a} > 1.
=0

15

(44)
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Figure 4: Comparison of the classical and quantum tradeoff forn =8, k =4,d =7, B =1.
Since d > 2k — 2, the QMSR point coincides with the QMBR point, yielding a single optimal
regenerating point for the system.

The corresponding MSR and MBR points are given by

17
(@MSR, daMSRY — (1_0’ %) : (45)
14 14
MBR ;sMBRy _ (2% 2% 46
(Oé ? 5C ) 957 95 ? ( )

respectively.

In the quantum setting, the bound in Theorem 1 specializes to

9
> min{145,,2(14 — i)Bq, 0} > 1, (47)
i=0
which yields the QMSR and QMBR points
(aQMSR dBQMSR) — i 1 (48)
T 10°50 /)
(@QMBR jGQMBRy _ T (49)
ro 67°67)"°

respectively. The classical and quantum curves are shown in Fig. 5.
Note that, unlike the regime d > 2k — 2, there is no single optimal point in the quantum
setting. However, we observe that the quantum tradeoff outperforms its classical counterpart

across the entire curve. In particular, entanglement-assisted repair achieves a substantial
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Figure 5: Comparison of the classical and quantum tradeoff curves for n = 15, k = 10,
d=14, and B = 1.

reduction in repair bandwidth at the minimum-storage point. Recalling Corollary 2, since
d < 2k — 2 in this example, the repair bandwidth at the QMSR point is reduced by a factor
of 2 compared to the classical MSR point.

6 Converse Proof

Consider an (n,k,d) distributed storage system over F,. Each node i stores a classical

random variable W; € F¢. From the data retrieval property, we have
H(Wx) =B, VK C [n]with |[K|=k, (50)

where H(+) is the Shannon entropy.

When a node f fails, let D C [n]\ {f} be any helper set with |D| = d. Each helper i € D
sends a quantum system Q; 2 Qq; to the newcomer with log, |Q;| = 5y, i.e., fq qudits are
sent by each helper. The newcomer generates Wy € Fy' by measuring the received quantum
system such that the data retrieval property continues to be satisfied.

We now specify the state of the whole system in the repair process. Consider that the
helper nodes in D have classical information described by »_ = Pr(Wp = wp) |wp)(wp|g,
and two replicated initial quantum systems Q and Qs, described by pg, and pg;, respec-

tively. The initial quantum systems are independent with the classical storage. Hence, the
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density matrix of the initial system is given by

P = 37 Pr(Wp = wp, Wy = wy) (lwn)wnly, ® plgh @ o, @ [wp)(wyly,) - (51)

wp, Wy

After each node in D encodes classical information into Qs and Qz, the quantum state

becomes

penc _ Z Pr (WD = wp, Wf = wf) <”LUD> <'LUD’Q1 & PZ;QC ® pz;; ® ’wf><wf‘Q4> . (52)

wWp,Wg

The helper nodes then send the quantum system Qs and keep the Q,. The newcomer

measures the received quantum system, resulting in a quantum system as

ﬁenc: Z PI‘(WD:U}D, Wf:wf,Zf:zf)

Wp,Wf,2f

x (I {wolg, ® o ® 2) (24lq, ® ) wylg, ) (53)

where Z¢ is the measurement result.

By data processing inequality [22], we have
S(WlQ3)pene < S(W¢|Zg)pene = 0, (54)

where S(-) denotes the von Neumann entropy, and the last equality is because the storage
W; is generated from the measurement result Z;.
Now, fix any subset A C D. Since S(Wy|Qp)yene < 0, we have

S(WilQa)pene < IT(Wi; Qpya|Qoa) pere. (55)

We now need the following lemma to bound I(Wp; Qp\ 4|@.4) pene.

Lemma 1 (Dimension bound with quantum side information) Let U be a classical

random variable and let Q 4, Op be finite-dimensional quantum systems. For any state pyag,
I(U; B|A) pyy 4 < min {QIqu |95, log, |QBQA|} , (56)

where

PUAB = Zpu |u) {uly; @ piap. (57)

u

Proof: First, using von Neumann entropies,
I(U; B|A) = S(B|A) — S(B|UA). (58)
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Then, S(B|A) < S(B) < log,|Qp|, and by the Araki-Lieb inequality [23]

IS(AU) — S(B)| < S(AUB), (59)
we obtain
S(AUB) > S(AU) — S(B). (60)
Hence,
S(B|AU) = —S(B) = —log, |Qs|- (61)
Therefore,
I(U; B|A) < 2log, |Qg|. (62)
On the other hand,
I(U; BJA) = I(U; BA) — I(U; A) (63)
< I(U; BA) <log, |Q5Qal- (64)

This completes the proof. W
By applying Lemma 1 to (55), we have

S(WilQua)pene < min{2(d — [A])Bq, dfq}- (65)
Moreover, since we have
S(WiQua)pene < S(Wy) < (66)
S(W;|Q.4) one is thus bounded by
S(WylQua)pene < min{a, 2(d — |A|)Bq, dBy}- (67)

Now, from the independence between the initial quantum system and storage, we have

I(Wy; WA>pini = I(Wy; WAQg)pini (68)
Z [(Wfa Q?))penc Z [(Wfa Q.A)peDC. (69)

Hence, we have
I(Wf; W_A)pini Z [(Wf; QA)penc = S(Wf|WA)pini S S(Wf'QA)penc. (70)
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From (67) and (70), we have
S(WHIV.0) g < minfas, 2(d — | AJ), dBi}. ()

Finally, using the chain rule for joint entropy

B=H(Wy)=> H(Wi|W_y). (72)

i=1

For each 4, applying (71) with f = ¢ and choosing A = [i — 1]. This is valid because d > k
implies that we can select a helper set D of size d that contains [i — 1], i.e., A =[i —1] C D.
Then, |A| =i —1 and (71) yields

k
B <) min{2(d — i+ 1)fq, dBq, o} (73)
-
= min{2(d — i), dfq, a}. (74)
=0

This completes the converse proof of Theorem 1.

7 Achievability Proof

In this section, we establish the achievability of the proposed storage-bandwidth tradeoff
by extending the randomized code construction framework of [24]. We first prove the ex-
istence of coding schemes that achieve the QMSR point while preserving the data retrieval
property. We then generalize the construction to arbitrary points on the storage-bandwidth
tradeoff curve. Notably, achieving the entire tradeoff region requires maintaining a strictly
stronger invariant than the one used at the QMSR point. This strengthened invariant and
the corresponding scheme will be developed in Section 7.2.

A key tool in the existence proof is the Schwartz—Zippel lemma, which guarantees the

existence of suitable coding coefficients over sufficiently large finite fields via a probabilistic

argument.
Lemma 2 (Schwartz-Zippel lemma [25]) Let Q(z1,...,x,) be a nonzero multivariate
polynomial over a finite field F with total degree at most dy. If the variables x4, ..., x, are

chosen independently and uniformly from I, then

where |F| denotes the field size.
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As a consequence, for any nonzero polynomial @, if |F| > dj, then there exists at least

one assignment of the variables such that Q(z1,...,x,) # 0.

7.1 Achievability Proof of the QMSR Point

We establish achievability of the QMSR point via induction on the number of node failures
and subsequent repairs. The central idea is to preserve the data retrieval property as a global

invariant under an arbitrary sequence of repair operations.

Theorem 2 Consider an (n,k,d, o, By, B) distributed storage system at the QMSR point.
Over a finite field F, with

q > dy 2 (Z) By, (76)

there exists a linear coding scheme such that the data retrieval property is preserved under

any sequence of node failures and repairs.

The proof of Theorem 2 proceeds by induction, as detailed below.

7.1.1 Invariant Description

In the proposed construction, the file is divided into two independent instances, each of size
By = kag,  op 2 min{d,2(d — k + 1)}. (77)

Thus, the total file size is B = 2By. At the QMSR point, the per-helper repair bandwidth
satisfies By = 2.
We employ linear coding for storage. Let the overall file be represented by x € Ff x1,

Node 7 stores a = 2ag symbols of the form
x'Q;, i€(n], (78)

where the storage matrix has the block-diagonal structure

Qi OBO Xap
e 0 : 79
Q [ OBO X g QZ ] ( )

where Q; € Ffoxao denotes the coding matrix associated with each instance of the file.

The data retrieval property requires that for any index set sy C [n],

rank ([Qs,, - - 7Q5k]) = B. (80)
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Due to the block-diagonal structure of Q;, this condition is equivalent to

rank([Q,,, -, st]) = By, (81)

i.e., the data retrieval property holds for each instance of the file. Our objective is to show
that the rank condition in (81) can be maintained after every repair process, in which each
newcomer downloads 3y = 2 qudits from each of the d helper nodes. The remainder of
the proof establishes that this rank invariant can be maintained inductively for an arbitrary

sequence of node failures and repairs.

7.1.2 Induction Process

We begin by verifying that the data retrieval property (81) holds at the initial stage. Let
the concatenated matrix [Q, - - - , Q,] be a collection of By X nay independent variables over

IF,. For each k-subset s C [n], define the polynomial

fsm é det ([Qsm o 7st]) . (82)

Each f,, is a nonzero multivariate polynomial, since the matrix [Qs,, -+, Qs,] can be as-
signed to any invertible By X By matrix so that the determinant polynomial fy, is not
identically zero.

Now, consider the product polynomial

fé H fs[k] = H det ([QSU"' 7Q5k])’ (83)

(k) €[] ik C[n]

This polynomial is nonzero and has total degree at most dy = (Z) By. This is because f is
the product of (Z) determinant polynomials, each corresponding to a By x By submatrix
and hence having degree By. (The determinant of an m X m matrix M is a polynomial of
degree at most m [24].) By the Schwartz—Zippel lemma, if the field size ¢ satisfies ¢ > d,
then there exists an assignment of [Qy,---,Q,] such that f # 0, ie., all determinants,
det ([Qsl, e ,st]) ,sp € [n], are simultaneously nonzero. Therefore, an initial storage
configuration satisfying the data retrieval property exists, which completes the base case of
induction.

Now, assume that the data retrieval property holds after the mth repair. We show that it
can be preserved after the (m + 1)th repair. Without loss of generality, suppose node 1 fails,
and the newcomer connects to any helper nodes si; C [n] \ {1}. Each helper sends 4 = 2
qudits. The newcomer performs quantum measurements followed by linear post-processing

to generate its stored o symbols. The repair process is specified as follows.
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1. Entanglement distribution: The d helper nodes share an entangled state
lv) € CSS(GRS;Qd(a,u), GRS] y4(a, v)), (84)

where o, u, v € ng“ are GRS parameters chosen such that GRS} ,,(c¢, u) and GRS} ,,(cx, v)

are dual. Thus, the corresponding initial density matrix is described by
P =) (¥l (85)

2. Information encoding: Let x(1) and x(2) € FJ**" denote the two instances of the

file. Each node s, i € [d], applies a local precoding map to its storage as
(X(l))TQs;Vs;diag(Uzi—l, ugi) (X(Q))TQs;Vs;diag(Uzi—h v2) (86)

where Vi € [d], is the linear precoding matrix to be designed. Define P, =

[QSIIVSII, e ,QS&VS&]diag(u)*l and P, = [stlefl, e ,Qs;Vs&]diag(v)*l. The classi-

cal information embedded in the Pauli parameters is then

xI' 2 (x(1))"P,, x! £ (x(2))"P,. (87)

Node si,i € [d], applies X(x,(7))Z(x,(7)) to its local quantum system. The encoded

quantum state is then described by
P = (X()Z(0)) ™ (X(xu)Z(x0))" (88)

3. Storage generation: Upon receiving the encoded quantum system, the newcomer

performs the syndrome measurement and obtains
Sxy = (GRSZ’Qd(a,u))Txu, Sy = (GRSZQd(a,v))TXU. (89)

Equivalently, stacking the syndromes gives

T T _ T | P, GRSZ,M(O"U) O5,xd
[sk,87] =x =
I 05y xd P, - GRS} (e, v)
T Q - diag(u)~! - GRS 54(c, u) ) 0B, xd (90)
Op,xd Q - diag(v)~" - GRS} o4(ct, v) ’

where Q 2 [QSQVSQ, e ,QSQVSQ]. Note that GRSZQd(a, u) = diag(u)A, where A is a
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Vandermonde matrix as shown in (5). Hence, (90) reduces to

QA 0p. .
[sif(,sa:xT[O‘joxd gAd]. (91)

The newcomer then applies a linear post-processing matrix in the form

V ec 0 a
Vieo = | 00 oo | (92)
Od><a0 Vdec

where V. € ngo‘o is the decoding matrix for each instance. Consequently, the storage

matrix at the repaired node has the form

A [ Qll OBoXao ] _ [QAvdec OBoXao ] c FBXO‘. (93)

o OBQXao Q/l OBO X o QAvdec I

Remark 5 Note that in the scheme, we adopt a GRS-based CSS codes to prepare the shared
entangled state and perform syndrome measurement for two main reasons. First, syndrome
measurement produces linear combinations of the encoded classical parameters. Since the
newcomer ultimately stores linear combinations of the original file symbols, this linear struc-
ture is essential. Second, the CSS construction based on dual GRS codes provides a parity-
check matrixz with sufficiently large rank. This guarantees that the useful classical information
embedded by the helper nodes can be transferred to the newcomer without rank loss. In par-
ticular, the Vandermonde structure of the underlying GRS matriz ensures that appropriately
selected columns remain the maximum rank, which is crucial for preserving the data retrieval

mvariant.

Now, to ensure the data retrieval property for each instance, it suffices to require that

for every index set sp_q] C [2 : n]

det([Qlla QS1> T st—1]) 7é 0, (94)

i.e., the file can be retrieved from the Q; at the newcomer and the storage of any other k — 1

nodes. Hence, we define the product polynomial

PE T det (|Q1 Qo+ Qo). (95)

s[k—1]C[2:n]

which is a multivariate polynomial in the entries of \78{(1] and Vge. The degree of P is at

most Q(Zj) ap as each of the (Zj) determinant terms has degree at most 2agy. Note that

2(2:1) ag > dy for n > 2. To apply the Schwartz—Zippel lemma, it suffices to show that

P is not identically zero. This follows if each determinant term in (95) is itself a nonzero
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polynomial. We now show that for each determinant term, one can choose the variables such
that it evaluates to a nonzero value.

To this end, we fix an arbitrary subset sj,_; and show that there exists a choice of the
precoding matrices std] and decoding matrix Vge. such that det([Q}, Qs,, -+, Qs,_,]) # 0.
The key ingredient is the following column-selection lemma.

Lemma 3 (Column-selection lemma) Let Q,...,Q, be matrices over F,, where Q: <
F’;aomﬂ and oy 2 min{2(d — k +1),d}.* Assume that the data retrieval property holds, i.e.,

rank([Qq,, -+, Qu)) = kao, Vi C [n]. (96)

Fiz any subset sy_1) C [n] and any subset s, C [n]. Then, there exist index sets I; C [ow],
J € sig \ sp—1) with |Z;] <2, and

> 1Tl =, (97)

JES(g \Sk—1)

such that the matrixz formed by the o selected columns

C=(Qi(T) 1 j € siy \ sp—y] € Fpoox (98)
satisfies
rank([Qs,, -+, Qs,_,, C]) = kay. (99)
Equivalently, the selected o columns are linearly independent with [Q,, - - - ,st,_l}.
Remark 6 Lemma 3 states that for any fived k — 1 storage Qs,, - ,QS,H, we can extract

exactly oy columns from the helper nodes in sid} \ Spk—1), using at most two columns from
each helper. These o columns are linearly independent together with [Qs,, -, Qs,_,], thus
the total rank becomes kay. Therefore, we can design the precoding matrices Vs[d] so that
the newcomer stores precisely these ag independent columns. With this choice, the storage
matriz at the newcomer, Q, satisfies det([Q}, Qs,,- , Qs,_,]) # 0, i.e., each determinant

term of P in (95) is a nonzero polynomial.

Proof: For each node index i € [n], let us denote

Qi = [Qi1, > Tiao) » (100)

4We choose o with this value to make sure that §y is an integer in the acheivable scheme.
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where @;; € FF**! j € [ag]. Fix any index set sy,_y C [n] and define

Q(k_l) é [QSN R st_1]7 (101)

and W 2 colspan(Q*~Y) as a column space. By the data retrieval property, for any s €

s{d] \ Spe—1], the matrix [Q(k_l), QS;] has rank kag. Since QS;_ has ag columns, we have
rank (Q(k_l)) = (k — 1ap. (102)
Now, consider the quotient space V = F’;“ /W, which has dimension
dim(V) = kag — dim(W) = kay — (K — 1)ap = ay. (103)

Let 7 : F’;O‘O — V be the canonical projection. Again by the data retrieval property, for each
s € Sig \ S[k—1), the projected columns {7 (G 1), ..., 7(Qs)a,)} span V.

Let 7 2 d—k+ 1. Since ap = min{2r,d} < 2r, we may select vectors greedily from
std}\s[k_l} as follows: At each step, choose at most two columns from the current block
whose projections are linearly independent of those previously chosen. Because each block
spans V, this procedure increases the span dimension until g independent vectors in V' are

obtained, using at most two columns from each Qs;- Together with the (k — 1)ag columns

selected from Q,,...,Q,,_,, they form kag linearly independent vectors. This completes
the proof. W
By Lemma 3, for any fixed Q,,, ..., stfl, we can select exactly ag columns from helper

nodes s{d] \ Sjx—1] to generate the newcomer’s storage, using at most two columns from each
helper, such that together with Q,, ..., Qs,_,, the total rank is kag. For each s € s{d]\s[k_u,

let r; 2 |Z;] <2, and write Z; as
A
I ={Z;(1), ..., Zi(ry)}- (104)

We design the precoding matrices as column-selection matrices,

V; = [ezju), e €T () anx(z—rj)] € FZ“OXQ, 85 € 8iq \ Spk—1], (105)

where e, € Fg‘)“ denotes the (th standard basis vector. For helper nodes j € sEd] N Sk—1),

we set Vj = 0,,x2. With this choice, we have

rank( [Qs’lvs’17 T Qs:ivs’d7 qu R st_l}) = ka0~ (106)

Let S denote the indices of the g nonzero columns in Q = [stl Vg, ,QSQVSQ |, and

Q 2 Q[;73] € IF’;O“)XO‘O be the submatrix formed by these columns. By this construction, we
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have

rank ([Q Q.. - ,QSHD — kay. (107)

Recall from (93) that the newcomer’s storage matrix for each instance is given by
Q) = QAV .. (108)

By construction, only the columns of Q indexed by S are nonzero. Let A £ A, € Fgon
denote the submatrix of A formed by the rows indexed by S. Since the remaining columns

of Q are zero, we have

QA = QA. (109)
We therefore choose the decoding matrix as
Viee = AT, (110)
With this design, the repaired node’s storage matrix for each instance is
Q, = QAAT. (111)

Also, AAT is a ag x ag full-rank matrix, which preserves the subspace colspan(Q). Hence, for
each instance of the file, the storage matrix Q) at the newcomer together with Q,, - , stfl

satisfy the data retrieval property, i.e.,

det([Qlla Q317 e 7Q5k71]> # 0. (112>

This means that there exists an assignment of the variables such that each determinant term
of P is nonzero, and thus, P is a nonzero polynomial.

Now, by the Schwartz-Zippel lemma, if the file size is larger than dy in (76), then there
exists a common assignment of std] and Vge. such that the data retrieval property holds
after the (m + 1)th repair. By induction, it holds for all repair rounds. This completes the
achievability proof at the QMSR point.

7.2 Achievability Proof for the General Case

We now establish the achievability of the entire storage-bandwidth tradeoff characterized
in Theorem 1. A key difficulty, compared to the QMSR point, is that the data retrieval
property alone is not sufficient to guarantee that a code attains the general cut-set bound.

The following example illustrates this limitation.
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Example 3 As shown in Fig. 6, consider a distributed storage system with parameters n =
4, k=2,d=3, a =4, and By = 1. From Theorem 1, the cut-set bound gives the mazimum

file size

B:imin{Q(S—i),Z%,él}:3—|—3:6. (113)

=0

We now construct a code that satisfies the data retrieval property initially, but fails to sustain
B =6 after one repair.
Let the file consist of 6 symbols 1, ...,z over a finite field F,. Suppose node 1 fails and

the newcomer connects to the helper nodes 2,3,4. The storage at the surviving nodes is:
e Node 2: (r1,x9,0,0);
e Node 3: (3,14,x5,%6);
e Node 4: (v1 + x3,x2 + T4, 1 + X5, T2 + Tg).

It can be verified that the data retrieval property holds initially, i.e., any two nodes contain
enough independent linear combinations to recover all siz file symbols.

Now, consider the repair of node 1. Since B4 = 1, each helper transmits one qudit, thus
the newcomer receives a total of dBq = 3 qudits. After measurement and classical post-
processing, the repaired node stores o = 4 classical symbols. By the Holevo bound, 3 qudits
can convey at most 3 dits of classical information. Now, consider a DC' that connects to node
2 and the repaired node (say node 5). Since node 2 only has two independent symbols and
node b stores at most three independent symbols, the DC has access to at most 5 independent
symbols. Thus, the file with 6 independent symbols cannot be reconstructed after the repair.

The data retrieval property is thus violated.

This example demonstrates that the data retrieval property alone is insufficient to guar-
antee the feasibility of the cut-set bound, and that additional structural constraints on
storage are necessary.

At the QMSR point, the data retrieval property effectively forces every stored symbol at
each node to carry independent information, since the storage dimension is tight and any
redundancy would violate the full-rank requirement. However, for the other points on the
tradeoff curve, the data retrieval property alone only guarantees that some selection of stored
symbols yields full-rank. It does not prevent certain stored symbols from being linearly
dependent or even inactive (for instance, some nodes may store 0s). As a consequence,
although the data retrieval property may hold before repair, the limited repair bandwidth
may be insufficient to regenerate enough independent symbols after one repair. Therefore,

for the general case, a stronger invariant than the data retrieval property is necessary.
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1
T+ T3,T0 + x4 a=4
1+ T5, T2 + Te 1
1
Figure 6: A distributed storage system with (n, k,d) = (4,2,3),a = 4, , = 1, in which the

data retrieval property is satisfied in the initial stage, but the data retrieval property does
not hold after the repair.

7.2.1 Invariant Description

We consider two independent instances of the file, and the storage matrix at each node is

given by

Qi B [ OB?:ao OBéiao ] ’ '€ [n] (114)

The invariant is defined on the storage code Q[n]. First, define ¢; as
¢; =min{2(d — i + 1)5q,dBq, a}, @€ [k, (115)

and c as the length-n vector c 2 [c1,-++ , ¢k, 0, ,0]. The invariant is then based on a rank

test for the code Q[n] with respect to certain vectors.

Definition 6 A code Qu,...,Q,, is said to pass the rank test by h = [hy,- -+, h,] € Z with
hi S [0 . Oé[)], Z?:l hz = Bo, Zf

rank([QEy,, -+, Q.Ep,]) = Bo, (116)
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where Q;Ey, is the submatriz by choosing the first h; columns of Q;, i.e.,

’ . (117)
O(Oz()fhi)Xhi ]
Furthermore, a code Qu, ..., Q, is said to pass the rank test by a set H if it passes the test

for all vectors in H.

To compare vectors, we use the concept of majorization defined in [26].

Definition 7 (Ch. 1, Def. A.1 in [26]) For a vector x = [z1,--- ,x,)7, we use x() >
-+ 2> @y to denote its components sorted in decreasing order. For two vectors a and b with

length n, we say that a majorizes b, denoted a = b, if

n n k k
ZCLZ- = Zbi, Za(i) > Zb(i), Vk € [n] (118)
i=1 i=1 i=1 i=1
Remark 7 Definition 6 characterizes a structured data retrieval property of the storage
code Q,...,Q,. Given a vector h = [hy,..., h,], the test checks whether the file can be
reconstructed by retrieving h; symbols from node i, Vi € [n], with the total number of retrieved
symbols equal to By. Thus, passing the test for a set H guarantees recoverability under
column-allocation patterns specified by vectors in H.

In our construction, the invariant set H consists of all integer vectors majorized by the
vector c. We prove that after every repair step, the updated storage matrices Qu, ..., Qn

continue to pass the rank test for this entire set H.

Theorem 3 Consider an (n,k,d, a, Bq, B) distributed storage system with

k—1
B =Y min{2(d — i)B,,dfq, a}. (119)
=0

Define a set H with all vectors majorized by c as

H 2 {heZcrh} (120)
For any finite field F, with
q> d1 é max { <Tg0) BQ, 2|H‘BO} , (121)
0

there exists a coding scheme such that after every repair, the storage code for each instance,

Q) passes the rank test by H.

We present the following remarks to specify the invariant.
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Remark 8 (Structure of H) The set H described in (120) consists of all positive integer
vertors h = [hy, -+ , hy| with the following property

c1 > hg
c1+co > h(l) + h(g)

c Ao > hay o hay

cp+ o 2 hay+ o+ b
Cl+~--+ck:h(1)+---+h(n). (122)

As an example, consider the setting in Fig. 1, wheren =4, k=2,d =3, and c = [3,3,0,0].

The corresponding set H consists of al permutations of the following vectors
3,3,0,0], [3,2,1,0], [3,1,1,1], [2,2,2,0], [2,2,1,1]. (123)

Remark 9 (Invariant implies data retrieval) Passing the test by H guarantees the data
retrieval property. Indeed, since ¢ = [c1,--+ , ¢, 0, ,0] € H, all of its permutations also
belong to H. Therefore, for any choice of k storage nodes, there exists a corresponding
selection pattern cpy) that specifies how many columns are chosen from each of the selected
nodes. Since the rank test is satisfied for every such permutation, the resulting collection
of columns has rank By for each instance. Consequently, each instance allows recovery of
its By information symbols. Since the system consists of two independent instances of the
file, the entire file of size B = 2By s recoverable from any k nodes. Hence, maintaining the

mwvariant over H implies the data retrieval property.

The achievability proof proceeds by maintaining the above invariant throughout the repair

rounds.

7.2.2 Induction Process

Initially, the coding matrix for each instance, [Ql, e ,Qn] € FQBM”O‘O, is the generator
matrix of an (nag, By) MDS code. By Schwartz-Zippel lemma, such code exists when the
field size ¢ > (’EOO)BO. Hence, by the MDS property, any selection of By columns from
[Ql, e ,Qn] yields a full-rank matrix. Hence, each instance of the initial code passes the
rank test for each h € H.

Now, assume that after the mth repair, the storage code Qg . .., Q, passes the test for all
vectors in H. We show that there exists a repair scheme such that the updated storage after
the (m + 1)th repair continues to pass the test for . Without loss of generality, suppose

that node 1 fails and is replaced by a newcomer. The newcomer receives 25, qudits from
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each of the d helper nodes 2,...,d + 1, and computes @ = 2ay dits as its stored symbols.
Following the same repair structure as in (84)-(93), the storage matrix at the newcomer has

the form

(124)

Ql — Q/l OB() X o _ QAvdeC OB() X o
! OBO X g Q/1 OBOXao QAVdec 7

where Q = [QaVa, -, Quy1Vaya] € FP°% and V; € F*™ j € [2 - d + 1], is the
precoding matrix (to be designed) at node j.

Next, we show the existence of the parameters V[2:d+1] and Vg such that Q’l, Q......Q,
after the (m + 1)th repair still passes the test by H. It suffices to guarantee

g = [ det(Q B, -, QuEn,]) # 0. (125)

heH

Since each determinant is a polynomial in the entries of V[de_i_l},v(iec with degree at most
2By, g is a polynomial of the variables with degree at most 2|H|By. By the Schwartz-Zippel
lemma, it suffices to prove that every factor in ¢ is itself a nonzero polynomial. Thus, for
arbitrary fixed h € H, we show that there exists a choice of V[Q:dﬂ] and Ve such that

det ([Q\En,, -, QuEn,]) #0. (126)

Now, we need the following lemma to establish a suitable redistribution of weights from
the failed node to the helpers. Specifically, for any h € H after the (m + 1)th repair, there
exists a h’ after the mth repair with certain properties. The following lemma states the

required properties for h'.
Lemma 4 For any h = [hy,--- , h,] € H, there exists
h/: [O7h/27 7h2l+17hd+27"' 7hn] 6%7 (127)

such that:
e Pl: hl > h;,Vie€ [2:d+ 1], and the total increase in ha, ..., hqy1 is hy, i.e.,

d+1
= S b (129
i=2
e P2: The increase of each h; does not exceed 2034, i.e.,

Wy —h; <28, Vie[2:d+1]. (129)

The proof follows the main idea of the classical argument in [24]. For completeness, a
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detailed proof is provided in Appendix B.

Remark 10 Lemma 4 shows that for arbitrary h € H, we can find another vector h' € H
such that P1 and P2 are satisfied. This means that for a code Qu, ..., Q. passing the test by
h' after the mth repair, we can select hy columns from Qa, ..., Qqy1 to generate the storage
of the newcomer during the (m + 1)th repair, Q}, such that the updated code Q}, Qa, ..., Qn
can pass the test by h.

Since the storage after the mth repair passes the test for all vectors in H, in particular,
it passes the test for h’. Thus,

rank ([Q'lEhll, cee QnEh%]) = B,. (130)

We now design the repair so that the newcomer reproduces exactly the h; columns that
distinguish h from h’.

Specifically, recalling (124), for each instance, the storage matrix is
Q) = QAVye = [Q2Va, -, Qui1 Vas1]A V. (131)

Now, we design each precoding matrix V;,i € [2:d + 1], as

Vi=le,... » €hl—h;» 0ag><(2ﬁq—(h§—hi))]7 (132)

i.e., the precoding matrix selects exactly the first b} — h; columns of Q;. By property P1,
exactly hy; columns are selected across all helpers. Let S index these h; selected columns.
As in the QMSR construction, let A be the submatrix of A, formed by the rows indexed by
S, and set

Viee = A. (133)
Then, the storage matrix for each instance at the repaired node is
Q) = QqsAA". (134)

Since AAT is invertible, the newcomer stores colspan(Q[;,g]), i.e., precisely the h; redis-
tributed columns. Therefore, [Q\Ey,, - ,Q,Es,] has full-tank By, because it coincides

with the full-rank configuration associated with h’. Thus,

det ([QllEhN T QnEhn]) 7& 07 (135)

which the determinant for this fixed h is a nonzero polynomial.

Therefore, each determinant in the product in (125) is a nonzero polynomial. The total
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degree is at most d;. Schwartz-Zippel lemma guarantees the existence of a common assign-
ment of V[2:d+1] and Ve such that the storage after the (m + 1)th repair passes the test for
all h € H. Therefore, the invariant is preserved under every repair, completing the induction

and establishing achievability for the general point on the tradeoff curve.

8 Conclusion

In this paper, we investigated the fundamental limits of distributed storage systems with
quantum-assisted repair. We fully characterized the storage-bandwidth tradeoff enabled
by quantum communication and established its optimality through matching converse and
achievability proofs. The converse argument relies on quantum information theoretic in-
equalities, while the achievability proof develops a unified framework based on maintaining
a structured rank invariant.

Our results show that quantum entanglement can strictly improve the classical storage-
bandwidth tradeoff in general. In particular, when d > 2k — 2, we identified an optimal
operating point that lies outside the classical tradeoff region and simultaneously minimizes
the storage and repair bandwidth. This improvement arises from the ability of entanglement-
assisted repair to transmit classical information more efficiently than purely classical schemes.

To the best of our knowledge, this work initiates the study of quantum-assisted dis-
tributed storage systems. This leads to many interesting open problems. For instance, if
the newcomer is allowed to share prior entanglement with the helper nodes, the transmitted
qudits can potentially carry more classical information via superdense coding, which may
further enlarge the achievable tradeoff region. Thus, characterizing the resulting storage-
bandwidth tradeoff remains an open problem. In addition, this work focuses on functional
regeneration in the quantum setting. It would be of significant interest to determine the
optimal tradeoff for exact regeneration under quantum-assisted repair, since the complete
characterization of the exact-regeneration tradeoff remains unresolved even in the classical
setting [27,28].

Appendix

A  Proof of Remark 4

Proof: Throughout the proof, we restrict to integers d satisfying k£ < d < 2k — 2. Let
t2 |d/2]. Note that the denominator of r(d, k) equals

2d(t+1)+22d—k—t)(k—t—1), (136)
where the two terms are both nonnegative in this regime.
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When d = 2m or d = 2m + 1, we have t = m. Then,

k(4m —k + 1)

r(2m, k) = Dy , (137)
k(4m —k + 3
r(2m 41, k) — Fm =k +3) (138)
Dot
where
Doy 2 —2k + 8km + 2k — 2m? — 2m, (139)
Dappi1 2 —2k% + 8km + 6k — 2m® — 4m — 2. (140)
Similarly, replacing m by m + 1 in (137)-(139) gives
k(4m —k+5
r(@m 42, k) = KUM=k +5) (141)
Dapy2
where
Doz 2 =2k + 8k(m + 1) + 2k — 2(m + 1) — 2(m + 1). (142)
We now show that
r(2m+1,k) >r(2m, k), r2m+2,k)>r2m+1,k) (143)
whenever k£ < 2m and 2m + 2 < 2k — 2. Using (137)-(140), we have
2k 1)(2 1—k
r2m 4+ 1,k) — r(2m, k) = 2PmED@m 1= k) (144)

D2m D2m+1

Since k < 2m implies 2m+ 1 —k > 1, and all denominators are positive, the right-hand side

of (144) is nonnegative, proving r(2m + 1,k) > r(2m, k). Likewise,

2k(m+1)(2m + 1 — k)

r(2m+2,k)—r(2m+ 1,k) =
( ) ( ) D2m+1D2m+2

> 0, (145)

which proves the second inequality in (143). Furthermore, by (143), r(d, k) is monotonically
increasing as d increases by 1, hence, it is monotonically increasing over the entire integer
interval k£ < d < 2k — 2. We can evaluate r(2k — 2, k) as the maximal value. Since 2k — 2 is
even, we write 2k — 2 = 2m with m = k — 1 and apply (137),

k(4(k—1)—k+1)  3k(k—1)

3
2% — 2,k) = - - 146
r(2k=2.k) Do) Mk —1) 4 (146)

This proves the property 1.
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For property 2, let A 2 r(2m + 1,k) — r(2m, k) and A 2 r(2m+2,k) —r(2m + 1,k).
From (144)-(145), we have

2k(m+1)2m + 1 —k)

Ay = , 147
1 D Dapnia =
2k 1)(2 1-k
Ay = 2Hm A+ DEm+1-k) (148)
D2m+1D2m+2
To show A; > A,, it is sufficient to show that
L o v e Dy <D (149)
i.e., Doy < Dopia.
Doy~ Doy’ e e
Using (139) and (142), we compute
Domis — Doy = (—2k* +8k(m + 1) + 2k — 2(m + 1)> — 2(m + 1))
— (=2 4 8km + 2k — 2m* — 2m) (150)
=8k —4m —4 =42k —m —1). (151)

Since 2m + 2 < 2k — 2 implies m < k — 2, we have 2k —m — 1 > k+ 1 > 0, hence
Dopio — Doy, > 0. Together with (149), this yields Ay > Ay, i.e.,

r(2m+ 1,k) —r(2m, k) > r(2m+2,k) —r(2m + 1, k), (152)

which proves the property 2. This completes the proof. B

B Proof of Lemma 4

The idea of the proof is to trace back the quantity h; from the newcomer (treated as node 1)
to the helper nodes 2,...,d + 1 by a brick-moving process. At each step, one unit (brick) is
removed from h; and assigned to one of the d helper nodes with the current minimum value.
For example, when h = [3,3,0,0], d = 2, and the newcomer communicates with nodes 3 and

4, the redistribution can be carried out as
h=3,3,0,0] —[2,3,1,0] — [1,3,1,1] = [0,3,2,1] = h'". (153)

Since h; < ¢; < df, at most df3, bricks are removed from coordinate 1. These bricks are
distributed among the d coordinates 2,...,d+ 1. As a result, the two properties P1 and P2
can be satisfied by each of hs,..., h4y1 receiving at most 23, symbols when we are totally

assigning h; symbols to them.
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Now, it remains to show h’ € H. Specifically, we conduct the brick-moving process as
h=h® - h® ... bt — 1, (154)

which is the sequence of vectors generated by the brick-moving process, where each step

transfers one brick from coordinate 1 to a coordinate in [2 : d + 1]. We will show that
h® eH, Vi=[0:h. (155)

Suppose, for contradiction, that there exists a smallest index ¢ > 1 such that h¢~1 € H but
h® ¢ H. It is important to note that from the definition, we have ¢; > ¢o > ... > ¢. By
the definition of H and (122), this implies that there exists an ¢ with ¢ < k such that

W)+ +hiy>a+.. +a (156)

Without loss of generality, assume that ¢ is the smallest index for which this inequality holds.
Let i1, ..., i, be the indices of the £ largest entries of h®). We distinguish two cases according
to whether hﬁ” is in this index set, i.e., whether 1 € {iy,...,i,}. We show that both cases

lead to a contradiction.

B.1 Case 1: 1€ {iy,... i}

In this case, the hgi) is in the top-¢ entries in h. Recall that in each step of the brick-moving
process, the value at coordinate 1 decreases by exactly one, while all other coordinates are

nondecreasing. Hence, for any fixed index set that includes 1, the sum of the corresponding

entries is nonincreasing over steps, i.e., hg) +...+ hg) is nonincreasing with j = 0,..., h;.
Therefore,
(0) (0) (i) ()
hi 4.+ hy > hy Dy (157)

By the choice of ¢ as the smallest index for which (156) is violated, we further have

)+ B > et e (158)

1
Combining the above two inequalities yields
hio 4ot hy, =+ B > e+ e (159)

Hence, the sum of the top ¢ elements of h(®) is greater than the ¢; +...+¢,. This contradicts
the assumption that the initial vector h = h® € H.
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B.2 Case 2: 1¢ {i,...,is}

In this case, hY) is not among the ¢ largest entries in h”. Now, let ¢ be the largest index
such that

> h(i) 1

()
hiey 2 P = 1

) (160)

which means that the drop from hgz)) to hg?) is at most one, and ¢ is chosen maximal with
this property. Since such ¢ is not guaranteed to be larger than ¢, we consider two subcases:
¢ =/( and ¢ > {. We will show that both lead to a contraction.

Consider the case of ¢/ = /, i.e., the gap between héz)) and hg?ﬂ) is at least 2. Recall
that h(~Y € H and h® ¢ . The violation at £ must be caused by an increase of one of

hg_l), . RUY ] This implies that at least d — ¢ slots have been filled out of the index set

) 10

{i1,..., 4}, i.e., at least 2(d — ¢), bricks have been moved from h;. Hence, we have
his + ooy b > B R 2(d - )8, (161)
>c 4. e+ 2(d—0)f, (162)
>+ ..o+, (163)

where the last inequality is because cprq1 = min{dfy, 2(d — ¢)fq, 0} < 2(d — €)B4. The
inequality (163) contradicts h € ‘H due to (162).
In the case of ¢/ > /¢, we first claim that

i.e., ¢’ also violates the majorization property.

To prove the claim, note that from the property of ¢, we have

hgil)) o+ h&)_l) <ci+...+ceq, (165)
O+ R R et e+, (166)
which means hgz)) > ¢,. Meanwhile, for ¢/, we have

(4) (@) (@)
Mgy = - = hyy 2 by =1 = . (167)

Thus,

W)+ b+ (i -+ hip) > et et (B ) (168)
>+ ta+ (=0 (169)
>+t (cor+ .o+ en). (170)
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This proves the claim.
Since 1 ¢ ifg in this section, we consider the cases of 1 € i and 1 € i1, Tespectively.

When 1 € i, since ¢’ also violates the majorization property, we have

7

On the other hand, when 1 € 1., we have

hiy + -+ by +he > B+ L+ B+ 2(d - )5, (172)
>+t cep+2(d— )5, (173)
Z cl1+...+cp+ Cpryt, (174)

where (172) follows the same reason as the inequality (161) that at least 2(d—¢') 3, bricks have
been moved from h;, and the inequality (174) is because cp 11 2 min{dfq,2(d — ') g, a} <
2d — )5,

Therefore, all these cases contradict h € H. This completes the proof of Lemma 4.
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