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Abstract—We specify the capacity region for a power-controlled, fading
code-division multiple-access (CDMA) channel. We investigate the properties of the optimum power allocation policy that maximizes the information-theoretic ergodic sum capacity of a CDMA system where the users are
assigned arbitrary signature sequences in a frequency ﬂat-fading environment. We provide an iterative waterﬁlling algorithm to obtain the powers of
all users at all channel fade levels, and prove its convergence. Under certain
mild conditions on the signature sequences, the optimum power allocation
dictates that more than one user transmit simultaneously in some nonzero
probability region of the space of all channel states. We identify these conditions, and provide an upper bound on the maximum number of users that
can transmit simultaneously at any given time. Using these properties of the
sum capacity maximizing power control policy, we also show that the capacity region of the fading CDMA channel is not in general strictly convex.
Index Terms—Capacity region, code-division multiple access (CDMA),
fading channels, iterative waterﬁlling, power control, sum capacity.

I. INTRODUCTION
Fading may be an important limiting factor in wireless communication networks unless appropriate resource allocation is applied to exploit the variations in the channel gains to the advantage of the network capacity. The resources that we concentrate on allocating optimally in this correspondence are the transmit powers of the users.
The quality-of-service-based power control approaches assign transmit
powers to the users so that all users satisfy their signal-to-interference-ratio (SIR) requirements while transmitting with the least amount
of power. The SIR-based power control assigns powers to the users
with the aim of compensating for the variations in the channel; it assigns more power to the users with bad channel states, and less power
to the users with good channel states [3]–[6].
For a single-user fading channel, [7] shows that the optimum power
allocation policy, in the sense of maximizing the ergodic channel capacity, is a waterﬁlling of power in time. This policy allocates more
power to the stronger channel states, and less power to the weaker
channel states; it allocates zero power to the channel states below a
threshold level which is determined by the fading statistics.
The capacity of a multiple-access channel (MAC) is expressed as
a region of achievable rates [8], [9], and sum capacity, the maximum
achievable sum of rates is often used as a measure of the overall network capacity. For a multiuser scalar channel, [10] ﬁnds the optimum
power allocation policy which maximizes the ergodic sum capacity of
the network. For this system, it was shown that the optimum power allocation policy is one where each user compares its channel state (normalized by a factor depending on the statistical characterization of the
fading) to those of the other users, and transmits with nonzero power
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only if its normalized channel state is better than or equal to the normalized channel states of all other users. More than one user transmits
simultaneously only if the normalized channel states of multiple users
are the same. Since the channel gains are continuous random variables,
this occurs only with zero probability. Therefore, this power control
policy implies that at most one user transmits (if at all) at any given
time with probability one.
While [10] focuses on the sum-rate point on the capacity region of
the scalar MAC subject to fading, [11] ﬁnds the entire capacity region
of such a channel, and speciﬁes the optimal power allocation policies
corresponding to each rate tuple on the capacity region.
There has also been some recent work on power control for vector
multiple-access channels and their associated capacities. For a multiple-access channel with multiple antennas, [12] solves for the sum capacity maximizing power allocation at all transmit antennas and gives
a relationship between the maximum number of active transmit and
receive antennas. The problem of maximizing the sum capacity as a
function of the transmit powers in a vector multiple-access channel,
such as a code-division multiple-access (CDMA) or multiple transmit
antenna system, in fading channels, is studied for the case of large systems and random transmit vectors (signature sequences) in [13] where
a simple single-user waterﬁlling strategy is proposed and shown to be
asymptotically optimal.
In this correspondence, we focus on a CDMA channel where the
number of users and the processing gain are ﬁnite and arbitrary, and the
users are assigned arbitrary deterministic signature sequences. We ﬁrst
provide the capacity region of a fading CDMA channel where users
have perfect channel state information, and are able to choose their
transmit powers as a function of these channel states, subject to average power constraints. The capacity region is obtained by a simple
extension of [11], which deals with an equivalent problem in the case
of scalar MAC.
Like for the scalar fading MAC [11], the capacity region of the fading
CDMA is a union of capacity regions obtained for each valid power
allocation policy. One of those power allocation policies, namely, the
one that maximizes the sum capacity, is worth special attention, both
because sum capacity is a commonly used performance metric for multiple-access channels [10], [12], [13], and because it will aid us in investigating the strict convexity of the entire capacity region. Thus, we
next focus on the sum capacity maximizing power control policy for a
independent Goldfading CDMA system. Our problem reduces to
smith–Varaiya problems [7] when the signature sequences are chosen
to be orthogonal, and to a Knopp–Humblet problem [10] when the signature sequences are chosen to be identical. The optimum power allocation policy is a simultaneous waterﬁlling policy [12] that requires
the solution of a set of highly nonlinear equations. By a simple extension of the iterative algorithm for the nonfading vector MAC of [14]
to the fading CDMA channel, we develop an iterative power allocation
policy, where, at each step, only one user allocates its power optimally
over all channel states of all users when the power allocations of all
other users are ﬁxed. The power allocation of each user in this iterative
process is a waterﬁlling where the base level of the water tank is determined by the inverse of the SIR the user would obtain at the output of a
minimum mean-squared error (MMSE) receiver if it transmitted with
unit power. We prove the convergence of our algorithm to an optimum
solution, and provide conditions for the uniqueness of the solution.
One of the questions of interest, for an arbitrary set of signature sequences, is whether there exists a set of channel states having a nonzero
probability where either all or some of the users transmit simultaneously. In the case of orthogonal signature sequences, for instance, all
users transmit simultaneously in an orthant of the space of all channel
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states where the channel states of all users exceed their corresponding
thresholds; and, clearly, this region has a nonzero probability. In the
case of identical signature sequences, however, users transmit simultaneously only on a half-line in the space of all channel states; and, this
region has a zero probability [10]. In the most general case, the existence of a region of channel states having nonzero probability where
all (or more than one) users transmit simultaneously depends on the
number of users, the dimensionality of the signal space (processing
gain), and the set of signature sequences being used. We identify the
conditions under which such a nonzero probability region of channel
states exists. These conditions turn out to be very mild; for instance, if
the number of users is less than the processing gain and the sequences
are linearly independent, a simultaneous transmit region for all users
is guaranteed to exist. This region also exists even when the number
of users is larger than the processing gain so long as the signature sequences satisfy certain properties. Also, even if these conditions are
not satisﬁed for all users, there may be a subset of users that are guaranteed to transmit simultaneously. This is a result of the fact that the
CDMA scheme with nonidentical signature sequences provides users
with multiple degrees of freedom; therefore, the users do not have to
avoid each other completely in the space of all channel states (as in the
case of scalar channels), that is, multiple users can share some of the
channel states that are favorable to all of them.
The existence of simultaneous transmit regions is of interest to us for
two reasons. First, it serves in proving that the capacity region, unlike
its scalar counterpart, is not strictly convex, provided all of the signature
sequences are not orthogonal or identical. Second, it provides a sense
of fairness, in that while maximizing the overall average rate achieved
by the system, it allows users to access the medium more frequently.
This is in contrast to the scalar channels where each user has to wait
until its channel is the best in order to transmit.
Throughout this correspondence, we will employ the following notation: vectors are represented in bold (x ), matrices are represented in
bold and are capitalized (X ), and j 1 j denotes the determinant.
II. SYSTEM MODEL
We consider a symbol-synchronous CDMA system with processing
gain N where all K users transmit to a single receiver site. In the
presence of fading and additive white Gaussian noise (AWGN), the
received signal is given by [15]
K

r=
i

=1

pi h i bi s i + n

(1)

1,
where, for user i, bi denotes the information symbol with E[b2i ] =
p
si = [si1 ; . . . ; siN ]> denotes the unit energy signature sequence, hi
denotes the random and continuously distributed channel gain, and pi
denotes the transmit power; n is a zero-mean Gaussian random vector
with covariance  2I N . We assume that the receiver and all of the transmitters have perfect knowledge of the channel states of all users represented as a vector h = [h1 ; . . . ; hK ]> , and the components of h are independent. We further assume that although the fading is slow enough
to ensure constant channel gain in a symbol interval, it is fast enough so
that within the transmission time of a block of symbols the long-term
ergodic properties of the fading process can be observed [16].
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Fig. 1.

Sample two-user capacity region.

III. POWER CONTROL FOR FADING CDMA
A. Capacity Region With Fixed Sequences and Adaptive Powers
For the CDMA system given by (1), let the transmitters be able to
choose their powers as a function of the channel state, subject to the average power constraints Eh [pi (h)]  pi . We ﬁrst characterize the set of
long-term achievable rates, i.e., the capacity region, for fading CDMA.
Hanly and Tse [11, Theorem 2.1] have characterized the capacity region for a power-controlled scalar multiple-access channel. Both forward and converse parts of the proof of this theorem can be directly
generalized to the CDMA channel, also by incorporating the methods
and results from [9, Proposition 1] and [17, Theorem 1]. Therefore, we
state the capacity region of the fading CDMA channel in the following
theorem, without providing a proof.
Theorem 1: The capacity region of a fading CDMA channel under
AWGN, where users have perfect channel state information (CSI) and
allocate their powers as a function of the CSI subject to average power
constraints Eh [pi (h)]  pi is given by (2) at the bottom of the page.
Fig. 1 illustrates a typical capacity region for some ﬁxed signature
sequences s1 and s2 in a two-user setting. Each of the pentagons correspond to a valid power allocation policy. Note the ﬂat portion on the
capacity region, which in fact is the dominant face of one of the pentagons. Unlike scalar multiple-access channel capacity region [11], the
capacity region for fading CDMA may contain such a ﬂat region, and in
general is not strictly convex. That is, the rate pairs on the line segment
jAB j in the ﬁgure are in general achieved by time sharing between the
points A and B . This can be shown by noting that the pentagon containing jAB j corresponds to a power control policy that maximizes the
sum capacity, and then proving that for correlated signature sequences,
there are inﬁnitely many rate tuples that give the same sum rate. This
is stated more precisely in the following theorem.
Theorem 2: The capacity region of a power-controlled fading
CDMA channel is not strictly convex, provided 9i; j 2 f1; . . . ; K g
such that i 6= j and 0 < si>sj < 1.
3 (h); 8hg be a power conProof: Let P (h) = fp31 (h); . . . ; pK
trol policy that maximizes the sum of rates of all users, i.e., the sum capacity. The capacity region corresponding to this particular power con-
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trol policy is a polymatroid GP (h) , with corners in the positive “quadrant” given by

>
02
1 log I +  S 0 D 0 (h)S 0
;
2
I + 02S 0 D 0 (h)S 0>
k = 0; . . . ; K 0 1 (3)
where S = [s1 . . . s ], D (h) = diag[p31 (h)h1 ; . . . ; p3 (h)h ],
0
[0(1); . . . ; 0(K )] is any permutation of f1; . . . ; K g,
[0(1); . . . ; 0(k)] for k = 1; . . . ; K , and 00
. D 0 and
0
N

R0(k+1) = Eh

N

K

K

K

k

S 0 refer to submatrices containing only the received powers and
signature sequences of the users in the subset 0k . Each one of the K !

possible permutations correspond to a corner point of the polymatroid
GP (h) in the positive orthant, and these points are also the corners
of the (K 0 1)-dimensional dominant face [18] of GP (h) . Note that,
since any point on the dominant face of GP (h) achieves the maximum
sum capacity, it should also lie on the surface of the overall capacity
region C . That is, the dominant face of GP (h) constitutes a portion of
the surface of C . Therefore, for the surface of C to be strictly convex,
we need all the corners (3) of the dominant face to collapse to a single
point. It is easy to see that this condition can be summarized by

Eh log I N + 02 S E DE (h)S E> =

2E

Eh log 1+ 02 pi3(h)hi ;

i

Deﬁne Q E (h)

8E  f1; . . . ; K g:

(4)

S E D E (h)1=2 . Then for all h , we have

log I + 02S D (h)S > = log I + 02Q (h)Q (h)>
N

E

E

N

E

E
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log 1 + 02 pi3(h)hi
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with which it can be handled as an objective function, as opposed to
the more difﬁcult to handle arbitrary rate tuples on the boundary of the
capacity region. In Section III-B, we give the optimal power allocation
policy that maximizes the sum capacity, and propose an algorithm that
updates the powers of the users iteratively and converges to this policy.
In Section IV, we investigate some properties of this optimal power allocation policy.
B. Sum Capacity, and Optimal Power Allocation via Iterative
Waterﬁlling
For the CDMA system given by (1), we would like to characterize
the optimum power allocation policy which maximizes the ergodic sum
capacity, i.e., which is the solution to

max 1
f ( )g 2

log I + 02

s.t.

pi (h)f (h)dhh = pi ;

p

h

i

i;j

i

j

i

j

i

j

8i 6= j

where f (h) is the joint probability density function (pdf) of the channel
states. For arbitrary signature sequences, no closed-form solution for
this problem is known. It is interesting to note that (10) reduces to the
Knopp–Humblet problem [10] if the signature sequences are identical,
i.e., si = s for all i, and it reduces to K separable Goldsmith–Varaiya
[7] problems, if the signature sequences are orthogonal, i.e., si>sj = 0
for i 6= j , in which case each problem can be solved independently
of the others. Our aim is to characterize the optimal power allocation
policy for the most general case where the signature sequences are arbitrarily correlated, i.e., si>sj is not restricted to be zero or one, and
investigate the properties of this policy.
We can express the ergodic sum capacity, the objective function of
(10), as

Csum = Ck + C k

(8)

or equivalently

pi3 (h)pj3(h) = 0

_

pi (h)  0; i = 1; . . . ; K

(7)

where the last step follows from Hadamard’s inequality [8], and the
equality is achieved if and only if W E (h) Q E (h)>QE (h) is diagonal. Since (7) holds for all h, (4) holds when and only when W E (h)
is diagonal for almost all h (i.e., with probability 1). For equality in (7),
we need

= p3 (h)p3(h)h h s s = 0;

=1

hi pi (h)sisi> f (h)dhh

(10)

i

QE (h)>QE (h)

K

N

si>sj = 0;

8 i 6= j; 8 h: (9)
Note that this condition is readily satisﬁed if K  N and the signa-

ture sequences of all users are orthogonal, in which case the sum rate is
achieved at a single point rather than on a hyperplane (i.e., on the dominant face of the corresponding polymatroid). Therefore, let us focus
on nonorthogonal sequences. Let si> sj 6= 0 for i 6= j . Then, for strict
convexity of C , we need pi3 (h)pj3 (h) = 0 for almost all h , i.e., except
over a zero probability subset of channel states. In other words, the optimal power allocation policy which achieves the sum capacity should
dictate no more than one user transmit simultaneously with nonzero
probability. In Section IV, it will be shown that this is true if and only
if the signature sequences of all users are identical, which establishes
that C is not strictly convex unless all signature sequences are identical
or orthogonal.
In proving Theorem 2, we made use of the properties of sum-capacity-achieving power allocation policy. Sum capacity is often considered as a ﬁgure of merit for multiuser systems, because of the ease

(11)

where

Ck =

1
2

log 1 + h p (h)s>A01s f (h)dhh
k

k

k

k

k

(12)

represents the contribution of the k th user to the sum capacity when the
transmit powers of all other users at all channel states are ﬁxed, and C k
represents the sum capacity of the remaining users when the k th user
is removed from the system. In (12), A k is deﬁned as

Ak = 2I N +

6=k

hi pi (h)sisi> :

(13)

i

It is worth noting that Csum , the objective function in (10), is a concave function of the powers, and moreover, provided that the matrices
fsi si>giK=1 are linearly independent, it is a strictly concave function
of the powers [13, Proposition 4.2]. Also, the constraint set in (10)
is convex. Therefore, the optimization problem in (10) has a unique
global optimum when fsi si> giK=1 are linearly independent; and all
local optimums yield the same objective function value otherwise.
A more general version of this optimization problem with multiple
antennas is solved in [12], where the solution is left in terms of the
Karush–Kuhn–Tucker (KKT) conditions. Here, we derive the solution
of the power control problem speciﬁcally for the CDMA system, as
we shall use it in our future discussions in Section IV. The extended
KKT conditions with mixed constraints [19, Ch. 13] reduce to
1s
hk sk>A0
k
k
 k ; k = 1; . . . ; K; 8 h 2 RK (14)
1 + p (h)h s> A01 s
k

k

k

k

k
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which is satisﬁed with equality if pk > 0. Using the fact that pk  0
for all k , (14) implies that the capacity-maximizing power allocation
policy satisﬁes

pk (h) =

1

k

0 h s>A1 01s
kk k k

+

;

k = 1; . . . ; K

(15)

for any realization of the channel h. Here, the Lagrange multipliers k
are determined by inserting (15) into the average power constraints in
(10). The values of k ’s depend on the statistical characterization of the
channel and the choice of signature sequences. This solution is similar
in structure to the solution in [13], however, it is more general in that
it is valid for any continuous joint fading distribution, any power constraints, and any ﬁnite number of deterministic signature sequences, as
opposed to the symmetric and asymptotical situation in [13]. Note that
even though the continuity and independence assumptions on fading
will be needed in order to prove the simultaneous transmission conditions for the optimal power allocation policy in Section IV, the characterization of optimal power allocation policy in (15) does not require
these assumptions.
For arbitrary signature sequences, the set of equation (15) is highly
nonlinear, and their solution is intractable for systems with large
numbers of users. Note that (15) implies that all users should simultaneously waterﬁll on the “base levels” constituted by the inverse of
the SIRs they would obtain if they transmitted with unit powers, i.e.,
hk sk>A0k 1sk for user k . Since solving for the simultaneous waterﬁlling (where each user’s power allocation is given by a single-user
waterﬁlling, but depends on the other users’ powers) solution for all
users seems intractable, we devise an iterative algorithm. Consider
optimizing for the power of only user k over all channel states, given
the powers of all other users at all channel states

n+1
n+1
n
n
pnk +1 = arg max
p Csum p1 ; . . . ; pk01 ; pk ; pk+1 . . . ; pK
= arg max Ck (pk )
p

(16)

where Ck (pk ) denotes the contribution of user k to Csum , as deﬁned
in (12). Ck (pk ) depends on the power distributions and signature sequences of all other users through A k ’s which change as a function of
the channel state. The solution of (16) can be found as a single-user
waterﬁlling over all channel states of the system,

pk (h) =

0 h s> A1 01 s
kk k k
k

1
~


+
(17)

~ k is the Lagrange multiplier corresponding to the single-user
where 
optimization problem in (16). If we let only one user allocate its power
over all channel states using (17), and iterate over all users sequentially,
this iterative one-user-at-a-time algorithm is guaranteed to converge to
the global optimum solution of (10), since the objective function Csum
is a concave function of powers, Ck (pk ) given by (12) is a strictly
concave function of pk , the constraint set for powers over which the
maximization is to be performed is convex, and has a Cartesian product
structure among the users, see [20, Proposition 3.9].

IV. PROPERTIES OF THE OPTIMAL POWER ALLOCATION
Let us now consider the inverse problem of ﬁnding the channel state
of the system for a given transmit power vector with nonzero components. Since all components of the power vector are nonzero, this
means that all users transmit simultaneously at this particular channel
state, and (14) should be satisﬁed with equality for all k . Therefore,
given any arbitrary power vector p with 0 < pi < 1=i , the channel
state where this power vector is used can be found by solving

h = f (h)

(18)

where the vector function f (h) is deﬁned as

fk (h) =

(1

k

1

0 k pk ) sk>A0k 1sk ;

k = 1; . . . ; K:

(19)

Our ﬁrst goal is to show that there exists a unique vector h of channel
states corresponding to any given nonzero solution p to the power control problem. To this end, we ﬁrst need to prove some properties of the
function f (h).
Deﬁnition 1 ([5]): f (h) is standard, if for all h  0, the following
properties are satisﬁed.
• Positivity: f (h) > 0.
• Monotonicity: If h  h0 then f (h)  f (h0 ).
• Scalability: For all > 1, f (h) > f ( h)
Lemma 1: Let 0 < pk < 1=k , for all k . Then, f (h) is standard.
Proof: For notational convenience, let us deﬁne

> 2 2 >
k
i6=k pi hi ck si +  ck ck (20)
(1 0 k pk )
ck>sk 2
ck> Ak ck
k
:
=
(21)
(1 0 k pk ) c >s k 2
k
Then, interpreting c k as a linear receiver ﬁlter, we can relate fk (h) to
gk (h; ck ) by

gk (h; ck ) =

fk (h) = min
c gk (h; ck )

(22)

1
where the ﬁlter that minimizes gk (h; ck ) is c3k = A 0
k sk , i.e., a scaled
version of the well-known MMSE ﬁlter.
For 0 < pk < 1=k , gk (h; ck ) > 0 for any c k , due to nonzero noise
variance. Then, fk (h) = minc gk (h; ck ) > 0 proving the positivity.
For monotonicity, let h  h 0

fk (h) = min
c gk (h; ck )
3
= gk (h ; c k )
 gk (h0 ; ck3 )
0
0
 min
c gk (h ; ck ) = fk (h ):

(23)
(24)
(25)
(26)

Inequality (25) follows from (20) noting that h  h 0 and ck is ﬁxed.
For scalability, we pick > 1

fk (h) =

min g (h; c )

c k k
3
= gk (h ; c k )
> gk ( h; ck3 )
 min
c g k ( h ; c k ) = f k ( h ):

Inequality (29) follows from (20) noting that

(27)
(28)
(29)
(30)

> 1 and ck is ﬁxed.

Note that, since f (h) is standard, if there is a solution for (18), it
is unique [5]. In fact, one can devise an iterative algorithm to ﬁnd this
solution

h(n + 1) = f (h(n)):

(31)

It is interesting to note that the problem in (18) with the deﬁnition of

f (h) in (19) is very similar to the joint power control and linear receiver

ﬁlter design problem studied in [21].
In [21], the problem is to solve for the componentwise smallest
power vector p and the receiver ﬁlters fci giK=1 such that all users
satisfy their SIR-based quality-of-service requirements. For a single
receiver site (e.g., single-cell) system, the problem becomes that of
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ﬁnding componentwise smallest power vector and receiver ﬁlters that
satisfy

pk hk c>k sk 2
2
i6=k pi hi ck>si + 2 ck>ck
k , k = 1; . . . ; K are the SIR targets.
SIRk =

 k

(32)

where
When there are no maximum power constraints, solving for optimum
transmit powers p and received powers q where qk = pk hk are equivalent. The optimum transmit powers can be found using the optimum
received powers via p3k = qk3 =hk . Then, from (32) and (13)
SIRk =

qk ck>sk 2
ck> Ak ck

 k:

(33)

For any given powers, c k should be chosen to be the MMSE ﬁlter as it
1
maximizes the SIR [21]. Using the MMSE ﬁlters c k = k A 0
k sk , the
problem becomes that of solving for q in

qk sk>A0k 1sk = k :

(34)

While [21] developed a distributed iterative algorithm that converges
to the optimum powers (and receivers) assuming that the problem is
feasible, [22] found the conditions on the SIR targets f i gK
i=1 and the
signature sequences fsi giK=1 that guarantee that the problem is feasible,
i.e., positive qk ’s that satisfy (34) exist. The SIR targets 1 ; . . . ; k are
feasible if and only if [22, Theorem 10]

k2U

k < rank(S (U ));
k

8 U  f 1; . . . ; K g

1+

(35)

where S (U ) is the matrix containing the signature sequences of the
users in the subset U .
In our problem, the channel gains are found for any given power
vector by solving (18),

hk pk sk>A0k 1sk =

(1

 k pk

0 k pk ) :

(36)

Since there are no maximum constraints on the channel gains, solving
for hk and qk = hk pk are equivalent, as we can obtain the solution
for hk using the solution for qk via hk3 = qk3 =pk . Thus, our problem is
equivalent to (34) where k are given by

k=

 k pk ; k = 1 ; . . . ; K
(1 0 k pk )

(37)

and are determined by the given power vector. The set of feasible
powers can then be found by inserting (37) into (35)

k2U

k pk < rank(S (U ));

8 U  f 1; . . . ; K g:

(38)

Therefore, once we ﬁx a power vector satisfying (38), (18) has a unique
solution, since f (h) is standard. That is, the power vector we chose is
a possible candidate for the optimum power allocation at the channel
state obtained by solving (18). This means that, corresponding to a set
of feasible power vectors, there always exists a set of channel states
where all of the users in the system transmit simultaneously. This set,
however, can have zero probability as in [10], which is the result of
the fact that, although we can ﬁnd a unique channel state for a feasible
power vector, multiple feasible power vectors may correspond to the
same channel state, i.e., there may be multiple optimum power vectors
with the same Csum . That is, the mapping between the powers and the
channel states is not one-to-one, in general.
The signiﬁcance of (38) for our purposes is that the set of feasible
power vectors constitutes a volume in K -dimensional space. For the
set of feasible power vectors satisfying (38), and having strictly positive components, if the set of corresponding channel states found by
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solving (18) have a nonzero measure, then we can conclude that all
users transmit simultaneously with a positive probability.
Theorem 3: There exists a nonzero probability region of fading
states h where all K users transmit simultaneously, if and only if
fsisi>giK=1 are linearly independent.
Proof: It is clear that the set of feasible powers as given by (38)
constitutes a volume V in RK . Let us then pick any point p0 > 0 in this
set, and compute the channel state which corresponds to this particular
solution of powers. By feasibility of p 0 , the resulting channel state h 0
is unique, and the original vector p0 satisﬁes the KKT conditions at h 0 .
Given fsisi> giK=1 are linearly independent, we know that there exists
a unique global maximum for Csum since it is strictly concave. Therefore, the waterﬁlling solution we get at the fading state h0 should be
equal to p0 , as it is a possible solution to the problem, and the problem
has a unique global optimum. Hence, we obtain a unique fading state
for a power level, and a unique power for a fading state, for a set of
powers satisfying (38). This implies that there exists a one-to-one mapping from the space of feasible strictly positive powers to the space of
fading states. This one-to-one mapping maps the volume V  RK of
feasible powers to a volume of fading states V~  RK implying that
the resulting set of fading states where K users transmit simultaneously
has nonzero probability. This completes the proof of the if part.
For the only if part, consider the case where fsi si> giK=1 are linearly
dependent. For all K users to transmit simultaneously with nonzero
powers, (14) must be satisﬁed with equality for all k . By applying the
matrix inversion lemma, and deﬁning A =  2I N + S P S > , which
contains all users’ powers and signatures, (14) can be written in the
alternative form

hk sk>A01sk = k ;

k = 1; . . . ; K:

(39)

Each of these equations can also be rewritten as

hk tr A01sk sk>

=

k ;

k = 1; . . . ; K:

(40)

If fsi si> giK=1 are linearly dependent, then any one of the elements of
this set, say sk sk> , can be written as a linear combination of the others,
say, with coefﬁcients i , not all equal to zero. Thus,

hk tr A01

i6=k

isisi>

=

hk

i6=k

isi>A01si = k

(41)

and using (39) in (41), we get

i6=k
This means that, if fsi si> giK=1


i hii

=

k :
hk

(42)

are linearly dependent, then regardless of the power levels, for all users to transmit simultaneously, the
channel states should satisfy (42). Since the channel states are continuous random variables, this event has zero probability. Therefore, given
K
that si si> i=1 are linearly dependent, all K users transmit simultaneously only with zero probability.
Therefore, the necessary and sufﬁcient condition for all K users to
transmit simultaneously with nonzero probability is that the signature
sequences are such that the matrices fsi si> giK=1 are linearly independent. Our ﬁrst corollary states that if the signature sequences fsi giK=1
are linearly independent, then fsi si> giK=1 are linearly independent and
all users transmit simultaneously with nonzero probability.
Corollary 1: When K  N , for a set of K linearly independent
signature sequences, there always exists a nonzero probability region
of channel states where all K users transmit simultaneously.
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Proof: From (14), user k transmits when its channel state hk satisﬁes

hk =

(1

k

1

0 k pk ) sk>A0k 1sk :

(46)

The transmit power of the user satisﬁes 0 < pk < 1=k . Therefore,
user k transmits with nonzero power if and only if

hk > > 0k 1 :
sk A k sk

(47)

Comparing the right-hand side of (47) with (19), it is easy to see that it
is a standard function and is increasing in pi hi , i 6= k . Thus, from the
1
monotonicity of k =ssk>A 0
k sk we have

k 2  > 0k 1
sk A k sk
Fig. 2. Transmit region boundaries for two users with correlated signature
sequences.

Proof: Assume that fsi gK
i=1 are linearly independent.
>
fsisi giK=1 to be linearly dependent, we should be able to write

sk sk> =

i6=k

i si si>

For

(43)

with at least two nonzero i ’s; if only one i is nonzero, this implies that two signature sequences are the same violating the fact that
fsi giK=1 are linearlyKindependent. The ranks of both sides of (43) have
to be equal. As fsi gi=1 are linearly independent, the rank of the righthand side is equal to at least two, whereas that of the left-hand side is
always one. Therefore, the set fsi si> giK=1 are linearly independent for
linearly independent signature sequences, and the result follows from
Theorem 3.
It is hard to ﬁnd closed-form expressions for the region of the channel
gains where all users transmit simultaneously. For a simple two-user
system, it can be shown that both users transmit with nonzero powers
when h belongs to a region expressed by

h1 >

1  2 h2
2  2 h1
;
h
>
2
h2 (1 0 2 ) + 2 2 2
h1 (1 0 2 ) + 2 2 1

(44)

where  = s1>s2 denotes the cross correlation between the signature
sequences of the users. This region is depicted in Fig. 2.
It is interesting to note that when h2 goes to inﬁnity, the lower bound
on h1 approaches the limit 1  2 =(1 0 2 ), and as h1 goes to inﬁnity,
the lower bound on h2 goes to 2  2 =(1 0 2 ). These are the two (horizontal and vertical) asymptotes shown in Fig. 2. For more than two
users, even though the exact expressions for the boundaries of the simultaneous transmission region are nonlinear and complex, we can describe an “orthant” of the space of all channel states where all users
transmit simultaneously. This orthant is a subset of the actual simultaneous transmission region.
Theorem 4: For a set of K linearly independent signature sequences, the region of channel states where all users transmit
simultaneously includes an “orthant” in RK described by

hk > k 2 (R01 )kk ;

k = 1; . . . ; K

(48)

where the ﬁrst inequality is satisﬁed with equality when the received
powers pi hi of all other users are zero, and the second inequality follows from the fact that the SIR of the linear MMSE detector is always
larger than or equal to the SIR of the decorrelating detector. In fact, the
upper bound becomes tight as pi hi , i 6= k go to inﬁnity for a ﬁxed
noise variance  2 , as the MMSE detector converges to the decorrelator
[15]. Now, if the channel gains are such that

hk > k 2 (R01 )kk ;

k = 1; . . . ; K

(49)

using (48) we get

hk > k 2 (R01 )kk  > 0k 1 ;
sk A k sk

k = 1; . . . ; K

(50)

and conclude that all users transmit in the region of channel states
where hk > k  2 (R01 )kk , k = 1; . . . ; K .
It is worth mentioning that Theorem 4 could also have been used to
prove Corollary 1, by noting

P [all users transmit]  P h : hk > k 2 (R01 )kk > 0:

(51)

Fig. 2 illustrates the statement of Theorem 4 for two users with correlated signature sequences. The orthant described in the theorem in this
case is the inﬁnite rectangle

1 2 (R01 )11 ; 1

2 2 2 (R01 )22 ; 1 :

Since, as stated by Theorem 3, for all K users to transmit simultaneously fsi si> giK=1 should be linearly independent, the number of users
transmitting simultaneously with nonzero powers cannot be arbitrarily
large. The following corollary to Theorem 3 gives a bound on the maximum number of users that can transmit simultaneously.
Corollary 2: For a set of K signature sequences and processing
gain N , let the rank of the signature sequence matrix S be M 
minfK; N g. Then the number of users that can transmit simultaneously cannot be larger than minfK; M (M + 1)=2g.
Proof: If K  M (M + 1)=2, the bound is trivial. Let us focus
on the case K > M (M + 1)=2. If rank(S ) = M , the signature
sequences can be written as

(45)

where R = S >S is the correlation matrix of the signature sequences.

 k 2 (R01 )kk

sk =

M
i=1

akiv i

(52)
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matrices fsi si> gi2E; i6=k . This, together with the KKT conditions for
optimality, gives the following relation between the channel gains:

where the N 2 1 vectors fv i gM
i=1 constitute an orthonormal basis spanning the signature sequences. Then
K
k

K

s s> =
k

M

M

a a v v>
j

(53)

kj

(54)

v v> = V BV >

(55)

k

k

ki

kj

i
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2E; i6=k

i

k=1 i=1 j =1

k=1

M

M

i

k

j

i=1 j =1
M

K

v v>

=

a a
ki

=

ij

i

j

a a
ki

kj

i; j 2 f1; . . . ; M g

=0

(56)

p (h
k

k=1
K
k

a a> = 0 2
k

M

k

k=1

a = [a 1 ; . . . ; a ]> . The dimensionality of the space of
M 2 M symmetric matrices is M (M + 1)=2, therefore, if K >
M (M + 1)=2, we can ﬁnd not all zero, such that (57) is satisﬁed,
and s s> =1 are guaranteed to be linearly dependent, and the result
where

k

k

K

i

i

kM

k

i

follows from Theorem 3.

So far, we have established results that relate to the simultaneous
transmission of all users in the system. In order to complete the proof
of Theorem 2 of Section III-A, we need a simultaneous transmission
result similar to the one in Theorem 3, for any pair of users rather than
all K users. The following is an extension of the simultaneous transmission result given for all users by Theorem 3 to an arbitrary subset
of f1; . . . K g.

E

) = pk (h)jp

p0

i


h

k

(58)

k

i 2 Eg

(h)=0

k 2 E; j 2= E:

;

=

p (h )f (h )dhh :
i

E

E

E

j

i

j

i

i

i

=P

h >

=P

h >

> 0:

i

i

i

(66)

Finally, let us now return to the proof of Theorem 2, where we established that for strict convexity of the boundary of the capacity region, no

i 2 E g  P fp (h) > 0; i 2 E; p (h) = 0; j 2= E g
 P p (h) > 0; i 2 E; h  2  ; j 2= E

= P h > > 01 ; i 2 E; h   2  ; j 2
=E
s A s
i

(65)

Then power allocation fpi (hE )gi2E is optimal in the sense of maximizing the sum capacity for the ﬁctitious subproblem. Consequently,
the ﬁrst term in (63) is simply the probability that all users transmit
with nonzero powers for this new problem, and by Theorem 3, this
probability is greater than zero as long as fsi si> gi2E are linearly independent, which establishes the if part.

Theorem 5: The sum capacity maximizing power control policy
dictates that there exists a nonzero probability region of fading states
h where a subset E  f1; . . . ; K g of users transmit simultaneously, if
and only if fsi si> gi2E are linearly independent.
Proof: The only if part follows immediately from the proof
of Theorem 3, by letting fsi si> gi2E be linearly dependent, and
writing any sk sk> , k 2 E as a linear combination of the remaining

P fpi (h) > 0;

=

Then, (63) follows from independence of the channel states for different users, where the vector h E is deﬁned as the vector of channel
states for users in E . Clearly, the second term on the right-hand side
of (63) is positive.In order to prove (64), we will interpret the ﬁrst
term in (63) as the probability that all users transmit simultaneously
in an equivalent jE j user problem. To accomplish this, consider a ﬁctitious problem, where we have only the users k 2 E in another CDMA
system, and users k 2 E still employ the signature sequences sk . The
noise variance  2 is also the same as in our original problem (1). Say
we would like to maximize the sum capacity for the new system with
jE j users, and let each user i 2 E have a power constraint given by

(57)

M

i

is bounded away from zero for linearly independent fsi si> gi2E (see
(59)–(64) at the bottom of the page). Here, (59) follows from the fact
that the set on the right-hand side is a subset of that on the left-hand
side, (60) follows because user j does not transmit regardless of the
powers of other users if hj   2 j , (61) follows from (47), and (62)
follows because users j 2
= E have zero powers, within the set in (61).
Note that in (62), the powers pk (h), which are given by (15), actually
depend only on the channel states of users in E . Thus, we deﬁne

where V is a matrix with columns v i and B ij = ij , with ij deﬁned by (55). Therefore, fsi si> giK=1 are linearly independent if and
only if the equality V B V > = 0N 2N implies k = 0, k = 1; . . . ; K .
Note that V is an orthonormal matrix by construction, and if V B V > =
0N 2N then multiplying this by V > and V from left and right we obtain
B = 0M 2M . This dictates

k

i

P fpi (h) > 0;

i=1 j =1

K


h

which is a zero probability event by virtue of the channel states being
continuous random variables. This proves the only if part.
We show the if part by proving that the probability

k=1

M

i

j

j

j

(59)
(60)
(61)

i

si> I N + 02
si> I N + 02



2
01 ; i 2 E; hj   j ; j 2= E
>
hk pk (h)sk sk
si
k2E;k6=i
i



2
01 ; i 2 E P hj   j ; j 2= E
>
hk pk (hE )sk sk
si
k2E;k6=i
i

(62)

(63)
(64)
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Power distribution of user 1 in Rayleigh fading.

Fig. 4. Transmit regions for Rayleigh fading.

two users with nonorthogonal sequences should be transmitting simultaneously with positive probability. In the following corollary to Theorem 5, we show that two users transmit simultaneously with nonzero
probability, unless they have identical signature sequences, which completes the proof of Theorem 2.
Corollary 3: Let there exist two users i; j such that 0  s>
i s j < 1.
Then, there exists a region of channel states with nonzero probability
where users i and j transmit simultaneously.
Proof: This result follows straightforwardly from Theorem 5 by
noting that si>sj < 1 is equivalent to two signature sequences being
nonidentical, which is in turn equivalent to si si> and sj sj> being linearly independent.

V. NUMERICAL EXAMPLES
In this section, we give some simple numerical examples to support
our analysis. Figs. 3 and 4 give an example for the two-user case where
the signature sequences are correlated with s1> s2 = 0:966. In this example, the processing gain is N = 2, the channel is an independent
and identically distributed (i.i.d.) Rayleigh channel with parameter 1,
that is, hk , k = 1; . . . ; K are exponential random variables (squares
of Rayleigh random variables) with mean 1. Fig. 3 shows the power of
user 1 for each fading level. In this ﬁgure, the transmit power of user
1 is represented by gray levels, lighter colors corresponding to more
power. Note that, user 1 performs a single-user waterﬁlling wherever
user 2 does not transmit. In this region, the transmit power of user 1 for
a ﬁxed h1 is constant (independent of h2 ). However, once user 2 starts
transmitting, the “base level of the water tank” is increased, decreasing
the power level of user 1 with increasing h2 . Fig. 4 shows the transmit
regions in the space of channel states of the two users. The small dark
region near the origin corresponds to the channel states where both
users have zero power. Gray regions marked by “user 1” and “user 2”
show the channel states where only one of the users transmits, whereas
the white region shows the simultaneous transmit region. The simulated system corresponds to the setting in Corollary 1, and Theorem 4.

Fig. 5. Power distribution of user 1 in uniform fading.

We have noted earlier that the optimal power allocation depends on
the fading distribution only through the thresholds k . Therefore, the
choice of channel fading distribution should not affect the structure of
the transmit regions, except for possible shifts and scalings. To show
this, we repeat our simulations for a channel where hk are uniform
i.i.d. random variables in (0; 2], all other parameters being the same.
Figs. 5 and 6 show the corresponding power levels and transmit regions,
for this narrower span of possible channel states to emphasize better
all four of the transmit regions. We see that the k value is slightly
changed by the change in channel distribution, but the transmit regions
and power distribution are very similar to the previous case.
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Fig. 8.
Fig. 6.

Transmit regions for uniform fading.
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Transmit region for all three users when K = 3 and N = 2.

In general, the probability that all users transmit simultaneously, i.e.,
the probability of the gray colored region, depends on the cross correlations between the signature sequences, fading statistics, and power
constraints. As an example, for a system with K = 3, N = 2, p = 1,
 2 = 0:1, uniform U(0; 1) fading, and the correlations between the
sequences 12 = 0:898, 13 = 0:645, 23 = 0:916, the probability
that all users transmit simultaneously is 0:245.
VI. CONCLUSION

Fig. 7. Sum capacity versus number of iterations.

Fig. 7 illustrates the convergence of the iterative waterﬁlling algorithm to the maximum sum capacity of the system under uniform fading
U(0; 2], with average transmit powers equal to pk = 1 and noise variance equal to 2 = 0:1; the convergence is quite fast as suggested by
the plot.
A consequence of Theorem 3 is that we can have multiple users
transmit simultaneously with nonzero probability, even when the signature sequences are linearly dependent, as long as we can have the
linear independence of fssi s>
i gKi=1 . Fig. 8 shows the region where all
users transmit for K = 3 and N = 2, the portions marked in gray
correspond to the states where all three users transmit simultaneously,
in the three-dimensional channel state space.

We provided the capacity region for a power-controlled fading
CDMA system, and proved that unless all users have orthogonal or
identical sequences, it has a ﬂat portion on which the sum capacity
is maximized; i.e., it is not strictly convex. This yields the important
result that, sum capacity may be achieved by inﬁnitely many rate
tuples, so one might have ﬂexibility in choosing the individual rates of
the users while keeping the sum capacity constant at its maximum.
We devised an algorithm to compute the optimum transmit powers
of the users that maximize the sum capacity of a CDMA system with
arbitrary signature sequences in a fading channel. The algorithm is an
iterative waterﬁlling of powers of all users over all fading states treating
at each step all other users’ signals as additional colored noise. We
showed that this iterative strategy converges to a globally optimum solution, and that the global optimum is unique if the signature sequence
set is such that the matrices fssi si> giK=1 are linearly independent.
We also showed that the optimum power allocation scheme in the
vector multiple-access channel of interest dictates more than one user
to transmit simultaneously at some channel states, and the set of such
channel states has a nonzero probability under certain mild conditions
on the signature sequences. In fact, all K users in the system are shown
to transmit simultaneously with nonzero probability, if and only if
fssi si> giK=1 are linearly independent. An immediate implication of this
is that, if the signature sequences fssi giK=1 are linearly independent,
then all users transmit simultaneously in a nonzero probability region
of the channel states. We extended this simultaneous transmit condition
for all users to one for an arbitrary subset of users, and used it to prove
the nonstrict convexity of the capacity region. We further showed that
if the signature sequence matrix S of the users in the system has rank
M , the number of users transmitting simultaneously with nonzero
probability cannot be larger than minfK; M (M + 1)=2g.
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Abstract—The asymptotic analysis of multiple-description vector quantization (MDVQ) with a lattice codebook for sources with smooth probability density functions (pdfs) is considered in this correspondence. Goyal
et al. observed that as the side distortion decreases and the central distortion correspondingly increases, the quantizer cells farther away from the
coarse lattice points shrink in a spatially periodic pattern. In this correspondence, two special classes of index assignments are used along strategic
groupings of central quantizer cells to derive a straightforward asymptotic
analysis, which provides an analytical explanation for the aforementioned
observation. MDVQ with a lattice codebook was shown earlier to be asymptotically optimal in high dimensions, with a curious converging property,
that the side quantizers achieve the space ﬁlling advantage of an -dimensional sphere instead of an -dimensional optimal polytope. The analysis
presented here explains this behavior readily. While central quantizer cells
on a uniform lattice are asymptotically optimal in high dimensions, the
present authors have shown that by using nonuniform rather than uniform
central quantizer cells, the central-side distortion product in an MDSQ can
be reduced by 0.4 dB at asymptotically high rate. The asymptotic analysis
derived here partially uniﬁes these previous results in the same framework,
though a complete characterization is still beyond reach.
Index Terms—Asymptotic analysis, lattice quantization, multiple description, vector quantization.

I. INTRODUCTION
In a multiple description (MD) coding scenario, information on the
source samples are sent on two channels, each of which may fail. The
source coding should provide acceptable reconstruction when only one
channel works, and higher quality reconstruction when both channels
work. Achieving such multiple descriptions through quantization [2],
[4]–[6] can be understood as using two coarse quantizers (the side
quantizers) to provide the two descriptions, which can be combined to
form a ﬁner quantizer (the central quantizer). Two steps are required:
in the ﬁrst step, the central quantizer functions as a classical quantizer,
giving an index l. In the second step, the index assignment provides a
map from the single index l to an index pair (l) = (p; q ). The indices
p and q serve as the two side quantizers’ indices, which are transmitted
over the two channels.
The MD problem is most often considered in the balanced case,
in which the two descriptions are at the same rate and generate the
same distortions, and this case is assumed in this correspondence. The
distortion generated by each of the two side quantizers is called the
side distortion and the distortion generated by the central quantizer is
called the central distortion. In the balanced case, rate distortion theory
reveals that there is a tradeoff between the side and central distortions
[3], [7]. Let mean-squared error be the distortion measure (and it will
be the distortion measure adopted in this correspondence). If the side
distortion is of the form
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