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Abstract—Temperature constraints arise naturally in communication scenarios where the act of data transmission causes
heat dissipation. We address this problem in point to point
communications over an additive white Gaussian noise channel
in an information theoretic setting. In the specific scenario,
transmitted code symbols cause heat dissipation as an input to
a first order discrete time heat circuit and the output of this
dynamical system, being the temperature, has to remain below a
critical level Tc . Additionally, we allow the transmitter to use an
energy harvesting device to power its transmission. We investigate
channel capacity for various combinations of peak and average
temperature, average power, and energy harvesting constraints
on the transmitted code symbols.
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I. I NTRODUCTION
In many emerging applications, the temperature increase
caused by data transmission constrains the communication
performance. An instance of this problem is in biomedical
wireless sensors implanted in the human body in that the
temperature increase due to their communication related operations could be a threat for the metabolism; this possibility has
to be addressed in a successful design. For various examples
of this issue in biomedical sensor networks, please see [1]–
[4]. More generally, temperature increase in a sensor is a
threat for the proper operation of the hardware [5], [6] and
it has to be dealt with in the architecture and control design
for small and large scale computing devices. Therefore, the
electric power that feeds the communication circuitry has to
be carefully scheduled to avoid heat related damage. In this
paper, we consider this problem in an information theoretic
setting.
In order to understand the back-off in the optimal information rates due to the temperature sensitivity arising in data
transmission, in this paper, we determine performance limits
under a safe temperature threshold Tc and analyze the resulting
performance with regard to Tc . In addition, we consider
data transmission with energy harvesting sensors under such
temperature constraints in an information theoretic setting.
In this latter model, an energy harvesting transmitter sends
messages over a discrete time additive white Gaussian noise
(AWGN) channel. We analyze the information theoretic channel capacity for this AWGN channel under energy harvesting
as well as temperature constraints.
Data transmission with energy harvesting transmitters has
recently been considered in, for example, the references
[7]–[10]. These works, specifically, consider data scheduling

Fig. 1. System model representing an energy harvesting transmitter node
placed in an environment that has constant temperature Te . The transmitter
uses harvested energy for data transmission.

problem for optimal transmission policies with an energy
harvesting transmitter under offline and online knowledge of
energy available for utilization in communication. References
[11]–[15] are various works on information theoretic treatment
for communications under energy harvesting constraints. The
most related work to the current one is [16] where we address a
transmission scheduling problem where temperature sensitivity
arises due to wireless data transmission in an energy harvesting
transmitter. In particular, the temperature model in [16] is
based on a view of the heat dynamics as a first order heat
circuit driven by the electromagnetic radiation emitted due
to the transmit power. Under hard temperature constraints,
[16] addresses throughput maximization subject to a limited
radiation emitted at the transmitter side.
Motivated by the formulations that appeared in related
works [17], [18], and in view of the information theoretic treatments in [11]–[15], in this paper, we consider information theoretic channel capacity under temperature constraints imposed
at each channel use in the form of peak temperature constraints
and average temperature constraints with additional average
power and energy harvesting constraints. We provide an nletter capacity formula under peak temperature constraints. We
show that the capacity under average temperature constraints
is identical to the capacity with an effective average power
constraint determined by the system parameters. Next, we
extend these results to the case where an additional average
power constraint is present and to the case where additional

energy harvesting constraints are present with unlimited energy storage. In particular, for the cases of peak temperature
constraints with an additional average power constraint and
with additional energy harvesting constraints, we provide nletter capacity expressions. For the case of average temperature
constraints and average power constraints, we show that the
capacity is identical to that with a single average power constraint equal to the same level found before with an additional
clipping due to the average power constraint. Finally, for the
case of average temperature constraints and energy harvesting
constraints with unlimited energy storage, we show that the
capacity is identical to the capacity with a single average
power constraint clipped by the average recharge rate.
II. M ODEL AND D EFINITIONS
We consider a transmitter node placed in an environment of
temperature Te as shown in Fig. 1.
A. Channel Model
We consider a scalar AWGN channel characterized by the
input X, output Y , additive noise N with normal distribution
N (0, σ 2 ) and a battery. Input and output alphabets are real
numbers. In particular, at channel use i, the received signal
Yi , the input Xi , and noise Ni are related as
Yi = Xi + Ni

(1)

where Ni is independent and identically distributed (i.i.d.)
additive Gaussian noise with zero-mean and of variance σ 2 ,
where we take σ 2 = 1 without loss of generality.
B. Thermal Dynamics
We model the thermal dynamics at the transmitter side as a
first order heat circuit as follows:
dT
= aP (t) − b(T (t) − Te )
(2)
dt
where P (t) is the transmit power and T (t) is the temperature
at time t. Te is the temperature of the environment, a and b
are nonnegative constants. This thermal model is related to the
models used in, e.g., [1], [5], [18] in that the spatial variation
in temperature is ignored.
We assume that the system is initially at rest and thus the
initial temperature is T (0) = Te . The solution of T (t) for any
given P (t) from (2) is [16]:
Z t
T (t) = Te +
eb(τ −t) aP (τ )dτ
(3)
0

Let us now consider a discretization of the temperature in (3)
in a slotted (i.e., channel use) setting with slot length is ∆:
Ti+1 = Te +

i
X

eb(k−i)∆ aPk ∆

(4)

k=1

where the index i ∈ {1, 2, . . .} and T1 = Te . Here, Pk = Xk2
denotes the energy spent at time index k. The update rule of
Ti is governed by the following difference equation:
Ti+1 − Ti = αXi2 − β(Ti − Te )

(5)

where Te is the environment temperature, α = a∆ and β =
1 − e−b∆ . This follows from an algebraic manipulation of (4):
Ti+1 − Ti
=

i
X

eb(k−i)∆ aPk ∆ −

k=1

i−1
X

eb(k−i+1)∆ aPk ∆

k=1
i−1
X

= a∆Pi − (1 − e−b∆ )

eb(k−i+1)∆ aPk ∆

(6)
(7)

k=1

= a∆Pi − (1 − e−b∆ )(Ti − Te )

(8)

More generally, the solution to (5) with an arbitrary initial
temperature T1 is:
Tt+1 = α

t
X

(1 − β)t−k Xk2 + (1 − β)t (T1 − Te ) + Te (9)

k=1

In the following, we use the discrete time system defined by (5)
and resulting temperature expression in (9). Unless otherwise
specified, initial temperature is T1 = Te .
C. Energy Harvesting Dynamics
As shown in Fig. 1, the transmitter uses energy supplied
from a power source that supplies Ei units of energy in the
ith channel use where Ei ≥ 0. In particular, the initial energy
available in the battery at time zero is E0 . Ei are independent
of the system parameters and actions. {E1 , E2 , . . . , En } is the
time sequence of supplied energy in n channel uses. Ei is an
i.i.d. sequence with average value Eavg , i.e., E [Ei ] = Eavg .
In this model, the energy stored and depleted from the
battery are for only communication purposes. Existing energy
in the battery is retrieved without any loss and the battery
capacity is large, i.e., the battery storage limit is Emax = ∞.
Due to the energy causality constraints, we have [11]:
k
X
i=1

Xi2 ≤

k
X

Ei ,

k = 1, . . . , n

(10)

i=0

Note that the transmitter is allowed to use the energy Ei at the
channel use it is received without any delay. Still, any possible
delay in the energy arrival does not affect the capacity.
D. Definitions
In this paper, a channel code C n = (n, 2nRn , n ) is defined
by the code length n, the code size 2nRn and the probability
of error n . The messages in the set {1, . . . , 2nRn } are equally
likely. Encoding function is fkn : {1, . . . , 2nRn } → X ,
k = 1, . . . , n and the decoding function is φn : Y n →
{1, . . . , 2nRn }. Note that whether the encoding and decoding
functions could use energy or battery state information does
not alter the capacity. Whenever the energy harvesting model
is considered, there are two separate error events. The first
one is that a codeword does not satisfy the energy harvesting
constraints at a particular channel use. The second one is the
decoding error at the receiver. Accordingly, the error event is
defined as the union of two events: εn = εn1 ∪ εn2 where εn1 is

the energy shortage event, and εn2 is the decoding error event.
The overall probability of error is n = Pr(εn ).
III. T HE C ASE OF T EMPERATURE C ONSTRAINTS O NLY
In this section, we focus on the case where the message
transmission is carried out only subject to temperature constraints. In particular, we set a critical temperature constraint
Tc , with Tc > Te and define Tδ = Tc − Te . We consider two
possible temperature constraints, details of which follow next.
A. Peak Temperature Constraints
Here, the temperature constraints at each channel use i are
peak temperature constraints for any message almost surely:
Ti ≤ Tc ,

∀i, a.s.

(11)

where Ti is the temperature at channel use i. We define the
feasible set of input probability distributions under temperature
constraints using (9) and (11) with T1 = Te as
(
)
i
X
peak
n
k−i 2
Fn
= p(x ) : α
(1 − β) Xk ≤ Tδ , ∀i
(12)
k=1

Still, a sequence of N zero symbol insertions could take the
temperature arbitrarily close to the initial temperature state
Te . In particular, after any N zero symbol insertion, the
temperature level drops to a level below Te + (1 − β)N Tδ in
view of (9). To use this observation, we denote Fnpeak (Te + η)
as the set of feasible input distributions with initial temperature
set as T1 = Te + η for some η > 0. Once we insert
Nη = log1−β Tηδ zero symbols, the temperature drops
below Te + η. Hence, the transmitter can select a vector with
any input distribution in Fnpeak (Te +η) and then insert Nη zero
symbols and then independently select another vector with the
same input distribution in Fnpeak (Te + η) and this is feasible
in terms of the temperature constraints in (11). This scheme
achieves for any η > 0
lim

n→∞

C peak ≤ inf
n

Now, we will show that
we note that
Cn+m =
≤

max

inf n n1 Cn

peak
p(xn+m )∈Fn+m

max

peak
p(xn )∈Fn

= Cn + Cm

1
Cn
n

(14)

= limn→∞ n1 Cn . To do so,

I(X n+m ; Y n+m )

I(X n ; Y n ) +

max

peak
p(xm )∈Fm

(15)
I(X m ; Y m )

where the inequality in (16) follows from the inclusion relation
peak
peak
Fn+m
⊂ Fnpeak × Fm
. That is, Cn is a subadditive
sequence. Hence, inf n n1 Cn = limn→∞ n1 Cn by Fekete’s
lemma.
Finally, we argue that limn→∞ n1 Cn is achievable. To see
this, we need to consider the dependence of Fnpeak on the
initial temperature. Note that it is not possible to return the
initial temperature state T1 = Te once it leaves this state.

I(X n ; Y n )

1
max
I(X n ; Y n )
n→∞ n p(xn )∈F peak (T +η)
e
n

(18)

Finally, we note that Fnpeak (Te + η1 ) ⊆ Fnpeak (Te + η2 ) for
any η1 > η2 . Therefore, due to monotonicity, we have
1
max
I(X n ; Y n )
n p(xn )∈Fnpeak (Te +η)
1
= lim
max
I(X n ; Y n )
n→∞ n p(xn )∈F peak (T )
e
n

sup lim

η>0 n→∞

(19)

This completes the proof. 
B. Average Temperature Constraint
Here, the temperature constraints are imposed at each channel use i as average temperature constraints:
E[Ti ] ≤ Tc ,

(20)

∀i

where Ti is the temperature at channel use i and E[.] denotes
averaging over all possible messages.
Lemma 2 The channel capacity under average temperature
constraints is


1
Tδ β
avg
C
= log 1 +
(21)
2
α
Proof: To show the converse, we proceed to take the telescoping sum of (5) to get:
Ti+1 − T1 = α

(16)
(17)

max

peak
p(xn )∈Fn
(Te +η)

= lim

Lemma 1 The channel capacity under peak temperature constraints is
1
I(X n ; Y n )
(13)
C peak = lim
max
n→∞ p(xn )∈F peak n
n
Proof: The
proof
follows
from
steps
similar
to those in [13, Theorem 2.1]. Let us define
Cn = maxp(xn )∈Fnpeak I(X n ; Y n ). This is the capacity
of an n dimensional parallel Gaussian channel where the n
dimensional inputs obey the constraint p(xn ) ∈ Fnpeak . This
capacity is achieved by allowing the n symbol blocks to be
generated independently from the remaining ones. Since this
may not always obey the temperature constraints in (11), we
have C peak ≤ n1 Cn . As this bound holds for any n, we have

1
n + Nη

i
X
k=1

Xk2 − β

i
X

(Tk − Te )

(22)

k=1

Since T1 = Te , this gives:
α

i
X
k=1

Xk2 = β

i
X

(Tk − Te ) + (Ti+1 − T1 )

(23)

k=1

and since Tk ≤ Tc , we get:
α

i

i

k=1

k=1

1X 2
1X
1
Xk ≤ β
(Tc − Te ) + (Tc − T1 )
i
i
i

(24)

That is, if E[Tk ] ≤ Tc , the sequence has to obey the average
power constraint:
n

1X
Tδ β
lim sup
E[Xi2 ] ≤
n
α
n→∞
i=1

(25)

This proves the converse.
Next, to achieve the stated capacity under average temperature constraints, consider the sequence of codes with code
length n and rate Rn such that for k = 1, . . . , n, fkn (m) comes
from independent realizations of identically Gaussian distributed random variables of zero mean and variance Tαδ β − κ
for all m ∈ {1, 2, . . . , 2nR } where κ > 0 can be selected
arbitrarily small. As n grows large, by law of large numbers,
P2nR 2
Tδ β
1
we have 2nR
m=1 Xk (m) → α − κ. However, replacing
P2nR 2
1
the instantaneous power Xk2 in (4) with 2nR
X (m),
P2nR 2m=1 k Tδ β
1
and observing that simply letting 2nR m=1 Xi (m) = α
makes the temperature below the critical level Tc , we conclude
that the temperature at each channel use k averaged over
the equally likely messages remains below Tc as n grows to
infinity. To prove the temperature feasibility, we note from (9)
with T1 = Te that:
E[Ti+1 ] = Te + α
= Te + α

i
X

Ti ≤ Tc where Ti is the temperature at channel use i.
Additionally, the
Pntransmitted code symbol is average power
constrained: n1 i=1 Xi2 ≤ Pavg . Let us define the feasible
input distributions under these constraints:
(
i
X
peak+avg
Fn
= p(xn ) :α
(1 − β)k−i Xk2 ≤ Tδ , ∀i
1
n

k=1
n
X

)
Xi2

≤ Pavg

(32)

i=1

Lemma 3 The channel capacity under peak temperature constraints with an additional average power constraint Pavg is
C peak+avg = lim

max

n→∞ p(xn )∈F peak+avg
n

1
I(X n ; Y n )
n

Proof: The proof follows from steps similar to those used in
the proof of Lemma 1. Details are left for a longer version of
this work. 
B. Average Temperature Constraints

(1 − β)k−i E[Xk2 ],

k=1
i
X

(1 − β)k−i

k=1
∞
X

≤ Te + Tδ β

(1 − β)

Tδ β
,
α

k−i

(26)
(27)

In this subsection, the temperature constraints are imposed
at each channel use i as average temperature constraints
averaged over all possible messages:
E[Ti ] ≤ Tc ,

(28)

∀i

(33)

where Ti is the temperature at channel use i.

k=0

= Tc
The achievable rate for this scheme is
n
1X
1
I(Xj ; Yj )
I(X n ; Y n ) =
n
n j=1



1
Tδ β
= log 1 +
−κ
2
α

(29)

(30)

Lemma 4 The channel capacity under average temperature
constraints with an additional average power constraint Pavg
is



1
Tδ β
avg+avg
C
= log 1 + min
, Pavg
(34)
2
α

(31)

IV. T EMPERATURE C ONSTRAINTS AND A N AVERAGE
P OWER C ONSTRAINT

Proof: The converse follows from the converse in
Lemma 2 and that average power constrained capacity
is 12 log (1 + Pavg ).
To prove the achievability, if min{ Tαδ β , Pavg } = Tαδ β , then
the achievability scheme in Lemma 2 is also average power
constrained. Otherwise, if min{ Tαδ β , Pavg } = Pavg , using
an i.i.d. Gaussian codebook with zero mean and average
power Pavg − κ satisfies the average power constraint and
the temperature constraints as well in the limit as n grows to
infinity. 

In this section, we consider the case where both temperature
constraints and an average power constraint Pavg are imposed
on the transmitted code symbol sequence.

V. T EMPERATURE AND E NERGY H ARVESTING
C ONSTRAINTS

Letting κ → 0 proves the achievability. 
We note that the above achievable scheme is obtained without using causal or noncausal information of the temperature
level at any specific channel use. The deterministic dynamical
system model obviates the need to receive feedback about
the temperature. We also note that Tαδ β plays the role of an
effective average power constraint.

A. Peak Temperature Constraints
At each channel use i, the temperature constraints are
peak temperature constraints for any message almost surely

In this section, we focus on the case where both energy
harvesting and temperature constraints are imposed on the
transmitted code symbol sequence.

A. Peak Temperature Constraints
The temperature constraints at each channel use i are peak
temperature constraints for any message almost surely: Ti ≤
Tc where Ti is the temperature at channel use i. Additionally,
the transmitted code symbols are constrained due to energy
harvesting as in (10).
Lemma 5 The channel capacity under peak temperature constraints and energy harvesting constraints is
C peak+EH = lim

max

n→∞ p(xn )∈F peak+avg
n

1
I(X n ; Y n )
n

(35)

where the average power constraint in Fnpeak+avg is the
average recharge rate Eavg .
Proof: The proof follows from similar steps to those used in
Lemma 1. Details are left for a longer version of this work.

B. Average Temperature Constraints
Here, the temperature constraints are imposed at each channel use i as average temperature constraints averaged over all
messages and the energy arrivals E i until channel use i:
E[Ti ] ≤ Tc ,

∀i

(36)

where Ti is the temperature at channel use i.
Lemma 6 The channel capacity under average temperature
constraints with additional energy harvesting constraints is



Tδ β
1
, Eavg
(37)
C avg+EH = log 1 + min
2
α
Proof: The capacity in Lemma 4 with Pavg set to Eavg
is inherently an upper bound for the capacity with average
temperature constraints and energy harvesting constraints.
Achievability follows from, e.g., the save and transmit
scheme in [11] where the first o(n) symbols are set equal
to the zero symbol and the remaining symbols are selected
as i.i.d. Gaussian with zero mean and average power equal to
min{ Tαδ β , Eavg } − κ with κ > 0. This scheme is feasible in
terms of average temperature due to the steps in Lemma 2 and
in terms of energy harvesting in view of [11]. 
VI. C ONCLUSION
We considered channel capacity of an additive Gaussian
noise channel with temperature and energy harvesting constraints. In the model, temperature constraints were imposed
at each channel use and they could be in the form of peak
temperature constraints and average temperature constraints.
We showed that the capacity
 under average temperature constraints is 12 log 1 + Tαδ β , identical to the capacity with an
average power constraint determined by system parameters
only. We provided an n-letter capacity expression under peak
temperature constraints. We generalized these results under
additional energy harvesting constraints. We first studied the

case where an additional average power constraint is present
and later showed that the capacity with energy harvesting
constraints and unlimited energy storage is identical to the
one with an additional average power constraint equal to the
average recharge rate. In particular, for the average temperature
constrained case with an additional average
power constraint,


1
we showed that the capacity is 2 log 1 + min{ Tαδ β , Pavg } ,
i.e., the additional power constraint is a clipping factor. For the
average temperature constrained case with additional energy
harvesting constraints with unlimited storage, we showed that
the clipping factor is the average recharge rate.
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