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Abstract

In this paper we introduce a new approach for controlling the topology of networks under interface constraints, along with
routing the given traffic demands. Our approach is applicable to the situations in which each network node can form links with
several potential neighbors. We formulate the routing problem as a multi-commodity flow problem for maximizing the throughput.
We extend the multi-commodity flow problem by introducing some non-linear constraints which represent the non-feasibility of
having links which can violate interface constraints. The additional constraints lead to a kind of competition among the links which
cannot co-exist. The links are chosen so as to maximize the network throughput. We provide a polynomial time algorithm by doing
linear approximation of the non-linear constraints. We propose topology control algorithms which use the initial multi-commodity
flow formulation of routing as well as algorithms which use the modified linear version of multi-commodity flow formulation.
Our simulation results show the efficiency of our approach in choosing a proper set of links from the potential links that give a
feasible and good network topology.
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I. I NTRODUCTION

Topology control is a key problem for both wireless and
optical networks. In an ad hoc network with omnidirectional
antennas, the problem is to determine how much the transmis-
sion range can be reduced to conserve energy and reduce inter-
ference while maintaining adequate connectivity. In a wireless
network with point-to-point links (either free space optical or
highly directional RF), the problem is somewhat different.
Each node has a limited number of interfaces (transmitters
and receivers), and the problem is to determine which links
with potential neighbors to establish to obtain a topology that
can best accommodate the traffic demands. In a reconfigurable
wavelength division multiplexing (WDM) network, the prob-
lem is similar: given a limited number of interfaces on each
router, determine which logical links (lightpaths) to establish
that best meet the traffic requirements. In this paper, we focus
on the topology control problem for wireless networks with
point-to-point links and WDM networks. In both of these
applications, the problem is to select an optimal topology from
among the large number of feasible topologies that satisfy the
interface constraints at each node.

There is a wealth of literature on the logical topology design
and routing (or traffic grooming) in WDM networks [1], [2],
[10]. A significant amount of research has been done on the
formulation of the problem as a Mixed-Integer Linear Pro-
gramming (MILP), but the problem is known to be NP-Hard
[1], [3], [6], [11]. Consequently, many heuristic algorithms
are proposed, which typically relax some constraints to reduce
complexity [1], [3], [5], [7], [8], [9]. Authors of [9] propose
a logical topology design algorithm by using a link deletion
heuristic, which starts with a fully meshed logical topology
and performs routing on it, and then it starts to delete the
links with low utilization in order to find a feasible topology.
In most of the proposed approaches, topology control problem
and routing have been done independently, and the multihop
traffic is routed after the topology is found [7], [8]. Heuristic
Topology Design Algorithm (HLDA) is introduced in [2]. This
heuristic tries to establish logical links (lightpaths) between
pairs of nodes with the highest traffic demand.

In this paper we investigate the topology control and rout-
ing problem using an approach based on multi-commodity
flow formulation. MILP is a simple scheme to formulate the
problem, but is computationally prohibitive. As an alternative
to MILP, we define the problem as a nonlinear optimization
problem by converting integer constraints into nonlinear con-
straints. Then we convert the resulting nonlinear programming
problem into a linear programming problem by linear approxi-
mation of the nonlinear constraints. Our approach gives a joint
solution for the routing and topology control problems.

The rest of this paper is organized as follows: Section II
describes the typical multi-commodity flow problem in the
linear programming framework. Later in this section we give

generalization of the linear multi-commodity flow problem to a
nonlinear framework that gives optimal solution for the topol-
ogy control. The nonlinear framework is achieved by adding a
set of nonlinear constraints that take into account the fact that
all potential links cannot co-exist in a feasible topology. Then
we make approximations of the nonlinear constraints and make
them linear to avoid the complexities of solving the nonlinear
problem. In Section III we propose algorithms that use the gen-
eralized multi-commodity flow problem of Section II to extract
proper feasible network topologies. Section IV illustrates the
efficiency of the proposed algorithms through some examples
and simulation results. The results show considerable increase
in the network throughput by using the algorithms in Section
III. Section V concludes the paper.

II. M ULTI -COMMODITY FLOW PROBLEM

In this section, we review the basic structure of the multi-
commodity flow problem, and its extensions for making it
suitable for our purpose. In Subsection A we give the stan-
dard form of the multi-commodity flow problem in a network
with fixed topology. In this approach optimization of network
performance is written as a linear programming problem. The
performance measure is defined as achievable throughput for
a given set of traffic demands. In Subsection B we modify
the standard formulation by adding some nonlinear constraints
to it for the purpose of taking into account interface con-
straints. The nonlinear programming problem can be solved
by using some numerical methods, but in general it is hard
to find its global optimum. In Subsection C, we introduce
some techniques to make linear approximations of the nonlin-
ear programming problem to fit it in the linear programming
framework, which is much easier to solve.

A. Standard Multi-Commodity Flow Problem
Multi-commodity flow problem is a standard formulation

of routing for maximizing the throughput of a network with
fixed topology. Assume we have a network ofN nodes andL
unidirectional links. Furthermore, assume there areM sources,
each corresponding to a destination. LetS = {S1, S2...SM}
andD = {D1, D2...DM} denote the set of sources and des-
tinations. The flows of sources can be routed in a multi-path
scheme to their destinations. The multi-commodity flow prob-
lem deals with maximizing the sum of the flows of the different
commodities, where each commodity is defined as the traffic
generated by one source-destination pair. For formulating the
problem, we use the following notations:

xl
m: The amount of flow of commoditym that flows through

link l.
In: The set of incoming links to noden.
On: The set of outgoing links from noden.
ul: The total amount of flow on linkl

Then we define a set of constraints known as flow conser-
vation law. These constraints state that if a node is not the
source or the destination of a commodity, then the amount of



incoming flow of the commodity to the node should be equal
to the amount of outgoing flow of that commodity from the
node. In other words, for every noden, and commoditym,

∑

l∈In

xl
m =

∑

l∈On

xl
m, n 6= Sm, andn 6= Dm. (1)

Limitation of the link capacities incurs the following set of
constraints:

ul =
M∑

m=1

xl
m ≤ cl (2)

in which cl is the capacity of linkl. The objective of the
problem is maximizing the sum of flows of commodities:

Maximize J =
M∑

m=1

fm (3)

in which fm is the total flow of commoditym; this value can
be written in terms ofxl

m variables in the following way:

fm =
∑

l∈OSm

xl
m =

∑

l∈IDm

xl
m (4)

The multicommodity flow problem can be summarized as:

Maximize J =
∑M

m=1 fm

Subject to:∑
l∈In

xl
m =

∑
l∈On

xl
m, n 6= Sm, andn 6= Dm

ul =
∑M

m=1 xl
m

ul ≤ cl

xl
m ≥ 0

(5)

Since all the constraints and the objective function are linear
in terms of variables, the above optimization problem is a
linear programming problem which is essentially easy to solve.
There are a variety of numerical methods that solve problems
of this kind in polynomial time [12], [13]. The solution of the
problem gives the optimal routes from the sources to their
corresponding destinations, as well as the amount of flow
that should be sent along each route. It should be noted that
the above formulation of multi-commodity flow problem can
handle the case in which a source sends its flow to several
destinations (or a destination receives the flow of multiple
sources) with minor modifications.

B. Multi-Commodity Flow Problem With Interface Constraints
The optimization problem given in the previous section is for
the case in which the topology of the network is fixed. Now we
consider the case in which the network topology is not fixed,
and each node has a limited number of interfaces (transmitters
or receivers). Each unidirectional link in the network uses one
transmitter of its starting node, and one receiver of its ending
node. The problem in this case is to establish a set of links
from the set of potential links that gives the best network
throughput. We define the potential links as the set of links
that can be established or potentially exist in a feasible network
topology. It can be shown that searching through all possible
topologies needs an exhaustive search in a set of exponential

cardinality, and it is numerically infeasible. The problem was
proved NP-Hard in [4].

To do the formulation for this case, we start with a vir-
tual network topology. In this virtual topology, a link exists
between every pair of nodes that can potentially have a link.
In other words, in the virtual topology all links are potential
links. We use all the notations of the previous subsection for
this virtual topology (i.e.,L is now number of potential links,
and cl is the capacity of a potential linkl). Additionally, for
a potential linkl we define a nonnegative slack variable and
denote it byyl; for link l we connectyl to ul by the following
inequality:

ul ≤ cle
−yl (6)

The above inequality forces the link utilizationul to be close
to zero when the value ofyl is high enough, and when the
value ofyl is close to zero,ul can take the full capacity of the
link. Now let Rn and Tn denote the number of transmitters
and the number of receivers of noden respectively.

In order to satisfy the receiver constraint for noden we
write the following set of inequalities.

∑

l∈θ

yl > Q ∀θ ⊂ In C(θ) = Rn + 1 (7)

in whichC(θ) is the cardinality of setθ, andQ is a sufficiently
large positive real number. By inspecting equations (6) and
(7), it can be seen that ifQ is large enough, it is impossible
that more thanRn incoming links of noden to have high
utilizations. Equation (7) leads to competition among the links
in the virtual topology that cannot co-exist. To make this
point more clear, consider a case in which allRn + 1 links
that belong to a givenθ ⊂ In have high utilizations. Then
inequality (6) implies that the correspondingyl values for all
of these links are small, which results in a contradiction with
inequality (7) since this inequality states that the sum of the
values ofyl for the links in θ should be greater than a large
numberQ.

To take care of all the receiver constraints, we need to
write inequalities of kind (7) for all possibleθ ⊂ In with
C(θ) = Rn + 1, and for all nodes.

We take the transmitter constraints of the nodes into account
in a similar way. In this case we write inequalities of the
following form:

∑

l∈θ

yl > Q ∀θ ⊂ On C(θ) = Tn + 1 (8)

The transmitter constraints at each node are written for all
θ ⊂ On for which C(θ) = Tn + 1.

Adding inequalities of (6), (7) and (8) to the linear program-
ming problem of equation (5) gives the following non-linear



programming problem:

Maximize J =
∑M

m=1 fm

Subject to:∑
l∈In

xl
m =

∑
l∈On

xl
m, n 6= Sm, andn 6= Dm

ul =
∑M

m=1 xl
m

ul ≤ cle
−yl∑

l∈θ yl > Q ∀θ ⊂ In C(θ) = Rn + 1∑
l∈θ yl > Q ∀θ ⊂ On C(θ) = Tn + 1

xl
m ≥ 0

yl ≥ 0

(9)

Mathematically, if the value ofQ is infinity, the above op-
timization problem gives the optimal feasible topology; the
optimal topology can be extracted by forming a network in
which potential links are only formed if their corresponding
value oful is nonzero. Obviously, such a topology is feasible,
and it does not violate transmitter or receiver constraints.

One important fact about the optimization problem of (9) is
that every feasible network topology corresponds to a point in
the feasible set of the above nonlinear optimization problem.
This can be shown by lettingyl = Q, ul = 0 and xl

m = 0
for every potential link that is not in that feasible topology,
and lettingyl = 0, andul andxl

m to take their corresponding
values of the solution of optimization problem of (5) for the
feasible topology. It can be verified that these values satisfy
all constraints of optimization problem (9). Therefore, for a
large enoughQ this optimization problem gives the optimal
routes and set of links for the feasible network.

To extract the optimal feasible topology from the solution of
optimization problem (9), we need to eliminate links with low
values oful. Generally,Q does not need to take a very large
value. For example, if for a node withRn = 2, thenQ = 10
works well. In this case, for every three potential linksl1, l2
andl3 that arrive at noden, we haveyl1 +yl2 +yl3 ≥ 10. This
implies that at least for one of these links the value ofyl is
greater that3.3 which means the corresponding link utilization
ul is less that4%. If we use such values forQ, some infeasible
links will have non-zero utilization. To avoid this, after solving
the nonlinear optimization problem, at every node where the
degree constraints are violated, we tear down the potential
links with lower utilizations.

C. Linear Approximation of Multi-Commodity Flow Formu-
lation with Transmitter and Receiver Constraints

The problem of finding the optimal topology under interface
constraints can be solved based on the solution of the nonlin-
ear optimization problem proposed in the previous subsection.
This nonlinear optimization problem can be solved by using
numerical techniques. However, in general it is hard and ex-
pensive to find its global optimum. In this subsection we give a
linear approximation of the nonlinear problem, considering the
fact that linear optimization problems are very easy to solve.

Fig. 1. Shaded area: the feasible set oful ≤ e−yl . This feasible set is
approximated by the area under the dashed line that can be expressed by a
linear inequality.

The only source of nonlinearity comes from inequalities
defined by (6). Our idea to define a linear approximation is to
find a subset of the feasible set of these constraints that can
be written in terms of linear constraints. For this purpose, we
replace the feasible set defined by inequalityul ≤ e−yl by
its largest subset that can be expressed by a linear constraint.
It can be shown that the biggest linear subset of the feasible
set of this equation is the area under line defined by equation
eul/cl + yl = 2. This approximation has been illustrated in
Fig. 1. The shaded area in this figure shows the feasible set
of ul ≤ e−yl . This area is approximated by the triangular area
under the dashed line which is the feasible set of inequality
eul/cl + yl ≤ 2. By making this approximation, the feasible
set becomes smaller, but the new set can be written by the
following linear inequality:

eul/cl + yl ≤ 2 (10)

Now we recall constraints imposed by the receiver constraint
at a node:

∑

l∈θ

yi > Q ∀θ ⊂ In C(θ) = Rn + 1

The inequalities of this kind cannot be satisfied for an arbi-
trarily large value ofQ. This is because from inequality (10)
the maximum value ofyl is 2, and so the maximum possible
value forQ is 2(Rn +1). However, if we letQ = 2(Rn +1),
then yl = 2 for all l ∈ θ which impliesul = 0 for all l ∈ θ
from inequality (10). In order to give some span to bothyl

and ul values, we suggestQ = Rn for noden. So we will
have the following set of constraints for thenth node:

∑

l∈θ

yl > Rn ∀θ ⊂ In C(θ) = Rn + 1 (11)

Having this limitation on the value ofQ implies that we cannot
have a strong competition among the links that cannot co-exist,
but as a matter of fact, even lower values ofQ lead to some
competition among links that will be advantageous in finding



a good feasible topology.

Similarly, we define the following set of inequalities for
taking into consideration the transmitter constraints of node
n: ∑

l∈θ

yl > Tn ∀θ ⊂ In C(θ) = Tn + 1 (12)

.
To illustrate the efficiency of the above competition scheme,

assume for noden the receiver constraint is2. Then for every
three potential links such as linksi, j and k we haveyi +
yj + yk > 2. If one of these links, say linki, has zero or very
low utilization (i.e.,ui ≈ 0), then inequalityeui/ci + yi < 2
implies thatyi can take a value close to2, and inequality
yi + yj + yk > 2 is almost satisfied, which meansyj andyk

can take values close to zero. This implies thatuj anduk are
free to take larger values. On the other hand, ifui takes a large
value, then from inequality (10),yi cannot take a large value,
and it will be close to zero; this means that at least one ofyj or
yk should take a large enough value to satisfyyi+yj +yk > 2.
The large value ofyj or yk pushes the corresponding value of
uj or uk to zero. Therefore this scheme leads to competition
among the links that cannot co-exist in the feasible topology.

The new optimization problem can be written as:

Maximize J =
∑M

m=1 fm

Subject to:∑
l∈In

xl
m =

∑
l∈On

xl
m, n 6= Sm, andn 6= Dm

ul =
∑M

m=1 xl
m

eul/cl + yl ≤ 2∑
l∈θ yl > Rn ∀θ ⊂ In C(θ) = Rn + 1∑
l∈θ yl > Tn ∀θ ⊂ On C(θ) = Tn + 1

xl
m ≥ 0

yl ≥ 0

(13)

III. T OPOLOGYCONTROL

In this section, we use the linear programming schemes in
the previous section in order to find feasible network topolo-
gies. We introduce three algorithms for finding the feasible
topology.

Algorithm 1: Link Deletion and Multi-Commodity Flow Prob-
lem

Our first algorithm is based on using the linear programming
problem given by (5). We solve this problem for the virtual
network of all potential links. Then we try to delete the links
that violate degree constraints one by one. The links with lower
utilization are deleted first. This algorithm can be written in
the following way:

1- Solve the optimization problem of (5) on a network of all
potential links. The output is the set of link utilizationul,
1 ≤ l ≤ L
2- SetΛ=all potential links
3- Repeat

Fig. 2. The initial virtual graph.

Fig. 3. The resulting topology of algorithm 1

4- V =Set of all links inΛ that violate interface constraints.
5- Let l1 = Argminl{ul l ∈ V }
6- Λ = Λ− {l1}
7- Until V =Empty Set.
After running this algorithm,Λ returns the set of links in the
feasible topology.

Algorithm 2: Link Deletion Using Multi Commodity Flow
Problem with Link Competition

In this algorithm, we use a similar algorithm as in the
previous case. The only difference is that for this case we use
the optimization problem given by (13) on the virtual network
of all potential links at the start of algorithm.

Algorithm 3: Link Addition by Using Multi Commodity Flow
Problem with Link Competition

In this algorithm, again we make use of the optimization
problem given by (13), to find the values oful. In order to
find a feasible topology, we start from a network with no links,
and start adding links from the virtual topology to it. The links
with the higher utilizations are added first. LetΩ denote the
set of all potential links; then the algorithm can be written in
the following way:

1- Solve the optimization problem of (13) on a network of
all potential links. The output is the set of link utilizationul,
1 ≤ l ≤ L
2- SetΛ=Empty set
3- Repeat



Fig. 4. The resulting topology of algorithm 2.

Fig. 5. The resulting topology of algorithm 3.

4- A= set of links l ∈ (Ω − Λ) such that the network with
links Λ

⋃{l} does not have any link that violates the interface
constraints.
5- Let l1 = Argmaxl{ul l ∈ A}
6- Λ = Λ

⋃{l1}
7- Until A =Empty Set.
After running this algorithm,Λ returns the set of links in the
feasible topology.

A very useful improvement of algorithms 2 and 3 can be
done by running the optimization problem again after adding
or deleting each link. Because in each iteration of the algo-
rithm after adding or deleting a link, the set of potential links
or the number of available interfaces change, by rerunning the
optimization problem for the new set of potential links and
interface constraint, the values oful are updated for the new
set of potential links. To make this point clear, assume a node
has transmitter constraint of 2, and at some iteration there are
2 outgoing links attached to this node inΛ. Therefore, no more
transmitters are available, and the algorithm can continue by
removing all other potential outgoing links of this node and
rerunning the optimization for the new set of potential links.

IV. N UMERICAL EXAMPLES AND SIMULATIONS

In this section we demonstrate the performance of the algo-
rithms that we proposed in the previous section. We start with
a simple network example to illustrate our approach and then
continue toward larger networks with a much higher number
of potential links.

A. Simple Network Examples

Our first set of experiments is done on the virtual topology
shown in Fig. 2. In this network, there are 9 nodes, and a set
of 32 potential links that can be established in the network.
The links and the nodes have been numbered as shown in
the Fig. 2. All link capacities are 1 unit, and each node has
2 transmitters and 2 receivers. There are 3 source-destination
pairs in this network. Nodes 3, 4 and 1 are three sources that
correspond to the destinations 9, 7 and 8 respectively. The
objective is to maximize the total throughput of the network.
It can be shown that even for this simple network, finding the
optimal network topology by exhaustive search needs inspect-
ing about108 topologies, which needs very heavy computation
in practice.

Fig. 3 shows the resulting feasible topology by applying
Algorithm 1. The total achieved throughput of the network
is 3.0 units for this case. Fig. 4 shows the result of using
Algorithm 2. The total achievable throughput for the topology
generated by this algorithm increases to 4.0 units. Applying
Algorithm 3 gives the same throughput with a slightly dif-
ferent network topology that is shown in Fig. 5. As it can be
seen, link competition gives a considerable improvement in the
network throughput, and results in more suitable topologies.

B. Larger Network Experiments

Our next set of experiments are on larger networks. We
have simulated networks of 25 nodes, and each node can
have up to 4 potential neighbors that are picked randomly at
the start of simulation. Again each node has two transmitters
and two receivers. There are 10 commodities corresponding
to 10 source-destination pairs. The sources and destinations
are chosen randomly. The link capacities are one unit. Table I
shows the results for several simulation runs with different
random seeds. As it can be seen in this table, Algorithms 2
and 3 give almost the same performance for most of the exper-
iments. However, they perform much better than Algorithm 1.
In all cases, using link competition has resulted in performance
improvement. In some cases such as experiments 2 and 6 the
improvement is more than 100 percent.

C. Comparison with HLDA

In this set of experiments, we compare the performance of
our algorithms with the heuristic topology design algorithm
(HLDA), which is known to give a very good performance in
topology design. For this purpose, we consider a network with
14 nodes, and each node has 2 transmitters and 2 receivers,
with 8 randomly generated potential neighbors. A node can
send or receive from each of its potential neighbors. The ca-
pacity of each link is normalized to 1. We define seven source
and destination pairs in the network, and for each pair, we



TABLE I

The comparison of the 3 Algorithms by different experiments: The numbers

show the achievable throughput in the different simulation runs

Exp No. Algo. 1 Algo. 2 Algo. 3
1 7.0 10.0 9.0
2 4.0 9.0 9.0
3 6.0 7.0 8.0
4 6.0 10.0 8.0
5 8.0 10.0 11.0
6 4.0 9.0 9.0
7 4.0 7.0 6.0
8 7.0 9.0 9.0

TABLE II

Performance comparison of the HLDA and our three algorithms in 10

simulation runs

Exp No. HLDA Algo. 1 Algo. 2 Algo. 3
1 8.0 8.0 9.5 9.5
2 8.5 8.0 9.0 9.0
3 8.4 8.6 9.6 10.3
4 8.5 8.3 8.9 9.1
5 8.0 8.6 9.3 8.9
6 9.0 9.7 11.4 10.7
7 8.1 8.0 9.7 10.6
8 8.8 8.1 9.3 9.9
9 9.5 8.8 10.4 9.8
10 8.6 9.0 10.6 11.4

define a random demand uniformly distributed between 0 and
3 units. For each simulation run, we use HLDA or one of our
algorithms to design the topology, and after the design of the
topology, we run the multi-commodity-flow problem for the
resulting topology to find the optimal achievable throughput.

Table II shows the network throughput achieved by applying
the algorithms in 10 simulation runs. As the table shows,
algorithms 2 and 3 show better results than the other algo-
rithms. The average throughput obtained using Algorithm 2
was 14.0% better than HLDA, and the average throughput
obtained using Algorithm 3 was15.8% better than HLDA.
On the other hand, the average performance of Algorithm 1
is almost the same as HLDA. This confirms the benefit of
using a multi-commodity flow formulation in which interface
constraints are explicitly modelled by linearized constraints.
On the other hand, if the MCF is used without explicitly
modelling the interface constraints by linearized constraints,
the resulting algorithm (Algorithm 1) offers no advantage over
the existing algorithm HLDA.

V. CONCLUSION

In this paper we presented an approach for topology design
in networks with interface constraints. Our approach is based
on the multi-commodity flow formulation. We proposed three
algorithms for finding good network topologies. The first algo-
rithm is based on solving the multi-commodity flow problem
for a virtual network of all potential links. The output of
multi-commodity flow problem is the amount of utilization

of potential links, which we use for evaluating them. The low
utilization potential links that violate degree constraints are
deleted to obtain a feasible topology.

One problem with the above algorithm is that different po-
tential links that cannot co-exist in the feasible topology can
take high utilizations independently. To improve this algorithm
we added a new set of constraints that define dependency
among the links that cannot co-exist and define competition
among them. We gave a mathematical formulation for compe-
tition among links by adding some nonlinear constraints to the
multi-commodity flow problem. Then we used a linear approx-
imation of the nonlinear constraints to fit multi-commodity
flow problem with link competition into a linear programming
framework. Our simulations showed a considerable improve-
ment in the network throughput by applying this approach.
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