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Example 2 

example 
Let US add  the pole (s+4) to  the  above 

bl b2 ba 
=- 

s 4 - 2  s + 3  S T 4  
f- + F a  

By conventional  calculation 

bl = - 1, bp = 4, bt = - 3. 

Applying Theorem I (a =2I we get 

B = b l + b g + b 3 = - 1 + 4 - 3 = 0 .  

Applying Theorem 2 we get 

= ( 2 )  (M) = kk’ .  
1 

Remarks 
Tlzeo~em 2 is independent of the  value 
of a,  whereas Theorem 1 depends on a. 
Using  one  theorem  only will tell if 
there  is an  error in the coefficients, 
however,  the  theorem  cannot  guaran- 
tee  the  correctness of the coefficients. 
But if the  two  theorems  are  applied, 
the\; will give  more  satisfactory re- 
sults. 
Although  there  are  many  ways of 
checking  these coefficients, the  above 
two theorems  have  proven  to  be con- 
venient  and useful. 
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A Canonical Simulation of a 
Transfer Function Matrix 

1. INTRODUCTION AND PRELIMINARIES 

The need to  simulate  on  an  analog com- 
puter a specified transfer  function  matrix 
W(s), whose elements  are  ratios of polynom- 
ials  in s, has  given rise to  the  theory of 
nzininzal  realizatiolzs of a transfer  function, 
where  the precise  definition of a minimal 
realization  is  given below. A minimal re- 
alization a t  once  yields  a minimal simulation 
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on  an  analog  computer, which is a simula- 
tion of W(s) using the  minimum  number of 
integrators.  The  desire t o  achieve such 
minimal  simulations is not  merely an eco- 
nomic one;  nonminimal  simulations incor- 
porate  uncontrollable or unobservable  states 
(or both), which may  often  have a deleteri- 
ous effect  on any  application to which the 
simulation  is  put. 

The techniques of network  theory  often 
permit  minimal  realizations for restricted 
classes of transfer  functions.  Here  minimal- 
ity is normally  characterized by  the  number 
of reactive  elements  being  minimum  in some 
circuit  realization. 

Many of these  network  theory  results 
can  be  fruitfully  applied to  systems  theory 
problems;  our  purpose  here  is t o  indicate 
one  such  application which yields a minimal 
simulation of W ( s ) .  

\Ve shall  make  the  reasonable  assump- 
tions that  W(s) is real  for  real s and  has no 
pole at s =  m .  One  approach to  achieving a 
simulation is to consider W ( s )  to be  the 
transfer  function  matrix  corresponding to a 
linear,  constant, finite-dimensional, dy- 
namical  system [l]. The  system  is  then 
described by  equations of the  form 

a x  
dt 
- _  - F x  4- Gu 

31 = H r  + J u  (1b) 

where x is an  n-rector  (the  state), u is a p-  
vector  (the  control or input), y is an  m- 
vector  (the  output),  and F, G, H ,  and J are 
constant  matrices of appropriate  dimension. 
The transfer fzmction matrix TV(s), relating 
the Laplace-transformed  control to  the 
Laplace-transformed  output, is 

W(s) = H(sI  - F)-’G + J (2) 

where I is the  identity  matrix  (here of order 
n). Unless otherwise  stated, W(s) will be 
assumed to  be a stable  transfer  function 
matrix, as precisely  defined in (3)  below. 

A set of matrices (F, G, H ,  J }  yielding 
TI/(s) by (2) is  termed a realization of W; a 
realization  where F has  the lowest  possible 
dimension  is  termed a m.inimal realization 
[l], [2 ] .  Further, knowledge of {F, G, H, J }  
provides an  immediate recipe  for setting  up 
W ( s )  on an  analog  computer;  the  number of 
integrators used in  the  simulation  equals  the 
order of the  square  matrix F. The minimal 
number is equal t o  a number defined by  W, 
called its degree 6 [W]. proof is given in 
Kalman,’  and a definition and discussion of 
the concept of degree is given in  McMillan.2 

Given a rational W, realizations  always 
exist,  and  nonminimal ones are  easy to find. 
The  construction of minimal  realizations 
from  nonminimal ones can  be complex, how- 
ever, as shown  by  the  two  distinct  ap- 
proaches  in K a l ~ n a n . ~  

Here we shall  bypass  the theoretical prob- 
lem of finding a minimal {F! G, H, J >  and 
derive  directly  the  solution to the  more 
practical problem of defining a minimal  an- 
alog  computer  simulation yielding W(s). 
From  each such simulation F, G, H ,  and J 

’ Kalman (21. P. 536. 
2 MclLIillan [3]. p. 580. 
2 Kalrnan [l]. p. 175. and [ZI. P. 530. 

can  be  calculated if so desired. As pointed 
out  in Kalman,‘ the  practical  problem  has 
an  immediate  solution if W(s) has no multi- 
ple poles; our  solution  however  permits  the 
multiple pole case, but  differs from  Kal- 
man’s t a o  approaches to the  multiple  pole 
problem. 

11. CONSTRUCTIOS OF ANALOG 
COMPUTER CONFIGUR~TION 

The  material of this  section  may  be  sum- 
marized as follows. We pass  from a given 
rational W(s), by-bordering it-with zeros, t o  
a square  matrix W(s) .  From W(5) we derive 
a bounded-real  matrix S(s),  and  from S(s) 
we derive a lossless bounded-real  matrix 
S(s), corresponding to  the  scattering  matrix 
of a lossless multiport.  Using  results  estab- 
lished in  Belevitch [4] and  Youla [5], we 
can then  perform a useful decomposition 
of Z(s) into a product of factors &(s), all of 
degree 1 (or 0). Simulations of the  indi- 
vidual &(s) are  easily possible, and  we  show 
how to  obtain  from  these a simulation of 
W(s). The  minimality of the  configuration  is 
readily  established. 

In general, Ti’(sj may  not  be square.-LVe 
may  make  it so, however, by defining W ( s )  
to  be  the  matrix F(s )  with  additional  rows 
or columns-of  zeros  (as the  case  may  be), 
such that W is square.’ 

Since  in  the  practical  case we shall  not 
normally  be  interested  in  simulating an  un- 
stable F(s) [that is, a W(s) with  right half- 
plane poles, as mentioned in Section I] ,  we 
shall  assume 

the poles of W ( s )  are  in  the  strict 
left  half plane or are  simple on the (3) 

j w - a x i s .  

The Same remark is true of $(s). Then we 
may  select a non-negative,  real,  scalar,  con- 
stant k large  enough so that6 

Z(s) = k I  + $(s) (4) 

is a positive-real m a t r i ~ , ~   t h a t  is, i t  is the 
impedance of a linear,  passive, finite, time- 
invariant  network.  The  matrix z(s) then 
defines a bozmded-real matrix S(s) through8 

~ ( s )  = [ ~ ( s )  + I ] - I [ Z ( S )  - I ]  (Sa) 

or 

Z(S) = I + 2(I - S)-lS. (5b) 

The  matrix S(s) is the  scattering  matrix of 
a linear, passive, time-invariant mu1tiport.g 
Such a matrix allows an  extension  by  em- 
bedding to a lossless scattering  matrix z(s),’o 

Z(s j  is the  scattering  matrix of a lossles  net- 
work. being rational  and  bounded-real  and 
satisfying z (-s)Z(s) =I, where - denotes 
matrix  transposition. 

=man 111, p. 180. 
6 Youla 161. p. 29. 
1 Uoula [61. p. 29, and Oono [i l .  p. 483. 
7 Belevitch [41. p. 277. 
8 Ibid., P. 278. 

10 Ib id . ,  PP. 164-165. 
9 Oono and Yasuura @I, P. 153-165. 
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Simplified computational  procedures  for 
determining  the  matrices Z12, 221, and 2 2 2  

are now well documented.11 I t  is  also possi- 
ble t o  determine  these  matrices  such  that 
(with 6[ ] the  degree)I2 

6[2(s)l = dS(s)l. (7) 
IVe note  also that (using various 

a[w(~)] = a[ri-(s)] = a[z(~j] = a[s(d] 
= S[Z(S)]. (8) 

Belevitch [a] and  Youla [j] establish (de- 
tailing simple factorization  procedures) that  

a s )  = ZoZ1(s)Zz(s) . * 2ds )  (9) 

where Zo is actually a constant  orthogonal 
matrix,  and  the &(s) ( i = l ,  2, . . , 6) are 
matrices of degree 1 of the form 

where * indicates  the complex conjugate, 24 

is a vector, S O = U O - + ~ W O  is  a  point in Re s>O 
and 

C*Z4 = 1. (lob) 

Further,  the  number of nonconstant  terms 
in the  product (9) is defined by 

Some of the Zi may  involve complex 
quantities,  but  in  this case the  factorization 
can  be  accomplished such that successive 
pairs when multiplied  together yield real  de- 
gree 2 transfer  functions.  For  simplicity 
however, following Kalman,14 we shall dis- 
regard  the  minor  intricacies  caused  by com- 
plex x i .  

Minimal  simuiations of each 25 
(i= 1, 2, . * . ,6) are  easy  to  construct.  Tak- 
ing, for example, F =  -SO (a  scalar), G=G*,  
H =  -2~024,  and J=I yields such a con- 
struction.= h cascade of the Ziis) simula- 
tions  with a straightforward  simulation  for 
SO yields a simulation of Z(s), by (9). Then 
S(s) is simulated by merely ignoring, by  (6), 
all  but  the first q inputs  and  outputs of the 
5 simulation (where p is the  dimension of 
ti- and,  thus, of Sj. This  can  be  done  by 
inserting blocks with  transfer  functions 

El = [ ] and E? = [ I  O,,]. (12) 
%X, 

Here I is pXq, p is  the  order of in (61, 
and O,,, is the p X q  zero  matrix.  The re- 
alization of S(s) is shown  in  Fig. 1. 

Using (jb) we can  construct a simulation 
of 2 in  terms of S; this  equation  is  the 
mathematical  formulation of the  equivalence 
in Fig. 2. 

Finally,  from Z(s) we can  construct 
W ( 5 ) .  Equation (4) shows tha: we must 
subtract RI from- 2 t o  obtain W, while t o  
obtain TI- from W we  must neglect either a 

of the  outputs, Fig. 3(b). In  Fig. 3, E3 and 
number of the  inputs,  Fig.  3(a), or a number 

E1 are,  respectively,  similar t o  El and E?. 
Between  them, Figs. 1 to  3  outline  the 

interconnections necessary for  the  simula- 
tion; (4). (Sa), ( 6 ) ,  and (9) outline  the neces- 

11 Newomb [SI. ch. 9. 

12 Kalman [21. p. 540 and  McMillan [31, p. 543. 
14 Kalman [l]. p. 181. 
1s Zadeh [lo], p. 409. 

Oono ,and Yasuura [8]. p. 167. and Newomb 
191. Appendx. 

Fig. 1. Simulation of S(s)  in terms 
of degree 1 sections 

Fig. 2. Simulation of Z(5) derived 
from  simulation of S(5). 

-El-- -& 
(bl 

Fig. 3. Simulation of W(s) for  (a)  adged  columns of 
W ( 5 )  or ( b )  added r o w  of W ( 5 ) .  

sary  calculations.  The  simulation will use 
the  minimal  number of integrators possible. 
This is because  the  minimal  number is 
known to be 8 [ ll'jsi ] and by (8) and (9j 
this is the  number used in the  simulation. 

I I I.  COXCLCSIOH 

I\-e have  exhibited  another  technique  for 
achieving a simulation of a  transfer  function 
matrix TT'(s), using a minimal  number of 
integrators.  The  calculations  required  to  de- 
scribe the  simulation  are  somewhat IengthJ-, 
but  are  straightforward. using existing algo- 
rithms of the  network  theory  literature. 

Although discussion has been restricted 
to  stable  transfer  functions  only,  it  is possible 
to  tackle  the problem of producing  a mini- 
mal simulation of a rational  unstable PT'(s). 
I n  Oono's i t  is  pointed  out  that Tl'(s-td, 
for some sufficiently  large non-negative  real 
constant E ,  will be  stable.  Thus, we may 
synthesize TT*(s+e) using the  method  out- 
lined abox-e, and  then  bl-  changing  the feed- 
back  around  integrators  derive a simulation 
of TF(s). One  can  also  give  a  procedure for 
simulating K(s) with poles a t  infinity;  such 
details will be discussed  elsen-here. 
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Investigation on Some  Character- 
istic Features of Third-Order 
Control Systems 

The  dynamics of a forced third-order 
closed-loop system  is  completely  charac- 
terized by  the  instantaneous  values of the 
state  variables  such as error, first and second 
derivatives of the  output.'  Depending on 
suitable pole configurations of the  transfer 
function,  any  two of these  variables of the 
system following a step signal input  can at- 
tain  zero  value  simultaneously at a finite 
time  from  the  instant of application of the 
input.  In  the  third-order  system  this  can 
occur in three  ways which are  obtained  from 
three  combinations of the  state  variables. 
The pole configurations  for Occurrence of 
zero  value of each of the  combinations  has 
been  investigated  in  the  present  correspond- 
ence. 

Consider  the closed-loop transfer  func- 
tion of a third-order  system  as 

C0)- -- a0 

R(s) s3 + + Q ~ S  j a0 (1) 

where C(s) and R(s)  are  the  transformed 
output  and  input of the  system. I t  is  as- 
sumed that  two of the  three poles of the 
transfer  function  are complex conjugates. 
The real and  imaginary  parts of the  conju- 
gate poles are expressed in  terms of the  real 
pole. Let  the  three poles be S I =  --a, S, 
= -a(Kl+jK2), and S3= -a(K~- j&) ,  Rl 
and h'? being  constants.  The  three coeffi- 
cients  may  be  written  in  terms of the pole 
configuration as 

a1 = al(B1' + K r 2  + 2K,), 
a2 = a(2R1 + 1) and a0 = a3(K12 + RZ2). ( 2 )  

For  unit  step  input of the  disturbance  with 
all initial  conditions  zero,  the  output C(s) 
is given  by 

where 
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