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On the Energy in Passive Systems 
At present, several notions of a passive 

system are available and useful in different 
contexts. Here we investigate two of the 
widely used passive definitions showing that 
they are equivalent for a large class of sys- 
tems. 

Consider a  multivariable system which 
can be represented by a  transformation 
mapping an  input x into  an  output y ;  if Y 
is so obtained from an allowed input  the pair 
b, x ]  will be called admissible. Both x and 

y are assumed to be n-vectors of complex- 
valued functions of time t whose entries, for 
our purposes, are assumed to be infinitely 
differentiable and zero until some finite 
time. If x and y are measured at  the same 
points and taken such that their scalar 
product has the dimension of power, then 
two reasonable definitions of the total inpzlt 
energy into  the system are 

and 

&2(t)  = J-: Re [ i*(I )X(T)]dT.  (2) 

In these expressions we have used Re A, i, 
and A* to respectively denote the real part, 
the transpose, and  the complex conjugate of 
a  matrix A. The previous restrictions placed 
on x and y guarantee that both & I  and &Z 
exist, however other  types of variables can 
be used if only energy is considered, such as 
square  integrable or exponentially increasing 
x andy.  The first type of energy &I is common 
in electromagnetism ( [ I  1, p. 135) and can be 
found in system studies ([2], p. 417). The 
second &,has been used by Dolphin studying 
the properties of passive systems ([3], 
p. 13), and can be found in rigorous network 
studies ([4], p. 110). Thus,  both definitions 
can be found in the literature and lead to 
two definitions of passive systems. A system 
is  defined to be  passive if & l ( t )  2 0  and &p 

passive if &?(t) 20, both for all finite t and all 
admissible output-input pairs b, x ] .  As a 
preliminary to later discussion we point out 
that (1) and (2) are merely definitions which 
one can consider for any  type of system, 
linear or not time-variable or not, etc. 

We first show that  the two definitions 
are completely equivalent for real systems. 
If  we let 

X = x7 + j x i ,  Y = Y ,  +jy;  (3) 
with x,, x ; ,  yr and yi real-valued n-vectors, 
then the system is called real if b, x ]  admis- 
sible implies that both b,, x , ]  and bi, x i ]  
are admissible. 

Theorem 
If a system S is real then a necessary and 

sufficient condition for S to be El-passive is 
that S be &*passive. 

Proof: We must show that if E l ( t )  >O for 
a given admissible pair b, x] then &&) 10 
and vice versa. Writing b1, X I ]  = bz, x * ]  to 
denote x1 = xz and yl = y t ,  we first consider 
the real pair [y,  x ] =  kr, x r ]  for which, in sug- 
gestive notation, 
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" t  

&(t) = $z(Q = J- 'Y ~ ( T ) x ~ ( T ) ~ T  2 0. (h) 
-m 

Similarly for the real pair b, x ]  = bi, xi] 

i&1(t) = i&s(t) = sf  ~ ~ ( T ) x , ( T ) ~ T  2 0.  (4b) 

Now consider b, x]= b r + j y ; ,   x r + j x i ] ,  
then from (1) and (4a) one has 

-m 

&(t)  = r & Z ( t )  1 0 (5 )  
and from (2) and (4a), (4b) 

EtO) = Wl(t)  + i&(t)  1 0. (6) 

Since b,+jyi, x , + j x i ]  admissible implies 
b,, x , ]  and b;, x i ]  admissible, (6) shows 
that &I-passivity implies &ppassivity, while 
(5) shows the converse, these results holding 
for any admissible b, x ] .  Q.E.D. 

As a consequence of the theorem, results 
derived using one definition of passivity are 
valid for the other in the case of real systems. 
In particular  let us consider the linear case 
where we allow exponentially increasing 
variables 

x ( Q  = x exp ( P O ,  
YO) = I' exp ($0, p = u +io (74 

for u>O. If we further assume the n X n  
system-function, or transfer-function, ma- 
trix T(P) is  defined and exists in u>O, then 

E' = T(P)X. (7b) 
If the system is &I- or Eppassive, then by 

various means one can show that T(P) is 
holomorphic in u > O  {for instance, one can 
assume singularities and show that ( 1 )  or 
(2) are violated using (7), or one can  intro- 
duce  unity feedback working with a new pas- 
sive system of admissible pairs b, x + y ]  
([4], pp. 111 and 122)j.. Further if the sys- 
tem is real then T(u) is real in u>O, which, 
by Schwarz's Reflection Principle ([SI, p. 
186) implies T*(p) = T@*) in u>O. 

.4ssuming then the two conditions 

1 )  T(p) holomorphic  in u > 0 (8a) 

2) T*(p) = T(p*) in u > 0 (8b) 

consider an  Erpassive system. Letting TH 
denote the Hermitian part, 2 ? ~ =  T+ T*, 
and noting that Re x * T X = X *  Tax, sub- 
stitution of (7) into (2) immediately shows 
that 

3) X * T A ( ~ ) X  1 o in u > o (&) 

for all complex constant n vectors X. Any 
matrix T satisfying conditions l ) ,  2) and 3) 
is called positive-real. Since (&) under  @a), 
(8b) implies & 2 ( t )  2 0  ( [ 6 ] ,  p. 273), every real 
system with T(p) defined in u>O is Erpas- 
sive if and only if T is positive-real. 

Similarly, assuming conditions 1) and 2), 
consider an El-passive system. After some 
manipulation ([2], pp. 421-423), ([7],  p. 
146) (7) substituted into (1) yield 

4) Q-(p,  X )  1 0 in u > 0 (8d)  

for all complex constant n-vectors X, where 

We can now state  that under the as- 
sumption of conditions 1) and 2),  conditions 
31 and 4 )  are complekly equivalent, that is, 
x * T ~ ( p ) X > O i n  u>Oimplies (and isimplied 
by) Q-@, X)>O in u > O  for the reason 
which  follows. If T exists satisfying condi- 
tions l ) ,  2),  and 3) then  it corresponds to a 
real linear Eppassive system. But, by the 
theorem, such a system is &I-passive, hence, 
condition 4) must hold. Conversely,-if condi- 
tion 4) holds one immediately has X*T(p)X 
- > O  in u > O  and condition 3) holds showing 
that  the system must be &z-passive and, thus, 
also (by the last sentence) E1-passive. 

One can go further  and show that condi- 
tions 1) and 4) imply 2). Although space 
considerations preclude presenting the cal- 
culations,  this equivalence follows  from the 
fact that Q > O  in u > O  implies by the con- 
tinuity of holomorphic matrices that 

4') Re X*T(p)X 2 0 1 XT(p)X I 1 0 I PI 
in u > 0 (10) 

for even real p in u>O. Choosing X properly 
for (10) shows that conditions 1 )  and 4') 
(or 4), imply and  are implied by positive- 
reality. Equation (10) is analogous to  the 
angle constraint for positive-real functions 

Although &I and 82 yield equivalent re- 
sults for real systems it should be pointed 
out  that &I is not necessarily equal to &? for 
the same admissible pair. Further,  the two 
concepts of passivity differ for systems which 
are not real. For example y = j x  has 

( P I ,  P. 114). 

and &?EO; when  complex excitations are 
allowed, this system (which  is equivalent 
to a complex resistor) is Eppassive but not 
&I-passive. Such an example is of interest i n  
network synthesis where complex resistors 
have been used in passive synthesis [9], 
([lo], p. 35), and must indirectly be con- 
sidered in complex normalizations ( [ 1 1  ], 
p. 19). Since complex resistors are usually 
cancelled at  the end of a synthesis, the re- 
sults of this correspondence show that  the 
final network obtained will be passive. The 
results are also of some  use in nonlinear sys- 
tem analysis where real systems of higher 
order can be used to model nonreal systems; 
for example y = (xl+jx2)* can be  modelled 
for some purposes by the two-dimensional 
system with yl = X I *  -xr2, y2 =2x1xz. 

In summary, we have shown that two 
definitions in common use yield similar re- 
sults for real systems. Consequently, the use 
of one over the other is a matter of personal 
preference. Using these ideas the equivalence 
between the angle consfraint, (Sa) and (101, 
and  the normal definition, @a)-(&) of 
positive-real matrices has been shown. Ex- 
cept for minor details, an  alternate proof of 
the equivalence between (&) and  (8d), US- 
ing eigenvector calculations, can be found 
in Youla ( [ l l ] ,  pp. 42 and 95-96). 



1652 PROCEEDIYGS OF THE lEEE OCTOBER 

k K S O W L E D G M E N T  

We  wish to acknowledge the assistance of 
Prof. C. A. Desoer  who outlined the theorem 
to us, as well as that of Prof. E. S .  Kuh who 
essentially suggested the problems investi- 
gated. The interest of Prof. Rohrer, who is 
working on similar problems, is also ac- 
knowledged. 

R. W. NEWCOMB 
Stanford Electronics Labs. 

Stanford, Calif. 

REFERENCES 
[l] H. H. Skilling, Fundamenfds of Elcclric Waues. 

New York: Wiley. 1948. 
[2] C. A. D e e r  and E. S. Kuh. 'Bound: on natural 

frequencies of linear  active  networks, Proc. 1960 
Brooklyn Pdylechnu  Symp. on A d i w  N d w k s  
and Feedbacks Systems. vol. X. pp. 415-436. 

(31 C. L: Dolph. 'Positive real resolventg and !near 
paauve  Hilbert systems." Soumakrrsen Tacdcs- 
kdemian Toimiluksia. Annaks Acode??aMc Sci- 
enfiarum Fcnnicoe. ser. 4 ,  I. Mathemaurn, 1963, 

(41 p. C. Youla. L. J. Castriota. .and  H. J.  Carlin, 
p.  336-339. 

dations of linear passive network theory. IRE  
Bounded real scattenng  matnces  and thenfoun- 

March 1959. 
Trans. on Circuif Throry. vol. CT-6. pp. 102-124. 

[5] E. Hille. Andyfic  Fundion Theory. vol. I ,  Boston: 
Ginn 1959 

[6] A. €I: Zemkian. "An n-port realizability theory 
bad on the theory of distributions, I E E E  

274. June 1963. 
Trans. on Circuil Theory. vol. CT-IO. pp. 265- 

[7] W. Cauer. Synthesis of Linear  Communicalion 
N d w k s .  New York: McGraw-H$. 1958. 

[SI D. F. Tuttle, Jr.. Kclwork Synfhcssrs, vol. I .  New 

(91 V Belevitch "On the Brune process for n-port.9." 
York: Wiley. 1958. 

I& Trans.'on Circuif Theory, vol. CT-7. PP. 

~~ 

(lo] R. F. Baum "Design of unsymmetrical band- 
28&2%. September 1960. 

pass filters * ' IRE Trans. on Circuil T h m y ,  vol. 

[ l l ]  D. C. Youla 'Cascade synthesis of n ports " 
CT-4;pp. i3-40, June 1957. 

Rome Air dvelopment Center. Rome, N. y., 
Tech. Document Rept. RADC-TDR-64-332, 
August 1%4. 

Mode of Millimeter  Wave Two- 
Wire  Surface  Wave Transmission 
Line Fields 

The purpose of this correspondence is to 
report the detailed experimental investiga- 
tion of the mode configuration of millimeter 
wave two-wire surface wave transmission 
line. The possibility of millimeter wave sur- 
face wave transmission was predicted by 
Goubau.' Umehara performed a theoretical 
analysis of the surface wave two-wire line 
and produced some numerical examples in 
the  X-band? In millimeter wavelengths, 
Ishii, et ul.? demonstrated experimentally 
that  the surface wave two-wire line has 
reasonable energy concentration along the 
wires and they predicted a  hybrid mode, 
which agrees with Umehara. The  attenua- 
tion of the two-wire line was found to be 
comparable to  that of waveguides a t  milli- 
meter  wavelength^.^ 
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ALPHA  IN  DEGREES 
Fig, 1. A plot of the relatiye power  in decibels vs. 

the angle alpha In degrees. 
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D I S T A N C E  IN  C M  
Fig. 2 A plot of the relative power in decibels for E. and E# vs. the  distance x in centimeters  For  the measure- 

ment of E*. the wide edge of the guide was perpendicular to the line. and  the guide w a s  moved in the I direc- 
tion. The x direction is along the line, and  the r direction is perpendicular to x in a horizontal plane. For 
the measurement of Ee. the wide edge of the guide was parallel to  the wires. 

DISTANCE I N  M M  

Fig. 3. A  plot of E, vs. x ,  !or various distances (I) 
from  the launcher. These measurements were made 
in a horizontal plane, the  center of the wide dimen- 
sion of the guide being in the horizontal plane 
defined  by the two wires 

The experiments were performed in the 
70-71 Gc frequency range. The unique pick- 
up device for the electric field was the open 
end of an RG-98/U waveguide. 

The existence of a  strong electric field 
in the 2 direction is demonstrated  in Fig. 1. 
The maximum power  level (alpha equals 
zero degrees) corresponds to narrow dimen- 
sion of the waveguide parallel to  the line. I t  
can be Seen on the curve  measurements that 
were made a t  the receiving and sending ends 
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D I S T A N C E   I N  CM 

Fig. 4. A  plot of the relative wwer in decibels for E ,  
vs. x in centimeters. This  measurement was made 

and  the axis of the guide dong the wires. This 
by placing the wide side of the guide vertically. 

flange on the  ninety degree section limited how 
measurement required a  right  angle  bend,  and  the 

close the  pickup could be placed near  the  trans- 
mission  line. 

of the line. The distances from the horns 
were 15 cm and 5 cm, respectively. The curve 
labeled theoretical was obtained by  taking 
20 log cos alpha. 

Electtic fields in the z and 0 directions are 
compared in Fig. 2. Both measurements 
were made 25 cm from the sending end and 
approximately 1 mm above the wire. The 


