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Abstract— This article introduces the concept of planning in
an interactive environment between two systems: the challenger
and the responder. The responder’s task is to produce behavior
that relates to the challenger’s behavior through some response
function. In this setup, we concentrate planning on the respon-
der’s actions and use the produced plan in order to control the
responder. In general, the responder is assumed to be a nonlinear
system whose input–output (I/O) map may be expressed by a
Volterra series. The planner uses an estimate of the challenger’s
future output sequence, the response function, and a model of
the responder’s I/O relation implemented through a functional
artificial neural network (FANN) architecture, in order to pro-
duce the input sequence that will be applied to the responder in
the future, in parallel-time with the challenger’s corresponding
output sequence. The responder accepts input from the planner,
which may be combined with feedback information, in order to
produce an output sequence that relates to the challenger’s output
sequence according to the response function. The importance of
planning for the generation of smooth behavior is discussed, and
the effectiveness of the planner’s implementation using neural
network technology is demonstrated with an example.

Index Terms—Functional neural networks, interacting systems,
nonlinear system control, path tracking, planning, Volterra func-
tionals.

I. INTRODUCTION

I
N MANAGEMENT sciences, planning is considered as

a process that defines a master schedule which outlines

tasks and timing of completion of each task. These tasks

may refer to quantities of finished work, or to quantities

of finished products. Such planning may be based on goal

programming [1].

Another way to look at planning is to assume that an

analytical model of a system’s dynamics is known, a set of

constraints are given, and they are used in order to plan

an optimal (or near to optimal) path on the system’s state

space, leading to a target state as a goal. An example of such

treatment can be found in [2], where the falling cat problem

is studied. Planning of a path constrained by the presence of

obstacles has also been an important task in robot movement

[3], [4].

A third alternative is to consider planning as a process of

preparing input to facilitate control of a system. This concept

of planning has been considered in autonomous mobile robots
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interacting with their environment [5], [6]. Environmental

information is evaluated by the navigator in [5] using fuzzy

rules and the planner uses computed state variables of the

navigator in order to propose a path. The planner in [6]

considers speed limitations in order to attach a speed profile

(plan) to a path; this plan is combined with feedback, using

two reactive controllers, in order to provide robustness during

task execution.

Following this last concept of planning, we present a general

framework where we consider controlling a system, that we

will call a responder, in an interactive environment. The

interactive environment is defined by two interacting systems:

the responder and another one that we will call the challenger,

and a third system which is the planner; this environment

is shown in Fig. 1. The challenger appears as a system that

either may behave autonomously, or it may be triggered by

the responder’s output to produce a certain behavior. The

responder is a system that has to adjust its behavior in order to

keep a certain relation with the challenger’s behavior. In this

respect, the challenger may be seen as an environment that

hosts the responder, while the responder may be considered as

a system whose task is to adjust its behavior in order to adapt

to its host environment. Behavior is defined as structure in a

time-ordered sequence of a system’s output values ; this

sequence may be considered as continuous or discrete in time,

depending on the choice of the model, i.e., continuous-time

or discrete-time, that is used in order to describe the system’s

dynamics. The responder’s output at time is symbolized as

, while the challenger’s output at time is symbolized as

. In this work it is assumed that the desired responder’s

output relates to the challenger’s output through some response

function , i.e., . As an example of a

subcase of this assumption we mention a tracking system

where the responder’s task is to follow the challenger’s output

and the desired relation is . A plan is defined

as a trajectory in the responder’s input space that results in

a “desired” output sequence, , from the responder.

In general, the sequences , , are ordered in

time and may be expressed as functions , , of time.

The structure of may be described by its properties

such as monotonicity on its derivatives, min–max values, etc.

If a limited subset of such properties is used in order to

describe structure, while is highly nonlinear with a lot

of irregularities, this subset of properties may not be sufficient

for the description of over all time, i.e., for ,

where is the set of real numbers. In this case,
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Fig. 1. The flow of signals in the interactive environment that incorporates the challenger, the responder, and the planner. The planner with details of
the “estimator of responder’s inverse behavior” block is also shown in Figs. 2 and 3.

may be segmented so that the properties of interest represent

the structure of each segment in sufficiently. Thus,

it is convenient to develop separate plans that apply to the

responder for successive segments in the challenger’s output

sequence.

Fig. 1 shows the responder interacting with the challenger

and the planner using a retrospective image [7] of the chal-

lenger’s behavior in order to prepare a plan that will drive

the responder (i.e., specify the responder’s future actions).

The dotted-line that connects the responder’s output to the

challenger’s input has the meaning that this path may or may

not exist. If this path exists, then there is full interaction be-

tween the two systems; if this path does not exist, then there is

partial interaction where the challenger behaves autonomously

while the responder behaves according to the challenger’s

output. Planning starts at time , and the plan is prepared

for a segment in the behavior of the two systems, which is

confined in the time-interval , where . The

application dependent transformation provides a possibly

distorted but representative preview

of the challenger’s future output sequence

. The planner accepts this preview and uses a model

of in order to estimate the challenger’s future output

sequence as ,

then passes this sequence through in order to find the

corresponding output sequence

that is desired from the responder, and finally

uses this output sequence in its mechanism termed “estimator

of responder’s inverse behavior” which produces the plan

that will be applied

to the responder starting at time . The responder inputs this

plan in order to produce the desired output sequence. Feedback

information may also be combined with the input plan in order

to provide robustness in the responder’s behavior.

In terms of concepts from the control theory, the planner

acts as a feedforward controller that models the disturbance

from the environment, i.e., the challenger, and the responder

is the controlled plant. A justification about our preference

on the term “planner” over the term “feedforward controller”

follows next. A feedforward controller processes the current

and past input from the environment in order to evaluate the

current input that must be applied to the controlled plant. The

planner here processes a representative trace (an “image”)

of future activity from the environment in order to evaluate

the future inputs that must be applied to the controlled plant

(the “responder”). An initial state is assumed for the plant

in the beginning of the corresponding future time-interval.

This “representative trace” of future activity may either be

available through indirect measurements that project into the

challenger’s future activity (e.g., the case of the example in

Section VI) or through prediction on the challenger’s output.

A good example of utilizing an image of future activity is

also found in [8], where a vehicle equipped with a road-

departure prevention system uses a camera to scan the road

ahead (“future activity of the road”), and uses this information

along with measurements on speed and directivity of the car

in order to predict and warn for a possible departure from

the road. The accuracy of a plan depends on the effectiveness

of representation of the challenger’s future activity. Here, the

responder is considered as a nonlinear system whose state
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model is not available, and it is assumed that a Volterra series

exists and can be used in order to describe the responder’s

input–output (I/O) map (a discussion on such systems can

be found in [9]). The work in [10] and [11] allows for a

neural implementation of the Volterra series expansion model.

In [10] the best estimate of a Volterra series is obtained as a

generalized inverse in a reproducing Hilbert space. Building on

this result, the best estimate of a Volterra series is implemented

in [11] as a functional artificial neural network (FANN). The

FANN is used here in order to implement a model of the

responder’s I/O map from examples of I/O measurements,

which is used in the proposed planner. A method is also

proposed in this work, which combines the planner with

feedback in order to control such a nonlinear system. The

proposed feedback compensation requires the existence of a

plan (even if the plan is not perfectly accurate) and it is

discussed in Section V. This method will contribute in many

real-world applications where the plants are nonlinear, and the

current practice to control these plants is to linearize them

around operating points [12].

In Section II we review the FANN, which is a basic compo-

nent of the planner here. In Section III some useful concepts

are formulated and basic notation is introduced. In Section IV

the planner’s mechanism is introduced. The application of a

plan and feedback compensation are discussed in Section V.

Section VI demonstrates the FANN’s suitability to planning

and the use of the plan in controlling the responder, through

an example. In this example, we consider a challenger being

a road segment (e.g., forming a turn) whose behavior is

manifested by the slope of its tangent at each point along its

path, and a responder being a car whose behavior is manifested

by its direction of movement. The driver-system has a visual

image of the road segment ahead and plans its actions prior

to entering it.

II. AN OVERVIEW OF THE FANN

The identification problem of a single-input single-output

(SISO) nonlinear dynamical system is considered in [10],

under the assumption that the system’s I/O map is described

by a Volterra series

(1)

where the input belongs to real , being an interval

of the real line, and, for some nonnegative integer , the

output is a member of the Sobolev space of real-

valued functions on such that is absolutely

continuous on , , and .

On physical grounds, these conditions state that and and

sufficiently many, , of the output derivatives have finite

energy by taking all such functions to be square integrable

over . In order to guarantee that the output is smooth, the

following conditions are placed on each kernel

in [10].

1) The exists everywhere on for

as a map from into , where

is the -dimensional cube of sides , and is a map

from into .

2) There exists a real constant such that

for

3) is invariant to permutations (i.e., sym-

metric) in the variables .

As it is shown in [10], the above three conditions restrict

the Volterra operator to belong in a Bochner space , and

the associated Volterra functional to belong in a special

reproducing kernel Hilbert space, which is called Fock space

and designated , where is a positive constant. Under these

constraints and assumptions, it is proven in [10] that if a set

of test I/O pairs

is available, where , , are distinct elements of

, then the optimal estimate of is of the form

(2)

and thus, the I/O map is uniquely identified by the expres-

sion

(3)

where

(4)

and the functions are obtained by (5) and (6)

...
... (5)

(6)

The set of test I/O function pairs,

, that describe (3), serve like exem-

plars of artificial neural networks. This led to the development

of the FANN [11], [13], which implements (3) as a feedforward

neural network with functional weights . In this respect,

it is important to realize that the FANN is trained with

exemplars of functions while conventional neural networks

are trained with exemplars of point values. The FANN was

further generalized in [11] to the multiple-input multiple-

output (MIMO) case, replacing with , where the

input is a vector of functions

and the output is a vector of

functions (superscript transpose). Also, the index is
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placed as a superscript in the MIMO case (it was a subscript

in the SISO case) in order to avoid confusion with indexing

the elements of the vectors. Under the MIMO generalization,

and using (4) in (3), then (3) is rewritten as in (7)

(7)

where is a positive real constant,

, are prototype input patterns,

and the weights ,

are calculated using the prototype output patterns

, with the

following (8) and (9):

...

...

...

...

(8)

and where

(9)

The set of test vector I/O function pairs,

are the exemplars for training the FANN, i.e.,

calculating the set of vector functional weights

, . These exemplars may either be created

during simulations, or come from interaction with the real

environment.

Intuitively speaking, if an unknown input pattern

is presented, the FANN evaluates the similarity of this

pattern to each of the exemplars ,

, and estimates through weighted averaging of high

selectivity over the corresponding exemplar outputs ,

where the degree of selectivity may be adjusted through

. Observing (8) and (9), notice that the is inversely

proportional to the exponential of the inner product of

with each of the prototype input patterns, and it is proportional

to ; also, notice that the is multiplied in (7) by

the exponential of the inner product of with the input

pattern . In this configuration, the exponential terms define

normalized weights that emphasize similarity in the averaging.

Low selectivity results in smooth averaging over the exemplar

outputs, while high selectivity results in a crisper approxima-

tion where the output that corresponds to the exemplar input

that best matches is emphasized in the averaging. Thus, if

is very similar to and quite dissimilar from all other

exemplars , then is approximated by . If the

similarity of to more than one exemplar input is high, then

is approximated as an average over their corresponding

exemplar outputs weighted by a measure of the corresponding

similarities.

In the implementation of the FANN, the exemplar training

inputs are treated as time-varying weight vectors for

the first of the two layers of the FANN, and the is

a vector of synaptic weights at in the second layer of

the FANN. During training the is calculated for each

, or else it is modeled as a continuous vector function. In

general, analytic expressions for may not be available.

In such cases, may be represented as discrete-time

sequences of sampled vector data. Then, is also calculated

as a discrete-time sequence of matrix data. Even if analytic

expressions for are available, application of (8) may

result in a complicated analytic expression for which could

be difficult to manipulate and might be better to express it as

a discrete-time sequence of data. The representation of this

function as a discrete-time sequence of data, also facilitates

the hardware implementation of the FANN [14], since memory

cells are used in order to hold the synaptic weights and each

cell can only hold for a single instance of time, . It

should be noted that if is represented in discrete time,

then the in (7) is also derived as a discrete-time sequence

of vector values.

III. A FRAMEWORK FOR PLANNING

Two interacting dynamical systems are assumed, called

challenger and responder, respectively, that in parallel evolve

in time. When fast response of the responder’s output to

the challenger’s output is required, the responder must be

stimulated by (or execute) a proper predetermined plan rather

than trying to determine its input by simply tracking the

challenger’s output. Feedback information may be applied to

the input sequence that makes the plan in order to control the

accuracy of the responder’s output. A formal description of

this interactive environment, that will also be useful in order

to define planning, is given in the following axioms.

1) There is a time set , an output space comprising

the set of outputs from the challenger, an output space

comprising the set of outputs from the responder,

an input space comprising the set of inputs to the

responder, a set of output functions

for the challenger, a set of output functions

for the responder, and a set of input

functions for the responder.

2) is an ordered subset of the real numbers.

3) satisfies the conditions:

A) is nonempty.

B) The members of are well defined in the

interior of .

4) The responder is a “black box” system, where only its

inputs and outputs are accessible, and in addition to the

above its mathematical model [15] assumes:

A) There is a state set .

B) There is a state transition function

, whose value

is the state in

, resulting at time from the initial

state at initial time ,

under action of the input . is

well defined for but not necessarily

for . for

all , , . For all
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we have

for all , . If

and

, then

.

C) There is a readout map that

assigns the output at time .

5) There is a response function that asso-

ciates each output value from the challenger’s set

to a “desired” responder’s output value.

6) There is a planner which at time estimates the input

sequence that must be applied to the responder during

a specified following time-interval , where

, in order for the responder to exhibit a

desired output sequence in relation to

the challenger’s output sequence . The

planner may be modeled as a mathematical entity that

in addition to the response function assumes:

A) There is an application-specific transformation

which at time provides an image of the

challenger’s future output sequence

, as an isomorphic sequence

with reference to a zero-origin time-

interval . The inverse map

is also available and maps the

to

. These sequences are ordered in

time and may be represented as functions of time,

i.e., and

.

B) There is an operator that models the respon-

der’s transfer function, i.e., .

C) The operator is expressed by a Volterra

functional , as it is discussed in Section II.

The requirement in axiom 6B) is basically the same as the

requirements in axiom 4B) and 4C), as it is discussed now.

From 4B) and 4C), it results that, at time , is

determined by an initial state and an input sequence

. A further implication is that

the sequence is determined by

the sequence , given the initial

state . Also, the sequences and

may be shifted in time by , while their

structure is preserved, and since they are ordered in time may

be represented as functions of time, i.e.,

and . Thus, the responder may

also be modeled as an operator that maps

functions to functions parameterized by .

This operator is used in the planner.

From 6A) and using the response function, it results that the

desired responder’s future behavior becomes

available to the planner and is specified with reference to a

zero-origin time-interval as

. The structure of

is preserved in since their

only difference is that the second is shifted in time by

with respect to the first. The planner uses this desired output

sequence with the model of in order to determine the

input sequence (i.e., the plan)

that must be applied to the responder starting at time (i.e.,

).

The following three examples illustrate possible transforma-

tions that allow the planner to have a view

to the future.

• The represents a trajectory in space, which must be

traced or followed by the responder. In this case, as an

example, may implement a viewing transformation

(as in the example in Section VI), or radar imaging.

We may also easily obtain as the inverse of this

transformation.

• The represents the future output of a system, for

which a discrete-time mathematical prediction model of

the form , or of the

form ,

for , for some is available, and

. In this case, is implemented with ,

while could be approximated as .

• The represents the future output of a system, but

a mathematical prediction model is not available; in-

stead, each value of is empirically predicted as a

fuzzy value . Formally, such a fuzzy value

is expressed as a fuzzy set

, where the is a th set (or

cluster) of values that possibly contains the value ,

and is the membership degree of to this set. Then,

could be implemented as

with ; this

expresses as a vector of membership degrees of

to the sets , i.e., as a distribution

of over the known clusters of values, where the

membership degree of to is assumed to be

assessed with reference to the history in the sequence

(i.e., ) since is the evolving output

of a dynamic system. Also, could be implemented

as

where is the centroid of cluster , i.e., is

approximately recovered (estimated) from as an

average of the cluster center values weighted by the

membership degree of to each cluster.

The planner’s mechanism is discussed in the next section.

IV. AN APPROACH TO PLANNING WITH THE FANN

Let us assume that is available; then can be

obtained as , where with

, and the sequence of desired responder’s output

values can be obtained through the given response function

as , where

. If an analytic expression for is not available, or
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Fig. 2. The basic planner system for planning, using (13). It uses a FANN that implements the inverse of , and a second FANN that implements the RTFM.

expensive calculations need to be avoided, then could

be implemented through using neural network technology. The

map may be parametric with respect to the transformed

data, e.g., when transforming features of a curve (such as

slopes, ) from one coordinate system to another. Then,

is a map of functions to functions rather than a map

of points of one function to points of another function. This

is also demonstrated in the example in Section VI. In such

cases, if a neural-network-based approach is desired for the

implementation of , it may be expressed by a Volterra

functional and implemented with the FANN.

The planner has to determine a time-ordered sequence of

input values

that will result in the desired output sequence

when this sequence

drives the responder’s input.

The planner’s problem could be solved directly if a math-

ematical model of the responder’s dynamics was available,

i.e., its internal structure was known; in the special case

of a linear responder, such a solution would be particularly

easy. The difficulty of the problem increases significantly if a

parameterized model of the responder’s dynamics is available

and the values of the parameters are unknown. Then, in the

case of linear dynamics, linear observations, and Gaussian

measurement noise and system uncertainties, the parameter

identification is optimally based on Kalman filtering [16],

[17]. Once the parameters are identified the model is known,

and planning could be performed by solving directly for

the input values. In this work, no knowledge is assumed

about the responder’s dynamics, except that its I/O map may

be expressed by a Volterra functional as it is described in

Section II. Then, the FANN is suitable for the implementation

of the responder’s transfer function model (RTFM).

Having the RTFM implemented with the FANN, the planner

may proceed as follows: for each instance of discrete time , it

applies an input to the responder’s model and proceeds

with iterative correction on the input values until the desired

output is obtained. The time enters as a parameter

in weights in (7) that describes the FANN. If the value

of parameter (time) in the RTFM is kept constant, then its

output is determined by the currently applied input value, the

sequence of earlier applied input values which do not change

once they have been determined in the past, and the value

of initial state at starting time . Thus, the output is

solely affected by changes in the value of during the

determination of proper input at this point in the plan.

In the implementation of the planner in Fig. 2, the responder

is modeled with the FANN after it is trained with data

functions from the sets . Also, the functions ,

may be defined as vectors , , in general;

the FANN supports vector-functions as was discussed in

Section II. In the implementation of the RTFM with the FANN,

(8) and (9) are used in training the FANN, while (7) is modified

as the following (10) in order to produce an output

given the produced input sequence and the

trial input

(10)

where

for

for

and with , ,

and .
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Since in our approach the value in the plan is

estimated for each instance of discrete time , it is convenient

to assume a discrete-time model for the FANN. Let, in discrete

time, there be samples over the time-interval , ,

, and . Then, (10) can be rewritten in

discrete time as (11)

(11)

where

for

for

and with , ,

, and and (9)

can be rewritten in discrete time as (12)

(12)

A rule is needed in order to apply corrections to the value of

, that will allow it to converge to a value which RTFM

maps to . The initial estimate for should

be random, and could be chosen to be . The

following rule in (13) could be used for the estimation of

:

(13)

if for some , then

where is a constant gain

factor, is an adequately small and accepted error percentage

in the produced output value , and is the time

needed for the estimation of . Equation (13) says that,

if increases in the same direction as

does while is increasing, then the increment (correction),

, that needs to be applied to is

; otherwise, the increment should

be . If is chosen to be ,

then the speed towards the estimation of is increased;

if is chosen to be , then the convergence of to

is improved. The implementation of (13) is also shown

in Fig. 2. A modification can be made in (13) that combines

a high rate of estimation with improved convergence, if the

product sgn sgn in the

integral of (13) is replaced by , as

in the Newton–Rapson’s method; the result is shown in (14)

(14)

if for some , then

. In the improved implementation (cf.

Fig. 3), we use

An analog circuit implementation of division can be based

on exponential, logarithmic, and comparator circuits, using

the equation sgn sgn .

The exponential circuit must be able to accept either positive

or negative exponents; this requirement excludes classical

exponential circuits and suggests the exponential circuit that

is presented in [18]. A block diagram implementation of the

planning system which is based on (14) is shown in Fig. 3.

V. EXECUTION OF A PLAN AND FEEDBACK CONTROL

Once a plan has been

developed, then it can be applied to the responder’s input

starting at time , as a sequence of proposed actions

, as shown

in Fig. 4(a). The accuracy by which the produced output

sequence approximates the

desired response , mainly

depends on the accuracy of knowledge of the map and

the accuracy of estimation of its inverse, ; it is desired

that , where

and ideally it should be .

Feedback correction could also be applied to the input plan,

as shown in Fig. 4(b), in order to compensate for inaccuracies

in the plan. In this case, the feedback network compares the

responder’s output to an estimate of the desired

output from the responder that corresponds to the challenger’s

output through the response function. It also relates the

plan which is applied at the responder’s input with the resulting

output, and estimates the change (correction) that

should be applied to the planned value in order to give

the proper input to the responder. If

the FANN which implements in Figs. 2 and 3 has been

trained with sufficient data, and the FANN that implements the

responder’s transfer function in Figs. 2 and 3 has been trained

with a complete set of examples from the responder’s I/O

sets of functions, then the planned values are very accurate

and only minor correction may be required from feedback.

This results in more accurate, smoother, and faster response

on behalf of the responder. The training of the FANN that

implements , may continue in time as more experience

accumulates in terms of examples.

Fig. 4(c) shows details of a specific implementation of the

feedback network that is shown in Fig. 4(b). Assuming a

linearization of the responder’s I/O map in the vicinity of the

input value of , at time , then an optimal correction that

would apply to the responder’s input is given by

(15a)

This is optimal because the input value increases

by , which is the output error multiplied by the

inverse gain of the responder, and produces an output which

is augmented by the observed error with opposite sign,
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Fig. 3. The improved system for planning, using (14).

thus cancelling the observed error. Since

, and implementing analog division

as was discussed in the previous section, we have

(15b)

The resulting implementation is shown in Fig. 4(c). If discrete

time is used, let , and let the responder system be

modeled with the following equations:

(16)

Then (15a) is written as

(17)

and .

It is possible, for some , to have

and approaching to zero, thus making the

ratio in (17) undefined. Since the planned input is

already close to the desired input , this problem could

be circumvented by setting for those values of

. In general, we have found the following rule to deal with

the problem successfully and filter the noise in the calculation

of differences:

If or

then otherwise, the is given by (17).

In this rule, the value of is selected as a lower limit on the

differences , over .

Notice that the use of (15a) and (17) is possible because of

the existence of planned input to drive the responder properly

and cause its output to be close to the desired value. Otherwise,

the term could not be estimated properly.

It is important to realize that in the absence of input ,

i.e., when no plan is used, and if , then the

system in Fig. 4(b) is a classical tracking system with input

. If a plan is not used, then the feedback error should

enter some compensation network, which is not easy to design

unless an analytical model is available for the responder,

and this task is made more difficult and less flexible as the

responder’s complexity increases.
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(a) (b)

(c)

Fig. 4. (a) The responder is driven by a plan. (b) The responder is controlled by the plan and feedback information. (c) A specific realization of the
general block diagram in (b).

VI. AN EXAMPLE OF FANN APPLICATION TO PLANNING

A. Introduction

In order to demonstrate the concept of planning and the

methods presented in Sections IV and V, a toy example is

used here that refers to the case of a car and a driver-system.

In this example, the challenger is the road, whose behavior

is manifested by the shape of its path, the responder is the

car, whose output is expressed by its direction of movement,

and the planner and feedback control are implemented in

the driver. In general, the actions that a car driver needs to

take include steering the wheels, throttle adjustment (through

pressure application on the gas pedal), shifting the gear, and

braking. For simplicity of illustration in this toy example we

will concentrate on steering the wheels only, thus assuming

that the car’s speed remains constant during the distance of

concern. Under this simplification, the driver-system’s goal is

to keep its car on the road during its ride.

The car is assumed to move on a path which resides on the

plane of the 3-D world coordinate system (WCS).

Such a path can be represented as a function of traveling time

, using the parametric pair of , . Let be

the angle of the slope of this path at a point implied through

, i.e., . Then, the sequence

represents the shape of the path. Let also be the

angle between the central axis across the car and the

axis of the WCS. Then denotes the car’s direction. This

setup is shown in Fig. 5. The driver’s goal of remaining on

the road is expressed through the relation , thus the

required response function is . Notice in this example

that expresses the challenger’s output , while

expresses the responder’s output . The driver-system’s

action at time is the amount of angle , also shown
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Fig. 5. The definition of angles , , , is illustrated.

in Fig. 5, by which it must turn the wheels with respect to

the central axis across the car, in order to keep the relation

satisfied for each . Thus, the planner’s action

is expressed by .

The road is modeled as a composition of segments, where

each segment may be a straight line path, or a concave line path

forming a turn. Assuming a minimum resolution time by

which the driver-system scans the road ahead at a typical speed

, the road segments are sampled at intervals .

Then each road segment may be modeled as a discrete-time

sequence of angles of slopes .

The driver-system has a perspective view of the road ahead,

instead of its actual floor-plan. Thus, it views a transformed

image of the road ahead, and consequently it perceives a

discrete-time sequence of angles of slopes

on that transformed image. Here,

represents the . This sequence is used by the driver-

system in order to plan its actions, i.e., to generate a sequence

: , , before the car enters the

viewed road segment. When the car enters the road segment,

then the car is driven by the plan. The car’s slope at time

will be , where ,

or equivalently, , and is

determined by where is the

correction through feedback as it is discussed in Section V. In

the following, we discuss the emulation of the RTFM and the

implementation of with FANN’s in order to be used

for planning as it is discussed in Section IV, and the results

of application of the produced plans.

B. Emulating the RTFM

Fig. 6(a) shows the floor-plan for cases of prototype

road segments that were considered for training the FANN

in order to model the RTFM. In this example, each of those

paths were generated by a third degree polynomial,

, where the variables

refer to the coordinates of each point along the path. This

is the least degree of polynomial which satisfies continuity in

position and slope at both ends of each segment, allowing their

smooth concatenation in modeling general shapes of paths.

Since it is desired that , we need to have the

(a)

(b)

Fig. 6. (a) The floor-plan for eight cases of road segments that were
considered for training the FANN. : , ;

, ; , ;
, ; , ;

, ; , ;
, . Also, , as it

is explained in the text. (b) The images of the road segments of (a), as they
are viewed by the driver.

sequence for each of the prototype patterns in order

to train the FANN. Since the prototype path segments were

generated with a third degree polynomial, the tangent’s angle

at each point along the path is given as

(18)

In training the RTFM it is assumed that each path’s origin

is at the coordinate , thus ; the

tangent’s slope at the origin of each path is zero coinciding

with the car’s direction as it enters the path segment, thus

too. This assumption is natural in this example, since

the driver-system may consider a single road segment ahead

of it each time that the car is located at the origin of that

segment and, at that time, the car’s direction of movement

should coincide with the slope at the origin of that segment for

a smooth ride. Then, it is also natural to perceive that segment

as if it were described with reference to a world coordinate

system whose origin coincides with the driver’s position and

the axis coincides with the car’s direction of movement.

Under this setup, the case of a straight line segment becomes

trivial since , and thus at

each point along the segment. For this reason, we have not

included a straight line segment among the eight prototypes

in this example, although we could have.
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If is the speed vector tangent to the travel path and

assuming discrete time, , the travel distance along

the axis is calculated as

(19)

Substitution of from (18) into (19) results in a highly

nonlinear equation to solve for and subsequently for

. This difficulty can be circumvented by assuming that

is sufficiently small in order to accept the following

approximation:

(20)

Substitution of (20) into (19) results in the following simple

recurrent equation:

(21)

Substitution of from (21) into (18) gives . Then,

can be calculated as

(22)

These equations are used in this example, in order to produce

the training sequences ,

, from the eight exemplar patterns ,

that are shown in Fig. 6(a). Then (8), (11), and (12)

are used for the implementation of the RTFM with the FANN,

where the input is replaced with , the exemplar

is replaced with , the output is replaced with

the angle of the car’s slope , is set to

zero, and samples per segment are assumed.

C. Implementing the Perceived Image’s

Restoration Map

Fig. 6(b) shows the projections of the prototype road seg-

ments of Fig. 6(a) to the camera’s screen, when the car is

located at the origin of each segment. During simulation,

those images were calculated by transforming the world co-

ordinates of each point on the paths of Fig. 6(a) to viewing

coordinates (refer to any textbook on computer graphics, e.g.,

[19], [20]), where the driver’s camera is the viewing system,

and then applying perspective transformation to map those

viewing coordinates to the camera’s screen coordinates. Let

be the world coordinates of the driver’s camera

lens, be the camera’s viewing direction,

be a view-up vector that specifies the camera’s orientation,

and be the distance of the camera’s center of lens from its

screen. Choosing results in a right-hand viewing

coordinate system centered at the camera’s lens.

Then, a viewing transformation [19], [20] is used in order to

map world coordinates to viewing coordinates

, and subsequently a perspective transformation

maps the viewing coordinates to screen coordinates .

The angle of slope that is perceived at each point on

the transformed image on the camera’s screen is a mapping

of , and is calculated as .

Differentiation by parts, ,

followed by long calculations, result in

(23)

Solving (18) for gives as a function of , i.e.,

; substitution of this into (23) results

in that defines the map in the current

example. The is implemented with a second FANN

which is trained with exemplar pairs that

satisfy . Notice that the map (and therefore,

) depends on parameters that characterize a

road segment as a function; therefore, is modified by

each segment , and thus, it appears as a map of functions to

functions rather than points of one function to points of another

function. The FANN is a suitable neural-network architecture

for the implementation of this In this case, the FANN

is implemented by rewriting (7) in discrete time as

(24)

in combination with (8) and (9), where the input is

replaced with , the exemplar is replaced with ,

the output is replaced with , and samples per

segment are assumed.

In our simulation, the viewing parameters were setup as-

suming that the driver’s camera is located at 1.2 m above

the ground, (i.e., m), the car is positioned at

the origin of each segment, (i.e., , ), and

the camera’s viewing direction coincides with the slope at

the origin of each segment, (i.e.,

, ). Also, we

have assumed an elevation angle of 79 resulting in

, and the camera’s direction

pointing upwards, expressed by the vector .

Then, can be calculated as (see [20]).

Following these calculations, and require normalization

to unity length. Also, a value of cm has been assumed.
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(a) (b)

(c) (d)

(e) (f) (g) (h)

Fig. 7. Each of the cases (a)–(h) shows the floor-plan of a “new” road
segment (solid line) and the corresponding path (sampled with crosses) that
the driver would move on, if it had followed its initial preset plan only, i.e.,
without correction from feedback. During simulation, the “new” road segments
were produced with the following parameters: (a) , ;
(b) , ; (c) , ; (d)

, ; (e) , ;
(f) , ; (g) , ; (h) ,

. Also, , as it is explained in the text.

D. Discussion of Planning and the Results

of Application of the Plans

The value of that was used in the FANN’s that imple-

ment the RTFM and during simulation was .

Starting from a value of , it was observed that as

was decreasing the FANN’s performance in assessing the

RTFM’s behavior and correctly for “new” cases of road

segments was improving, until . This is explained by

observing in these equations that high values of result in low

selectivity among the prototype functions (exemplar patterns)

that were used for training the FANN’s. As was further

reduced approaching the value of 1, the FANN’s performance

was deteriorating. This is also explained by observing in these

equations that small values of result in high selectivity among

the prototype functions, and in this case high accuracy requires

a larger number of prototype patterns for training the FANN’s.

Also, the value of depends both on the range of values

in the input patterns and the number of samples . In this

simulation, and a good range of values for was

found to be .

The development of plans was based on (14), with a percent-

age error of . Figs. 7 and 8, show new road segments

that were used for testing planning and the application of the

produced plans on them. These road segments are drawn with

(a) (b)

(c) (d)

(e) (f) (g) (h)

Fig. 8. Each of the cases (a)–(h) shows the same floor-plans for “new” road
segments (solid lines) as in the Fig. 7, and the corresponding path (sampled
with crosses) that the driver moves on if it corrects its initial plan with
feedback information as it is discussed in Section V.

solid lines, and their defining parameters, a3, a2, were chosen

to be quite different than the parameters in Fig. 6(a) which

were used for training the planning system of Fig. 3. The lines

sampled with crosses in Figs. 7 and 8, represent the paths that

are followed by the car when the driver’s goal is to stay on

the solid line paths. The speed of the car is m/s (i.e.,

36 Km/h), the sampling time-interval is s, and the

length of each segment is about 100 m.

In Fig. 7, the driver-system plans its action of steering the

car before it enters the corresponding road segment and then

it follows its preset plan blindly, according to Fig. 4(a). We

observe that in all cases the plan is followed successfully for

at least half of the distance over the segment; then in cases

(a), (b), (d), (h) the car departs from the road. This also leads

to the conclusion that if the driver-system prepares a new plan

for each segment less than 50 m ahead of his car, then it will

never depart from the road.

In Fig. 8, the driver-system also plans its action of steering

the car before it enters the corresponding road segment, but

then it follows its preset plan corrected with feedback informa-

tion (i.e., the deviation of its direction from the road’s tangent),

according to Fig. 4(c). We observe that in all cases the car

follows the road segment quite closely, and the departures of

cases (a), (b), (d), (h) are corrected. The corrective actions,

i.e., small zig-zags, become more prominent when the car

approaches the end of each segment, where the planned input

is less accurate.

VII. CONCLUSIONS

Planning has been introduced as a method which may be

combined with feedback control to help an interacting system
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(the responder) to reach desired behavior. The responder is

assumed to be a nonlinear system whose I/O map may be

expressed by a Volterra series. The planner’s mechanism has

been developed and discussed in detail. Also, a method that

combines the input plan with feedback has been proposed, in

order to control the responder. The planner’s core incorporates

a module which is the transfer function model of the responder

for which planning is performed. The FANN ([11], [13]) is

proposed as an appropriate choice for the implementation

of this module. The planner’s performance and the control

mechanism are demonstrated through simulation with a toy

example, with encouraging results.
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