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REFERENCE TERMINATIONS FOR
THE SCATTERING MATRIX*

The relationship between the scattering
matrixes of a given network (or micro-
wave junction) with different reference
terminations is developed. For this the
scattering matrix with respect to coupled
terminations is introduced, and a 2-port
example is considered.

In engineering analysis and design, the
scattering matrix often occurs as a
natural description to use. This is particu-
larly true in microwave circuitry, where
the scattering matrix allows a usefuld

means of describing the operation of a
junction operating between waveguides,1

and in network theory, where the scatter-
ing matrix allows general theories of syn-
thesis and equivalence.2 For such con-
siderations, it is convenient to take the
port reference impedances for the scat-
tering matrix as those of transmission
lines (possibly of zero length3) in which
the junction or network is embedded.
Since a given junction is often used
between different transmission lines, it is
of interest to know the relationship
between the scattering matrixes calcu-
lated under two different reference condi-
tions. Because the transmission lines are
often electromagnetically coupled, we
here consider the relationships for coupled
reference impedances.4 We give a net-
work treatment, since the results are
directly applicable in network theory, and
one of the purposes of using scattering
matrixes in microwave theory is to use
circuit considerations, avoiding the solu-
tion of complicated boundary-valued
problems.

We assume a Laplace-transform de-
scription exists and treat the n-port case.
Let ER be an n vector of source voltages
feeding an w-port N, connected in series
with a resistive n-port of impedance
matrix Zo = R, as shown in Fig. la.
We assume that the n x n constant
matrix R is symmetric and positive
definite, from which we can write

R = TT (1)

* This work was carried out under the sponsorship
of the National Science Foundation, Grant NSF
GP-520.
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where T is an n x n constant non-
singular matrix.5 Incident and reflected
voltages with reference to R are then
denned by6

= V+ RI = ER. . . .(2a)

2VR
r= V-RI (2b)

where V and / are the w-vector voltage
and current for N. Physically, VR* and
VRT can be measured3 as incident and
reflected voltages on zero-length trans-
mission lines of characteristic impedance
matrix Zo = R, placed between R and N
in Fig. la.

The (voltage) scattering matrix SR with
respect to (the reference) R is in turn
defined by

VR
r = SRVR i ( 3 )

If R is chosen as the n x n identity
matrix, R — 1n, we write SR = S and
simply call S the (normalised) scattering
matrix for N. Given Fig. la, we can
always insert a transformer 2/z-port of
turns-ratio matrix T, defined by7

which shows that Sn = T^SRT, where
naturally Vrn = SnVin. Fig. 1 shows why
one would consider the somewhat strange
change of variables of eqn. 6, which
generalises the result8 for diagonal R=TT.

At this point we have three different
scattering matrixes on hand: S, SR and
S", all of which completely describe N.
Two of these we have interrelated by
SRT = TSn, while the remaining rela-
tionships can be obtained as special cases
of the general result on change of reference
to now be developed. For this we consider
how the scattering matrixes SR and Sp
with respect to two references compare
for the same n-port N. For this, let P
have the same properties as R, in which
case

= V + PI (7a)

2VP
r = V - PI = 2SPVP{ . . (1b)

Solving eqns. 7 and 2 for V and equating
and then repeating for / yields

V=TV (4a)

I" = TI (4b)

so that N still sees R, as shown in Fig. Ib.
This insertion allows us to consider a
new (normalised) network N n as N load-
ing the transformer, and allows us to
define Sn as the scattering matrix for
N n ; we call Sn the scattering matrix of
N normalised to R. For Nn,

SR)VR
i (8a)

.(8b)

yin _ yn A Jn
yrn __ yn jn

(5a)

(.5b)

Inserting the left sides of eqns. 8a and b
into eqn. 2a yields VR* in terms of Vp*,
which can be inserted in eqn. 2b using
eqn. 3, which yields, as VP* is arbitrary,

SR[(ln + SP) + RP-\ln - SP)]

= (1„ + Sp)- RP~x(ln - SP) . (8c)

Solving for SR and Sp finally gives

SR ) +(1„+ RP-1) + (ln+ + RP-1) + (1 „ -

SP = P[(R SR(R - P)]"1 [(R - SR(P

. • (9a)

. . (9b)

Inserting eqns. 4 for Vn and I", pre-
multiplying by f and using eqn. 1 gives

in =V+RI=yRi . #

fVT" = V - RI = VRT . . . (6b)

In these equations, R and P can also be
interchanged, since there is essentially no
difference between the two. Of special
interest is the case where P = 1 „, for
which we get the useful relation for un-
normalising:

! A Lapl

Fig. 1 Reference impedances and normalisation

41 W\l O J«lr-| lUrfn «. + r V\/\l O JUL 1 JUJ

Fig. 2 Interpretation for a maximally flat filter
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-1 = SR = - R) R) R) - R) (10)

By simple matrix manipulations, one can
obtain the equivalent form: From the arguments above we know SR,

with

0

= TT

where p = [R

is the scattering matrix of the reference
resistance matrix. Eqns. 11 are similar to
a result of Bayard for the uncoupled
case,9 a treatment of which we are un-
aware of being available in English.
However, if Z denotes the impedance
matrix of N, Bayard defines the scattering
matrix with reference to R (in his case
diagonal) by

SRB = [Z + Jl]-i[Z - R]

while the above theory, which we believe
to be more physically motivated, yields

SR = R[Z + R]-\Z - R] R-1

= [Z - R][Z + R]-1 . . (12)

If one uses a current-scattering matrix3

(i.e. replace all Vs by Is and vice versa,
with or without subscripts, in eqns. 2
and 3), one still obtains a slightly
different theory than Bayard.

As a useful example of the application
of eqn. 10 to the uncoupled-reference
case, consider a third-order Butterworth
filter designed on the normalised basis
for

V', 0

0 V i J
for N of Fig. \b is given by

Y. 06a)

SR = TSnT~1=
J-slt

B3{p)

P3

. . (166)

which serves as a check on eqn. 15. Now
let us assume that Nn itself replaces N in
Fig. \b; i.e. the normalised coupling net-
work is used between rg and rt. Setting
P = 1 „ and Sp = Sn in eqn. 9a shows
that the scattering matrix SR" of Nn with
respect to R is given by

22
1

2p • • (13)

= SR21
n

. . . (16c)

which is also eqn. 10 with S replaced by
Sn. Although this yields a rather com-
plicated expression, the voltage gain of
Fig. 26 with N replaced by N" can be
calculated from eqn. 16c as

4*2,'

R. w. NEWCOMB 10th May 1965

Stanford Electronics Laboratories
Stanford, Calif, USA

References
1 LAX, B., and BUTTON, K. J. : 'Microwave fer-

rites and ferrimagnetics' (McGraw-Hill,
1962), p. 506

2 OONO, Y., and VASUURA, K. : 'Synthesis of
finite passive 2n-terminal networks with
prescribed scattering matrices', Mem. Fac.
Engng., Kyushu Univ., 1954, 14, p. 125

3 LAEMMEL, A. E.: 'Scattering matrix formula-
tion of microwave networks', Proceedings
of the Brooklyn Polytechnic Symposium on
Modern Network Synthesis, 1952, p. 259

4 NEWCOMB, R. w.: 'Synthesis of non-reciprocal
and reciprocal finite passive 2«-poles',
University of California, Berkeley, Disserta-
tion, 1960, p. 23

5 TURNBALL, H. w., and AITKEN, A. c.: 'An
introduction to the theory of canonical
matrices' (Dover, 1961), p. 107

6 HARRINGTON, R. F. : 'Time-harmonic electro-
magnetic fields' (McGraw-Hill, 1961), p. 398

7 ANDERSON, B. D., SPAULDING, D. A., and
NEWCOMB, R. w.: 'The time-variable trans-
former'. To be published in Proc. Inst.
Elect. Electronics Engrs.

8 MONTGOMERY, C. G., DICKE, R. H., and
PURCELL, E. M. : 'Principles of microwave
circuits' (McGraw-Hill, 1948), p. 147

9 BAYARD, M.: 'Theorie des reseaux de Kirch-
hoff' (feditions de la Revue d'Optique,
Paris, 1954), p. 167

10 WEINBERG, L. : 'Network analysis and syn-
thesis' (McGraw-Hill, 1962), p. 494

11 Ibid., p. 605
12 YOULA. D. c.: 'Cascade synthesis of passive

//-ports', Polytechnic Institute of Brooklyn,
Report PIBMRI 1213-64, July 1964, p. 18

13 YOULA, D. c.: 'On scattering matrices
normalized to complex port numbers', Proc.
Inst. Radio Engrs., 1961, 49, p. 1221

14 YOULA, D. c.: 'An extension of the concept
of scattering matrix', Polytechnic Institute of
Brooklyn, Report PIBMRI-949-61, Sept.
1961

. . . (lfid)

where B3 is the third-order Butterworth
polynomial.10 A circuit realisation11 is
given in Fig. la, where we have

5" =
1

B3(p)

P3 1

1 p*

• • ( 1 4 )

If we insert transformers back to back at
the input, of turns ratios 1 : -\/rg and
y/r3 : 1, and at the output, of turns ratios
1 : y/ri and y/ri : 1, the configuration is
unchanged; by using these transformers
to scale the impedances, we arrive at
Fig. 16, with

(15)

Note that eqn. \6d reduces to eqn. 13
when ra = rt = 1, and the denominator
in eqn. \6d is in general a measure of the
mismatch resulting from using non-
unity terminations for Nn.

To summarise, we have shown how the
scattering matrix with respect to a given
reference changes with the reference. For
generality, we have assumed coupled
references, but to illustrate the main
points we have considered the general
2-port situation, with uncoupled refer-
ences specifying finally to a maximally
flat design example. One can further
extend the definitions to fixed complex
references,12*13 of most use for single-
frequency considerations, or most likely
to frequency-dependent reference im-
pedances.14
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TOWNSEND'S FIRST IONISATION
COEFFICIENT IN COMPRESSED
METHANE

Townsend's first ionisation coefficient a
has been determined in methane by three
independent methods for a range of
pressures between atmospheric and 14
atm absolute, thus extending the range of
previous measurements to lower values
of E/p and much higher pressures. It is
confirmed that a/p is dependent only on
the value of E/p.

Despite the increasing interest in the use
of high-pressure gases for high-voltage
insulation, there is still a dearth of in-
formation concerning the basic ionisation
processes for gases at pressures above
atmospheric.

Most of the previous investigations on
gases at high pressures have been con-
cerned with the effect of electrode material
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