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Cochlea hair-celis act as neural interfaces of sound signals and, therefore, circuit rep-
resentations are important to signal processing systems based upon characteristics of
the ear. Here nonlinear semi-state equations for a bidirectional circuit representing a
generic cochlea hair-cell are presented. The circuit can be specialized to inner or outer
hair-cells depending upon the choice of circuit parameter values. Also developed are a
canonical semi-state description for the hajr-cel potassium and sodium channels, and
circuits suitable for a transistorized hardware implementation. Circuit simulations are
run with numerical data to correlate with the Howard-Hudspeth experiments.
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1. Inti-oduction

Circuits which mimic the behavior of the cochlea are useful for determining prop-
erties of the ear from stimulated acoustic emissions, as well as for the design of
ear-type systems.!? Noninvasive stimulated emissions from the ear can presently
determine damage to the basilar membrane. In the same way, stimulated emissions
from the ear could possibly be used as a clinical tool to assess hair-cell damage if
adequate models were available and, thus, could lead to the design of corrective aids
to compensate for hearing loss.

The presence of nonlinearities and active behavior in the cochlea is supported
by experimental data that show discrepancies between basilar membrane and neu-

*This paper was recommended by Nobuo Fujii, Guest Editor.

4z



2  Semi-State Models for VLS! Hair-Cell Circuits

ral tuning. Two major categories of sources of cochlear ponlinearity have been
suggested in the literature.* The first category finds its origins in the bounds on
the motion of the basilar membrane and the cochlear fluids, and the second one
resides in the mechano-electrical transduction process that occurs in the hair-cells;
limits on the mechanical resonance of the stereociliary-tectorial structure and on
the amplitude of electrical resonance of the hair-cell membrane. Experimental ev-
idence has shown that this process, besides being an active one, is bidirectional
and nonlinear.34:58 It is believed that the bidirectional process of the hair-cells
is the physical basis for a variety of phenomena observed in mammals, including
Kemp echoes and spontaneous acoustic emissions.)? Several hair-cell models have
been proposed in the literature to attempt to replicate the firing behavior observed
in hair-cell.”®® However, these models are computational and, thus, are different
from ours in the sense that we focus on a hair-cell circuit to correlate with the
Howard-Hudspeth experiments for interfacing with the scattering cochlea model.

The scattering cochlea model developed previously is passive and linear.10:!1 Byt
since experimental evidence shows that Kemp echo phenomena are active and non-
linear, it is inportant to incorporate nonlinearities and active behavior into the full
model.!? Toward this we treat here the nonlinearities and the active behavior due
to the hair-cells and, therefore, as a first step, propose a nonlinear active bidirec-
tional circuit model of a generic hair-cell, based on that of Weiss and Leong'®!4 and
Secker, Searle, and Wilson?® into which we incorporate biologically realistic models
for sodium and potassium channels. The circuit model can be adapted to a specific
type of hair-cell (iuner or outer cochlea hair cells for instance) depending upon the
choice of circuit parameter values. We then convert the equations describing the ac-
tivities of the potassium and sodium channels to a canonical semi-state form from
which we develop circuits appropriate for future VLSI implementation. Cireuit
simulations are run with numerical data to correlate with the Howard-Hudspeth
neasurements.

2. Hair-Cell-Type Circuits

The proposed active and nonlinear hair-cell circuit model, fol]owii;g from that of
Weiss and Leong, is based on the mechano-electrical behavior of the hair-cells and
embodies two parts: an electrical part and a mechanical part. The electrical part
models the electrical activities of the hair-cell, namely the opening and closing of
potassium and sodium channels, and transduction channels, specific to the hair-
cells, that regulate the fluctuations of the membrane voltage, through the control
of ion transport into the cell, and via which neural signals, encoding acoustical
information, are transmitted to the brain.

The necessary element in causing both the depolarization and repolarization
of the hair-cell is the voltage-gated sodium channpels. However, the voltage-gated
potassium channels also play an important role in increasing the rapidity of repo-
larization of the membrane. In the absence of any stimulation, the hair-cell is in its
resting state, with the membrane potentjal being around —61mv. In this state the
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sodium and potassium channels are closed. At the onset of a stimulus, the sodium
channels open up instantaneously, allowing sodium ions to penetrate the cell and
increase its potential. A fraction of a millisecond later, the potassium channels open
up, allowing increased potassium flow outward, thus bringing down the membrane
voltage. At the end of the depolarization-repolarization phase, the channels close
back to their original status.

The opening and closing of these voltage-gated channels affect directly the per-
meability of the cell membrane to the potassium and sodium ions and, thus, the
electrical conductance of the cell. Hence, these channels are modeled by the non-
linear conductances G(6) and Gon(V3) (given in Eqs. (1) and (2)) which we convert
to current and voltage controlled nonlinear current sources for circuit realization
purposes.

G(6) = Go + %ﬂ [1 + ta.nh%o] . (1)
Cu(Vy) = K [Go + GT“ (1 + ta.nh;‘%)] . 2)

where Go, Gy, 6o, K, and V, are constant parameters estimated by curve fitting
experimental data and @ represents the deflection angle of the hair-bundle. The slow
process of the opening and closing of potassium channels is symbolically represented
by the series path R,C,. The hair-cell membrane is represented by the nonideal
capacitor C and its leakage resistance R and resting voltage V.

The mechanical part of the hair-cell concerns mainly the movement of the hair-
bundle and its bidirectional coupling with the body of the cell. The hair-bundle is
modeled by a second order mechanical system with an inertia J, a viscous drag B,
and a compliance Cyr, and the electro-mechanical feedback by a torque controlled
by the membrane potential V,,,. The mechanical system is then converted to an
electrical equivalent circuit consisting of an RLC circuit in series with a nounlin-
ear voltage controlled voltage source Tr(Vm), which mimics the electro-mechanical
feedback, and where now & represents the electric charge across Cys. The results are
summarized in Eqgs. (3) and (4) which also describe the input-output (hair-bundle
deflection-cell membrane voltage) characteristic.

86 a6 8
Tp = =Tr(Vim) + Ja—tz- + Ba + E;;; (3)
Ta(Ves) = K’ [ta.nh (‘—"%&) - -“;lf . (@)

where Cpsr is the series equivalent of Cm and Cp and K, Vosrr, and V, s are
constants estimated by curve fitting experimental data.
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By combining the circuit models for the electrical and mechanical parts of the
bair cell, we obtain the circuit shown in Fig. 1, where T is a voltage source repre-
senting the stimulus torque applied to the hair-bundle. Because we are interested
in reproducing the Howard-Hudspeth measurements, we add a capacitor Cr to
account for the compliance of the glass fiber Howard and Hudspteh use in their
experiment to drive the hair-bundle.4
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Fig. 1. The electrical equivalent nonlinear bidirectional model of a hair-cell with fiber excitation.

3. Semi-State Equations and Circuits for Hair-Cell Model

The canonical semi-state representation takes the form of the equations

E% = A(z,t) + Bu. (5)
y = Cz 6)

where u, z, y are the input, semistate, and output vectors, B, C, E constant
matrices (with E possibly singular), and A(.,.) a possibly nonlinear function. These
are very useful for VLSI design using current mode circuits. Consequently, we obtain
such a representation for the nonlinear hair-cell-type structures considered here and
represented by Fig. 1 with the addition of the refinements of Fig. 2 to include ion
channels as mentioned below.

In the hair-cell circuit of Fig. 1 the slow process of the opening and closing of
potassium and sodium channels is modeled by allowing the effective conductances
of these channels to vary according to laws determined by Hartline'® and given
below as Eqs. (7) and (8)

Ci= Gmi
T L4 exp[~ (Vi (t) = Vi) /i)

i= Na,K. )

where G, Vos and p; are constants associated with the basic sodium, i = Na, or
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Fig. 2. Equivalent circuit for the hair-cell potassium and sodium channels semistate equations.
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potassium, { = K, channels. Physically, G,,; is the maximum conductance, reached
wheun all channels are open, V,; a half-activation voltage and y; the channel charac-
teristic voltage. In addition to the characterization in terms of voltage dependent
conductances, there is the slow opening and closing of these channels which are
modeled by the following differential equations due to Hartline.!$

p 4Gk _ Gk _
M d T T4 expl= (Vin(t) = Vi) 1]

Gki. (8)

for i = 1,2 and where 7x, and Ti2 are the slow and fast time constants for these
two channels,

To lead to transistorized hardware implementations for the hair-cell circuit, we
interpret these laws in terms of a basic circuit (Fig. 2) for which canounical semi-
state equations are derived below, following a previous treatment.!”1® With Fig. 2
in hand, we set the semistate vector for it as

r= [V;‘Kl: V;:K?:iGNaiiGK!iGKmiGKQ: meim]T° (9)

and describe the dynamics by

- =
TK1 . L
TK2
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T+

G (z7)
Gxa(zr)
Gnolz7)|xr = Viva)
G (z7){zy = Vi)
zy(z7 — Vk)
za(zy ~ Vi)

0
0

+ Bu. (10)

Here the .’s inside the matrices represent 0 and the A, and A; depend on the choice
of the input. Also, for compactness we have defined for (7

_ Gumx;
GilVn) = T e Con 0 = Vo;)/us)’ w

for j = No,K,K\,K, and where V) = Voo = Vox. Gj(Vim) represents the
current i; for a 14 resistance r;. Next we determine the matrices B and C for the
two cases (admittance or impedance basis) below.

Case 1: u=V,,,y = ip,. By inspection we get

B
C

[0,0,0,0,0,0,1,0)7, A4,=-1
[0,0,0,0,0,0,0,1), A;=0. (12)

Case 2: u =i,,y = V,. In this case

B = [0,0,0,0,0,0,0,2)7, A4,=
¢ = [0,0000,0,1,0, A =-1 (13)
For a complete semi-state description of the hair-cell circuit of Fig. 1, we first

adjoin to the semi-state x the variables zg = Vi, Z10 =6, and z,; = §. Then in Eq.
(10), we replace u by z; for case 1 and by z¢ for case 2, and set T¢ = u in Eq. (3).



Semi-State Models for VLS! Hair-Cell Circuits 7

Finally, we add to Eq. (10) Eqs. (1)-(4) and the equations for the currents through
capacitors C and Cp. These latter two equations are obtained through Kirchhoff's
current law as follows:

CR = —im= Gyl V) -

G(Vm - V;,) = Gﬂh(vp)(vﬂ‘ = VB) -

G(0)(Vin - V). (14)
P%& = =Gp(Vm = V}). (15)

where G, = 1/R, and G = 1/R.

4. Simulation and Results

To test the circuit models we perform a Spice simulation of the nonlinear bidi-
rectional circuit of Fig. 1 incorporating those of Fig. 2 to include potassium and
sodium channels, with the circuit components being estimated from data of the
Howard-Hudspeth experiments.! The resulting Spice circuit is shown in Fig. 3. Be-
cause the mechanical part is converted from recti-linear to rotational, on the one
hand, and from mechanical to electrical, on the other hand, the resulting circuit is
scaled down to bring the values of capacitances Cr aud Cu to reasonable simula-
tion values. Also, the initial conditions across the capacitors are set up so that the
resting potential of the cell is —61 mv. We excite the circuit with a voltage puise
of magnitude 4.8 mv and width 25 ms, simulating the torque Tr, and measure the
membrane potential V;, and the voltage Vs across Cum. The latter is proportional
to § which represents the deflection of the stereocilia of the hair-cell. Here we give
the parameter and circuit component values used in the simulation.

For the mechanical part:

Cr = 8.307 B = 63.94510-5

J = 2875101 C,, = 2376 6
K'= 2377107 Viey = 10mV ),
Vors = =10mV.

For the electrical part:

Ve =100mV Gy=10"°

Gy =10"% G = 2102

Ve=100mV K =13

Vo= 2mV  Cp=.1uF (17)
R,=20KQ C =0.005:F

R=5M0 V. = —61mV,
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For the semistate circuits:

Ve = 40mV Vi = —-90mV

Ck1 = 8uF Cxa = 1uF

K1 = 12.5K0 T2 = M0

By =5mV BNa = 5mV (18)

Vox = ~20mV Vona = =20mV
Gmk = 51075 GmNa = 51078
Gmx1 =0.3510~% Gpk2 = 0.35107°.
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Fig. 3. The SPICE circuit.

As shown in Fig. 4 and Fig. 5 the results obtained reproduce the waveforins
for the membrane potential recorded by Howard and Hudspeth in their shape and
order of magnitude. Note that in the Howard-Hudspeth case as well as in ours the
membrane potential becomes even more negative than the original resting poten-
tial for a short period of time. This is caused by the fact that many potassium
channels remain open for several milliseconds after the repolarization process of the
membrane is complete. This allows excess potassium ions to diffuse out of the cell,
leaving a deficit of positive charges on the inside, which means a more negative
membrane potential. This phenomenon has been observed in hair-cells as well as in
other cells of the body.

5. Discussion

In this paper we have presented a nonlinear bidirectional hair-cell circuit and de-
veloped a set of canonical semi-state equations and circuits for its potassium and
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Fig. 4. The hair-cell membrane potential V,,.
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sodiun channels. Although a large number of other sets can be used, the oues de-
veloped are of special interest since they should lead to transistor circuit realizations
of the hair-cell-type circuits.

The semi-state equations derived present a number of difficulties for realization
in terms of electronic hardware largely due to the fact that the equations include
differential equations for conductance rather than for voltage and current. Conse-
quently, a transfer of the equations into voltage and current ones was needed and
that was carried out by numerically converting the conductances into voltages and
then realizing the resulting currents via voltage controlled current sources (VCCS).
It is in this direction that our equations have evolved. The best way to make a
VCCS is usually to use a differential amplifier with a current mirror.!* When BJTs
are used this leads to an hyperbolic tangent gain function whereas when MOS
transistors are used the result is a square root function, both of which can closely
approximate the nonlinearities of {7) and (8).

State variable types of equations work with inputs and outputs while the equa-
tious of hair-cells are somewhat like resistors in that sometimes voltage is an in-
put and sometimes current is an input, a property which one might call “non-
orientedness.” To reflect this non-orientedness of the hair-cell we developed two
sets of canonical semi-state equations which will be useful for ear-type systems
incorporating hair-cell types of behaviors.
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