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R. W. N e w c o m b  I and  B. Dziurla  I 

Abstract. The semistate theory of circuits and systems is reviewed with regard to 
its applications. Among these latter discussed are electronic circuit design and 
analysis, hysteresis, knot generation, neural networks, and constrained robot 
characterizations. 

I. Introduction 

An importance of systems theory is that it allows us to formulate a full 
system's operation in terms of the descriptions of  subsystems that are 
connected to make the full system. When broken into their most primitive 
parts these subsystems can usually be described in terms of either differential 
equations or algebraic equations. The full system description is obtained 
by subjecting the primitive subsystems to the connection laws from which 
we more often than not obtain a mixed differential-algebraic description of 
the full system. In many cases the algebraic portions of  the full system 
description can be eliminated, leading to the state-variable description. 
Indeed, the state-variable description has been the prevailing tool in systems 
theory as developed following World War II. But in some cases the elimina- 
tion of algebraic constraints is not possible or if possible it may lead to loss 
of  accuracy or to loss of  necessary information about the system. What is 
even more important is that when state-variable-described systems are 
interconnected the resultant system may not have a state-variable descrip- 
tion. Consequently, the semistate-variable description of systems has been 
under development recently with the practical result that the shortcomings 
of state-variable theory are often overcome. In this paper  we discuss some 
applications to circuit and system design, including robotics, where the 
semistate equations offer an advantageous description. 
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The class of systems that have a semistate description has different 
nomenclature in different fields. For example, control theorists and 
mathematicians call them "singular systems" [31], [39], [3], [4], since the 
matrix on the derivative of the semistate is generally singular, or sometimes 
they call them "generalized state-space systems" [1], [28], [57], or at times 
"extended state-space systems" [29]. On the other hand, the engineering 
economic systems community calls them "descriptor" [36], [37] since they 
give the natural description of the system, while numerical analysts call 
their descriptions "differential-algebraic equations" (DAEs) [26], [ 10], [38], 
[48] or "differential equations with algebraic constraints" [35 ]. In the circuits 
area the original name was "pseudostate" [30] but more recently these 
systems have been called "semistate systems" [18] since they are almost, 
though not quite, state described. 

But all of  these fields have a commonality in that the describing equations 
are essentially the same, in which case results in one field naturally carry 
over to the others. For example, placing the equations which describe an 
electronic circuit in semistate form allows us to perform a computer-aided 
analysis of the circuit using the powerful methods under development by 
numerical analysts. 

As a starting point for the mathematics we realize that many physical 
systems can be described by the nonlinear fully implicit form 

F(x ' , x ,  t, u, y) = 0, (1.1) 

where F ( . , . , . ,  . , . )  is a vector-valued function of its arguments. These 
arguments are the input vector u, the output vector y, the semistate vector 
x, and time t which may be either continuous or discrete. In the continuous- 
time case, which is what we consider here unless comment is made otherwise, 
' denotes time differentiation (that is, '=  d/dt ) .  In the discrete-time case ' 
could mean replace t by t + 1 or, alternatively, it could mean replace t by 
t + 1 and then subtract the original vector (without this t replacement). In 
any event, (1.1) is rather too general for most applications and usually 
results when internal variables are eliminated via some sort of feedback. 
Consequently, we work with the specific canonical semistate equations, 
presented as (2.3) below, which can also be derived under appropriate 
conditions from the fully implicit form (1.1) [26, p. 7], [6]. 

The semistate theory of systems has many and varied applications in 
engineering and science, indeed, too many for us to discuss here. What we 
concentrate on are design aspects, again in a somewhat limited framework. 
However, before proceeding to the technical details we comment that 
semistate theory is driven by very practical applications. This is especially 
true in the circuit design area where, for example, the main circuit analysis 
program, ASTAP, used by IBM is based upon the semistate formulation 
of circuits [58] and the need for industrial concerns to handle operational 
amplifier circuits [53]. 
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2. The canonical semistate equations 

Here we present the canonical semistate equations (2.3) in a general 
framework, showing how they come about and their relationship to (1.1). 

Usually a system is built up of basic components  which are either 
dynamic, having a differential equation model, or static, having an algebraic 
(or functional) model. The variables of  the basic components are interrelated 
by the connections used to form the basic components into the full system. 
Before we make the connections to form the full system we can think of 
the basic components as independent items, somewhat like components in 
a stockroom. As stockroom items, for the basic differential components,  let 
Xl and x2 = x'l be vectors of  "dependent"  variables with x3 the vector of  
variables on which they depend and let x4 be the vector of  variables used 
to describe the algebraic components.  For example, in electronic circuits, 
Xl could be capacitor charges, with xz and x3 the capacitor currents and 
voltages, respectively; x4 could be voltages and currents describing resistors 
and low-frequency behavior of  op-amps and transistors. Then as uncon- 
nected components  we have 

x'l = x2, (2.1a) 

xl =f (x3 ,  t), (2.1b) 

0 = g(x4, t), (2.1c) 

where f ( - ,  �9 ) and g ( . ,  �9 ) are vector-valued functions and 0 is a zero vector. 
On top of these equations there is some law of connection (and variable 
identification) which interrelates the variables of  these basic components,  
along with the input u; for example, Kirchhoff's laws in the case of  electronic 
circuits. Thus, 

[Xl 1 ix] x2 K. = 0  with x = , (2.1d, e) [x j 
X4 

in which K is a constant matrix if the connections are fixed and invariable; 
x is the semistate vector. Often there is also a relation 0 = h(x, t) that further 
constrains the semistate, as, for example, when a robot arm must write on 
a plane. Finally, we can read off the output y as a combination of the 
internal variables y = C. x where again C is a constant matrix if the outputs 
are fixed in terms of the semistate. 

Putting all of  these equations together we explicitly get (with the dots 
and I ' s  denoting, respectively, zero and identity matrices of  appropriate 
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sizes; the Ks are relevant submatrices of K II ] 
K1 K2 K3 K4 

x +  

f(x3, t; 

g(x4, tl 

h(x, t) +[  51U (2.2) 

along with the output equation, y = Cx. We note that the coefficient matrix 
of  x '  is generally singular and possibly not even square, so that (2.2) is 
usually not in state-variable form. 

In an effort to obtain a smaller set of  equations we may at times prefer 
to make various eliminations in (2.2) while still maintaining the nature of  
the equations. With this in mind we call any set of equations of  the form 
of (2.3a, b) canonical semistate equations: 

Ex' = A(x,  t) + Bu, (2.3a) 

y = Cx. (2.3b) 

As above, x is a semistate k-vector, u is the input n-vector, and y is the 
output m-vector; E, B, and C are constant matrices all generally being 
singular and A ( . , . )  is a vector-valued function of  the semistate and the 
independent variable (time) t. Most often the matrix E is square but it need 
not be; but usually we assume that it is square without further comment.  
We also take A( . ,  �9 ) to be single-valued�9 Any system described by (2.3) we 
call a semistate described system and note that for physical systems all of  
the quantities involved would normally be real-valued, though we do not 
so restrict the theory. In distributed parameter  systems, such as RC lines 
in integrated circuits [52], it is important to consider infinite-dimensional 
vectors or Hilbert-space-valued vectors [16], and, thus, if so necessary, we 
consider the canonical semistate equations as being defined on Hilbert 
spaces. I f  originally the B and /o r  C matrices do vary in t, then a redefinition 
of semistate components,  such as x5 = u, x6 = Bx5, can yield constant B and 
C; an alternate is to define x5 = t which then gives nonlinear dependence 
which can be completely absorbed in A by the use of equivalences [44]. 

Of  special interest is the linear case which we define by 

A(x, t) = A( t ) . x .  (2.4) 

I f  A(t )  is independent of  t, then the linear semistate-described system is 
time-invariant, called LTI. For a linear semistate-described system we can 
replace ' by an operator, ' = p, and use operator techniques to eliminate the 
internal (semistate) variables to obtain a transfer function description 

y = T ( p , t ) . u  with T ( p , t ) = C . [ p E - A ( t ) ]  - 1 . B  
(2.5a, b) 
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in which we have assumed that the indicated inverse exists and care should 
be taken since p and the t-dependent quantities do not commute. The 
situation where the indicated inverse does not exist is usually bypassed 
since in practical cases the full system most often has a transfer function. 
However, in describing subsystems and components from which the system 
is constructed the case where no transfer function exists is practically very 
important, as, for example, where devices such as op-amps are present; 
when pE-A( t )  is identically singular an input-output  pairing, F(p,  t) . y  = 
G(p,  t) �9 u, can be given [21] and is used to replace the transfer function. 
In the LTI case T(p,  t )=  T(p )  and we can interpret p as the Laplace 
transform variable. 

3. Feedback 

In the design of electronic circuits and control systems, feedback is an 
important concept. Here we show how the incorporation of feedback limits 
the state-variable theory of  systems but places no restrictions on the semistate 
theory. 

Feedback is defined through the signal flow graph of Figure 1 where 
system $2 provides feedback around the forward system $1; the intersection 
points in a signal flow graph mean that signals leaving the point are all 
identical to the sum of  the signals coming into the point. Mathematically, 

Y =Yl = u2, Ul = u+y2.  (3.1a-c) 

3.1. Limitations of  state-variable theory 

A critical limitation of state-variable theory is that it may not be able to 
describe the feedback connection of two state-described systems. This is 
best seen by example, the following being typical. We first note that the 
standard equations of linear state-variable theory are 

x ' - -  A ( t ) x  + B(t)u,  (3.2a) 

y = C ( t ) x +  D(t )u ,  (3.2b) 

where A, B, C, and D are matrix functions of  t. 

u~ y~ 
u " i'~ Sl " " y 

[. 
S 2 ~, 

Y2 U2 

Figure 1. Feedback signal flow graph. 
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Example 1. For this example we take the forward system, indicated by 
subscript 1, and the system providing the feedback, indicated by subscript 
2, to be described by 

! 
Xl = -x l  - u~, x~ = - x 2 -  u2, (3.3a, c) 

Yl = x l + u l ,  y2=O'x2+u2. (3.3b, d) 

Applying (3.1) we find that y = x l + u + y  which means that y cannot be 
expressed within a set of equations of the form of (3.2). We note that 
T l ( p ) = p / [ p + l ] ,  T2 (p )= l ,  and T ( p ) =  T~/ [1 -T1 .  T2]=p for the feed- 
back system; that is, the feedback has created a differentiator and state- 
variable equations cannot directly describe a differentiator. 

3.2. Semistate feedback formulation 

In contrast we consider two semistate-described systems in the canonical 
form 

Elx~ = AI(x l ,  t )+ BlUl, E2X~z= A2(x2, t )+ B2u2, (3.4a, c) 

Yl = Clxl,  Yz = C2x~. (3.4b, d) 

Applying feedback, as per (3.1), gives the full system description 

[..] x ' = [ A ' ( X l ' t ) + B ' C 2 x 2 . +  ' u, x =  (3.5b, a) 
E2 LA2(x2, t) + BzC1xl.I x: ' 

y = [ c , , .  ]x. (3.5c) 

In the linear case we may calculate the transfer function using (3.1) from 
Y = Y l  = TlUl  = T,[u+y2] = Tl[u+ T2y] a s  

T(p, t) = [I - T1(p, t ) .  T2(p, t)] -1" T~(p, t) (3.6) 

which can also be found from the semistate equations (using (2.5) with (3.5)). 

Example 2. In the case of Example 1 we first eliminate the D's by introducing 
new semistate components equal to the u; with the resulting feedback system 
having a semistate description given, as per (3.5), as (in which we use 
X2 = U l ,  X4 = / /2 ,  calling t h e  x2  o f  (3.3)x3) 

x ' =  -1  
-11 -11 --1 

u, (3.7a) 

y = [ 1  1 .]x. (3.7b) 

Comparing with Example 1, this shows that semistate theory can succeed 
where state-variable theory may fail. 
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Nex~ we illustrate the use of the canonical semistate equation for various 
design situations. 

4. Design 

In engineering the primary goal is usually that of design of a system from 
given specifications. For example, we may be given a transfer function and 
wish to construct an electronic circuit that has the given transfer function. 
In many such cases we can proceed via the semistate equations. But in so 
doing it is convenient to have specific canonical forms [7], [59] that are 
germane to the problem at hand. In the design of linear systems one such 
form is the following normal form of the semistate equations. We concentrate 
upon the time-invariant case where the most significant design results are 
available. 

4.1. Normal canonical form 

Here we treat the LTI case and use the following normal canonical form: 

[ I  N 3 X ' = [  A~ ) 3 x + [ B i l u ,  (4.1a) 

y = [C1, C2]x, (4.1b) 

where N is a nilpotent matrix; that is, N i = 0 for some integer power i, the 
smallest such integer being called the index of N and of the system. The 
transfer function can be readily calculated from (4.1) as 

T(p) = C~[pI - A~]-I B~ + C2[pN-  I ] - l B  2 (4.2a) 

oo i - -1  

= ~ C1(i/p)j+I(-AI)JB1- 5~ C2(-pN)JB2, (4.2b) 
j= l  j=0 

where we have made a Taylor series expansion about p = o0, by using the 
power series expansion of [ I - X ]  -1, along with the fact that N has index 
i. The rightmost term of (4.2b) shows that the index can be physically 
interpreted as one more than the highest power of p that occurs at p = 0 in 
the transfer function. The index, which is of considerable importance to 
numerical computation [7], [6], therefore differs from the degree of T(p) 
at infinity, the latter being the smallest number of differentiators needed, 
as we discuss below. 

Before discussing how to get the normal canonical form of (4.1) we 
observe that Figure 2 shows a signal flow graph realization of the normal 
canonical form equations using integrators (for the upper subsystem) and 
differentiators (for the lower subsystem) (in Figure 2 the vectors Xl and x2 
are the subvectors of x corresponding to the subdivision indicated for E 
and A in (4.1a)). In the continuous-time case this uses as many integrators 
as the size of  the identity submatrix in E of (4.1a) and as many differentiators 
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Bl Xl ' p- I I Xl Cl 
> > > 

-B 2 

A1 

> 

N~p x 2 C2 
> -- > 

< 

Figure 2. Signal flow graph for normal canonical form. 

as needed to construct the nilpotent matrix N, the minimum number of 
which is the rank of N. 

Because of this importance of the normal canonical form in constructing 
physical systems via integrators and differentiators, we show how to obtain 
it, the method also bringing out the assumptions under which the normal 
canonical form is used. Thus, assume the linear time-invariant case with 
square E and pE -A nonsingular. Although there may be particular num- 
bers Pn for whgich pnE- A is singular this will not be the case for almost 
all Pn. Thus, we choose one of the p, for which p,E - A is nonsingular and 
add and subtract p,E to A in the canonical semistate equations of (2.3a) 
followed by premultiplication of the resulting equation by the inverse of 

A-p,E to get [A-p,E]-IEx '=([+P"[A-P~E]-IE)x+[A-PnE]-~Bu. 
Following this we perform a similarity transformation via a Q~ to obtain 
QI[A -p ,E]-IEQ~ 1 in Jordan form, that is as the direct sum ofa  nonsingular 
matrix Ens and a nilpotent matrix Enp. Multiplying the full equation by Q1 
and letting :~ = Qlx, at this point we have 

[E~s@ Enp]X t~- [ ( / + p . E ~ ) @  (I + pnEnp) ]X + QI ( A - p.E )- ~ Bu 

where we use @ to denote the direct sum of two matrices. Next pre- 
multiply by Q2 = [E~s@ (I  +pnE~p)] -I which finally gives the normal canon- 
ical form with A ~ = E ~ + p . I .  C replaced with CQ~ ~, B replaced by 
Q2Q~(A-p.E)-~B and N=[I+p.E.p]- lE.p;  N is nilpotent since N 2= 
[I +p.Enp]-~E~p[I +p.E.p]  -1 with the latter following since the two factors 
in N commute as can be seen by pre- and post-multiplying E.p by I +p.E.p. 
We comment that in the t-dependent case the substitution for x = Q~-'~ 
leads to an added term - Q ' ~ Q ~  which in general destroys the normal 
canonical form. Although this does not completely negate the possibility 
of obtaining the normal canonical form with t-dependent matrices [25, p. 
721] there is another canonical form that can more often be obtained, this 
being [5, p. 1103] 

I! ;lx+ u, 
y = Cx. (4.3b) 
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As with equation (4.1) and Figure 2, a signal flow graph can be given for 
this canonical form which conveniently leads to the design of time-variable 
systems. 

4.2. Realization of transfer functions 

A typical design problem is: Given a transfer function T(p) find a system 
that has y = T(p). u. In the case that T(p) is rational in p we can proceed 
by finding a set of constant matrices {A, B, C, E}, called a realization of 
T(p), for which T(p) = C[pE -A]-IB, that is, in view of (2.3), (2.5), a 
canonical semistate description holds to give the transfer function. 

The minimal realizations are of considerable interest since they in some 
sense minimize the space used for dynamics (such as chip area due to 
capacitors in integrated circuits), these being realizations in which E has 
minimum rank. This minimum size also coincides with the McMillan 
degree in p of T(p), 6IT(p)], which has been extensively developed from 
its network synthesis roots [42, pp. 176-185]. There are now a number of 
ways to obtain minimal realizations [8], [9], one being to augment T(p) 
to be square, interpret u and y as voltages and currents, do a minimum 
capacitor RC-active synthesis, and then analyze the resulting circuit to get 
the canonical semistate equations. Probably of more interest mathematically 
is the following. Treating p as a complex variable, expand T(p) using a 
matrix partial fraction expansion into T(p) = To(p)+ Too(p) where To con- 
tains all the finite poles and is zero at p = oo and Too is the principal part 
at infinity, as per (4.2). A classical minimal state-space realization [43, pp. 
80-84], [63] can be obtained for both To(p) and T~(1/s) (where we use 
s=l /p  to transfer the poles at infinity to s=0 ) .  Thus, To(p)= 
Co[pI-Ao]-lBo and T~(1/s) = Do+ Coo[sI- Eoo]-lB~ which is T~(p) = 
D~+ Coo[(1/p)I- E~]-aBoo. Introducing x2 as the semistate-like vector for 
T~(p), the last gives a decomposition Ix2=p[Eoox2+Boou] with y ~ =  
C~x2+D~u; further introducing x3=B~u and x4=Doou these become 
p[  Eoox2 + x3] = Ix2,  O = x 3 -  Boou, O = x 4 -  Doou, yoo = fooX2 + X4 which are 
semistate equations for To~(p). We observe that the degree of Too(p) is the 
same as that of T(p) at infinity, 8co; as such 8co is equal to the minimum 
number of ditterentiators in the system and x2 is a 8~o vector. 

Observing (4.2) we see that the decomposition just discussed gives a 
semistate realizations for T(p) by piecing together the ones for To(p) and 
Too(p). We set up the full semistate minimal realization as the following: 

i ill Aoxl ,, i lt  ix+ 
y = [Co, Coo, ", I]x. 

u, (4.4a) 

(4.4b) 
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Here the sizes of  the identities in the second and third rows are the same, 
being equal to the degree of T(p) at infinity, 3~, as are the ones in the 
fourth row and output equation. Comparing with the normal canonical 
form, (4.1), we see that 

I N =  , N ' =  (4.4c) 

for which, in carrying out the power series expansion of (4.2b), we see that 
if N has index i, then E~ has index i - 1, since E~  -~ = 0 and Ei~22 # 0, while 
E~ has size 6o0 x ~ ;  thus the minimum number  of ditterentiators, 6~ = 
size E~, and the highest power, i - 1 = index E~,  o fp  present in the principal 
part of  T(P) at infinity are both nicely expressed in terms of E~o. In terms 
of physical constructions we use the fact that equations (4.4) are in the 
normal canonical form of (4.1) for which Figure 2 holds. 

In summary,  given a rational transfer function, we can give a construction 
for it using the minimum number  of  integrators and ditterentiators by 
creating the minimal realization of (4.4) from which the system is constructed 
via Figure 2. 

Example 3. Here we give a minimal semistate realization of the 3 x 2 transfer 
function matrix 

. -lr2p3+9p2+lOp -P3-4p2-P+ 

p 2 + 3 p + 3  

1 j 111 + [:! 21 + -3 !] 
[1 [!2 ill = - 1  + 1 1 s - 

- 1  . 1 [3] 
+ 3 [p - ( -3 ) ] -~ [1  

3 

(4.5a) 

(4.5b) 

1] (4.5c) 

in which we have set s = 1/p (that is, we obtained a minimal realization in 
s of To(1/s) which has a finite pole at s =0).  Equation (4.5c) checks that 
g~ = 3 which is also directly found by counting, with their order, poles at 
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s = 0 in the middle term on the right in the following Smith-MacMillan 
form [40, pp. 580-595]: 

To~(1/s)-D~= s 1 1 /. 1Is 
1 

i ]   46/ 
Equations (4.5) give a minimal realization from which we see that the 

index of E~ is 2, which is the highest power of  p present in T~(p), with 
the index of the system being 3, while the degree is 4 being the sum of the 
degree at p = -3 ,  which is 1, and the degree at p = oe which is 6~ = 3. The 
minimal realization semistate equations are directly read off for (4.4) as 

x ' =  j 

+ 

" - - 3  . . . . . . . . .  

1 . . . . . . . .  

1 . . . . . . .  

] . . . . . .  

. . . .  . . . . .  

. . . . .  1 . . . .  

. . . . . .  

. . . . . . .  

. . . . . . . .  1 

. . . . . . . . .  

1 1 

. . . . . . . . .  

1 1 . . . . .  

. . . . .  1 . . . .  

. . . . . .  1 

1 - 1  

- 2  1 

-1  

- 1  - 2  

X 

1 

1 

y =  1 - 1  . . . .  1 x. (4.7b) 

1 . . . . .  

In summary,  the transfer function matrix of  (4.5a) results from the semistate 
equations (4.7) and, since these are for a minimal realization, a direct 
construction of  the system via these semistate equations uses the minimal 
number  of  integrators and differentiators. 

u, (4.7a) 
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4.3. Hysteresis 

While the design formulations given above have been for linear systems the 
real power of semistate theory seems to be associated with nonlinear systems. 
Of particular interest is hysteresis where by hysteresis we mean multivalued 
input-output  functions in the steady state (x' = 0). Hysteresis has a number 
of practical uses, one being to minimize the effect of noise in systems by 
maintaining a desired state in a system that would otherwise switch states. 

In many instances semistate theory can be used to create multivalued 
input-output characteristics from single-valued ones [19]. To see how this 
can occur it is probably best to proceed with a simple example for which 
we let 1(. ) denote the unit step function and consider the system defined 
by (all xi, u, and y are scalar here) 

x I - x 2 ] 
1 

1 ( x ~ )  - x31 
E x '  = b x  I _ x4 ] 

x3 -- x4 d 

y = [ ' , ' ,  1 , ' ]x .  

[!1] 
+ u, (4.8a) 

(4.8b) 

The situation is as shown in Figure 3 where the two functions of the second 
and third row of (4.8a) are plotted versus x~ (found for x ' =  0) in Figure 
3(a) and 3(b), respectively. The first row of (4.8a) introduces the input as 
a running parameter in the plot of the function of the second row, and the 
fourth row constrains the y axis of both plots to be the same. Thus, as u x/ 

al(x I -u) 
a 

u x 1 

(a) (b) 

slope=b 

xl 

Y 

a/b 

(c) 

Figure 3. Binary hysteresis generation. 
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changes the plot for the function of  the second row slides by the function 
of the third row with their intersections being solutions at dc (i.e., when 
x ' =  0) for the semistate equations. The resulting hysteresis, called binary 
hysteresis, is plotted, as in Figure 3(c), by sliding the function of Figure 
3(a) by the function of  Figure 3(b) and observing the intersections, which 
give the output, of the two functions as u is varied. By proper choice of 
the design constants a and b, multiple solutions for the same u can be 
obtained, giving the hysteresis. If  we desire a different hysteresis, we would 
insert different (nonlinear) functions in the second and third row of (4.8a) 
as well as possibly a different means of inserting the input u as a parameter. 
When we practically build the hysteresis system, E will not be zero and, 
hence, the parasitic dynamics will ensure that solutions of the full semistate 
equations are not multiple valued but lie somewhere on a branch of the 
hysteresis curve. 

Of course, only certain types of hysteresis can be generated in this manner. 
For example, it does not appear possible to obtain those formed by integrat- 
ing via Stieltjes integrals in which the differentials are differential binary 
hysteresis loops of the form of Figure 3(c). But very intriguing curves with 
many branches can readily be obtained, though the general theory still 
remains to be developed. 

4.4. Torus knot oscillators 

Another nonlinear system for which the design via semistate equations is 
useful is that used to create torus knots' trajectories, these being trajectories 
which form torus knot curves in real three-dimensional space. Practically 
these could arise by the desire to have a robot tie a knot, say in an 
environment hostile to humans. 

We recall that a torus is the direct product of two circles. Thus, we create 
two uncoupled circles via oscillators with these, however, being in four- 
dimensional space, and then follow up by a reduction of the result into 
three-dimensional space via an algebraic constraint. For the oscillators we 
choose the following with t continuous time and initially f ( .  ) = 0: 

Xtl = m l [ X 2 - -  I z f ( x l ) ] ,  Xr3 -~ m 2 [ x 4 - - ~ f ( x 3 ) ] ,  (4.9a, c) 

Xf2 = - - m l X l ,  xl4 = - - m 2 x  3 . (4.9b, d) 

These have solutions (trajectories) when f ( . ) =  0 that satisfy the circle 
equations x ~ + x ~ = R  2 and 2 2 2 x3+x4 = R2 where the radii R1 and R2 are set 
by initial conditions. We see that the XrX2 plane and x3-x4 plane circles 
are traversed at the radian frequencies rnl and m2, respectively. Thus, if m~ 
and m2 are irrationally related the full torus is covered by the solutions of 
(4.9) but if they are rationally related the trajectories are closed and form 
(ml, m2)-torus knots. To reduce the torus to three-dimensional space we 
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let, following [47], 

x5 = x4+ 8 (4.10) 

with 6 a constant greater than R 2 . The final [X, Y, Z ]  = [x6 ,  XT, x8] coordin- 
ates are found by setting 

X = x l / x s ,  Y = x2 / x s ,  Z = ax3/x5 with o~ = R 2 / [  8 2 - R ~ ]  ' /2.  

(4.11) 

1 

1 . . . . .  

1 . . . .  
x r  .= 

- m  2 

" - m l l ~ f ( x 1 )  

-m21x f (x3)  

+ (4.13a) 

- - X 1 / X  5 

- - X 2 / X  5 

- -  O L X 3 / x  5 

y = [ . , . , . , . , . ,  1, 1, 1]x (4.13b) 

Also an improvement  can be made by using Van der Pol oscillators [50], 
rather than linear ones, since Van der Pol oscillators are structurally stable 
while linear ones are not. In the case of Van der Pol oscillators we can 
choose f ( .  ) to be a cubic polynomial for the oscillators of (4.9), (4.13); 
however, it is practically much better to use a piecewise linear function, 
such as f ( v )  = aov - b o -  a l[ v - b~t+ a 2 [  v - -  b2[ with appropriate choice of the 

i"712 

x 
1 - 1  

1 

1 

1 

Direct calculation with these latter quantities gives 

Z 2 + { R - [X 2 + y211/2}2 = r 2 (4.12a) 

with 

R = S R ~ / [ 8 2 - R  2] and r=RIRz / [~52-R22]  (4.12b, c) 

showing that indeed the trajectory is on a three-dimensional torus of  axial 
circle with radius R and meridian circle of  radius r (revoled around the Z 
axis). 

The describing equations for the torus knot are readily put in the canoni- 
cal semistate variable form: 

"1 m~ 

- m  1 



CIRCUITS AND SYSTEMS APPLICATIONS OF SEM1STATE THEORY 249 

slope and breakpoint  constants ai and bl for i =0 ,  1, 2. With a desired 
negative resistance between the two breakpoints,  f ( . )  can be physically 
built using convenient electronic devices. I f  the Van der Pol oscillator is 
used to construct the knot, then the limit cycle is independent of  initial 
conditions and is no longer a circle, in which case the surface on which 
the knot is "drawn"  is no longer given by the torus equation of (4.12). That 
is, rather than using the direct product of  two circles we form a torus as 
the direct product  of two Van der Pol limit cycles with the actual knot being 
the same as obtained via the linear oscillators. 

4.5. Neural networks 

Neural networks are another class of  nonlinear systems that are ideally 
suited to the semistate framework. Generally these have processing elements, 
which are commonly called neurons, interconnections defined through 
weight matrices, and constraints. Dynamics is placed in the neurons and 
the weight matrices are adjusted for the network to perform a specified 
task. The key to the operation then is the specific neurons chosen and the 
means of adjusting the weights, which is an extensive story in itself that we 
can only touch upon here. 

Let us consider just the circuit of  Tank and Hopfield [56]. It consists of 
two types of  neurons, signal ones and constraint ones. The signal neurons 
have the simplest possible dynamics and consist of  a parallel conductance-  
capacitor circuit (of conductance g, capacitance c) fed by a current source 
input with the capacitor voltage v fed through a voltage-to-current converter 
of monotone nonlinearity g(-  ) to give its output current g(v). The input is 
the sum of two types of currents, the first being external inputs and the 
second being the weighted sum of constraint neuron outputs where a 
constraint neuron is a possibly nonlinear current-current converter, of 
nonlinear current transfer characteristic f ( .  ), with an input current that is 
the weighted sum of signal neuron outputs and constant bias currents iB. 
Writing W1 and W2 for the weight matrices of  the signal and constraint 
neurons, respectively, and assuming all neurons with the same parameters 
c, g, f ( .  ), g( .  ) we can write the following semistate equations: 

[!i . . . .  [i' 11 1 ] 
y = [ . , I , . , . ] x ,  

x+ -g(xO 
- - i  8 

-f(x3) 

[i + U, 

(4.14a) 

(4.14b) 

where g( .  ), as well as f ( .  ), now denote the vectors whose components are 
the above g(-  ) and f ( .  ) that act on each of their vector argument 's  com- 
ponents in the same way. In [56] f(i) = - i 1 ( - i )  is taken where 1(. ) is the 
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unit step function and the constraints W2y >-iB are imposed. The weights 
satisfy WI = -  W~, with superscript T the transpose, and are chosen such 
that an associated energy function will seek a minimum. We note that if 
constraints are not imposed, then we can choose the identity function for 
f ( . )  in which the nonconstrained case is seen to be a special case of the 
constrained. In actual constructions, and indeed in the circuits actually 
drawn in [56] and related references, it is often more convenient to use 
voltages out of the constraint amplifiers, via f ( .  ), which are then applied 
to resistors. Doing so adds another term WlXl in (4.14a) which may, but 
need not, change the operation depending upon the relationship of W1 to gL 

Many other philosophies of neural-type systems exist. One prior but very 
similar to the above is that of Morishita [41] which has been used to model 
the cerebellum for computed structures [15]. Most of the recent philosophies 
take the amplitude of the neuron signal as representing the firing rate of 
biological neurons. However, another philosophy is to code information in 
neural-type pulse occurrence times, this being more in line with actual 
biological systems and more noise immune in electronic realizations. Within 
this latter philosophy semistate theory is the key to our formulation [22], 
[23] since the circuits to accomplish the coding rely upon hysteresis. In this 
latter formulation there are neural-type cells, which contain the fundamental 
dynamics for signal processing, neural-type junctions, which combine the 
signals algebraically, and neural-type lines which serve to transfer and shape 
signals and which, when present, move the theory into Hilbert space. Still 
another theory of neural networks, in which semistate formulation is impor- 
tant, is more closely aligned to physiological properties using the fact that 
there are long-term and short-term processes ongoing [14]. 

4.6. Constrained robots 

Since robots are both kinetic and kinematic in their operation they too are 
ideally suited to semistate formulation. Considering a fixed robot with the 
only moving parts being the arm links, the dynamic portion involves the 
(Newton's) equations of motion of the arm and the algebraic portion 
involves the translation of joint coordinates to the world reference frame 
of the robot. The algebraic portion is highly nonlinear since it uses 
trigonometric functions of joint angles while the dynamic portion can be 
quite nonlinear if friction is involved. Besides these, there is often another 
set of constraints placed on the robot arm, for example, that it must remain 
on a certain surface or in a certain region. Some of these constraints are in 
terms of inequalities and therefore require subterfuges for the use of semi- 
state equations, but others can be conveniently expressed in terms of 
nonlinear function equations. For example, if we desire the end of the robot 
arm to trace a knot on a torus, then the equality of (4.12a) could be inserted 
in the semistate equations as a constraint. 

Following [60, p. 297] we note that the dynamical behavior of an n link 
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robot arm can be written in the form 

N(0)0"+ C(O, 0') + G(O) = Ti + BeTe, (4.15) 

where 0 is the vector of  link variables, joint angles for rotary joints and 
radial displacement for prismatic joints [54, p. 148], N(O)  is nonsingular 
(actually positive definite) being the inertia matrix, C(O, 0') is a vector of 
centrifugal, coriolis, and frictional terms, while G(O) is a vector of gravity 
terms; Ti is the generalized link force/ torque vector generated by the robot 
(internally via its motors) with Te being the same for externally applied 
quantities which, however, are assumed to act at the end effectors (of which 
there may be several, for example, on a multimanipulator robot). The vector 
of position world coordinates, that is, X's,  Y's, and Z's,  of  the robot end 
effectors, called Per, which is usually what is desired, is given in terms of 
the link variables via a set of  kinematic transformations, K ( . ) ,  which map 
coordinate systems lined up with the links into the world coordinate frame 
in which the position is to be determined; thus Per = K(O) .  Besides these 
there are often other constraints, due to the arm being constrained to move 
on a surface [61] or due to loads the robot may be asked to manipulate 
[39]. An example of the former could be that the robot is asked to wrap a 
chain around a cylinder to hold something in place while an example of 
the latter is that the robot is asked to lift an item of significant weight. In 
the former case there are added algebraic constraints defining the surface 
0 = S(Pef) while in the latter case there is dynamics incorporated in Te = 
mP~r+ mg where g is the gravity vector in the world frame of reference. 

Putting these equations together we get, on taking T~ as the input and 
writing h ( x )  = - N (  O)- '{  C (  O, 0') + G(  O) - T~ - BeTe}, 

X t =  

+ 

I �9 

I �9 

I 

. . . .  m [  

I . . . .  

I 

I 

. . . .  I " 

. . . . .  I 

- I  

U 

x +  

h(x) 

-K(xd 
S(x4) 

- m g  

0 ]  I0, 
with x = I Ti 

Per ' 

P'~f 
T e .  

(4.16a) 

y = [ ' , ' , ' ,  L . , . ]x .  (4.16b) 
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Here if the load dynamics is absent we can set m = 0 which eliminates the 
last set of  rows and Te from consideration. In the customary case where 
motion is very slow x'  = 0 is usually assumed. If  there is no surface constraint, 
S(.  ), then the only term of real interest in (4.16) becomes the kinematics 
constraint which gives y = K(O) in which case the customary robot problem 
is seen to be that of determination of the robot link variables from the 
desired arm path. Since there are usually many more link variables than 
coordinates of the arms' paths, there are usually many solutions to the 
inverse kinematics problem of finding 0 for given y. 

Although these semistate equations give a nice formulation for robotics' 
problems, they have as yet been little recognized, and, hence, to date have 
not really been used in practical robot design. But their generality and nice 
form should prove useful in the long run. 

Example 4. Consider the robot arm depicted in Figure 4 where the arm is 
constrained to move in the Z -- 0 plane and the end effector is constrained 
to move on the line Y--  Yo. This is a somewhat modified version of the 
robot treated in [49, p. 129]. We first discuss the coordinate frames which 
allow us to obtain the kinematics. 

As shown in Figure 4 we take a fixed coordinate frame, called the world 
coordinate frame, as the reference and starting coordinate system, in which 
we measure X = x0, Y = Yo, Z = Zo. All of the coordinate axes unit vectors 
will be chosen to form a right-hand system with positive Z out of the paper, 
and, since for the robot all zi = 0, no further mention of the Z behavior is 
made. The center of this world coordinate frame is taken as the robot base, 

Y=Yo 

Y=Yc 

Y) 

X 6 c o n s t r a i n t  l i n e  

X=Xo 

Figure 4. Two-dimensional constrained robot. 
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around which (at the first joint which is a rotary one) the first link rotates 
by a variable angle 01. The positive Yl axis is fixed when we choose the Xl 
axis along the first link with origin at the origin of  the xo axis. Next the x2 
axis is taken to line up with the xl axis but shifted to the second (rotary) 
joint at the end of the first link, that is to xl = L1. The second link makes 
a variable angle 02 with the x2 axis with the x3 origin at the x2 origin but 
lined up along the second link of fixed length L2. The x4 origin is taken at 
the (prismatic) joint at the other end of the second link and, thus, is lined 
up with the x3 axis but displaced by length L2. The joint connecting the 
third link with the second one is a right-angle one, making x5 =Y4 and 
y~--- -x4,  that allows the third link to have variable length L3. At the end 
of link three is the fixed end effector where we place the origin of the final 
coordinate system with x6 = x 5 -  L3, Y6 = Ys. The transformations between 
the final and the original coordinate systems can be found via a series of 
one-parameter transformations tracing the above changes from xi to X~+l 
as follows (in which C~ and S~ respectively represent cos 0~ and sin 0~, we 
write 04 = 01 + 02, and the transformations are represented in homogeneous 
form):  

sol 1 L1]Ec21 s2 s2c2 1 IL 1 1 

• 1 �9 1 �9 Y6 

= -$4 SIL,+S4L2+S1L111y61. (4.17b) 

1 J [ l J  

When evaluated at the end ettector, where X6ef=Y6ef=0, these give the 
position, Per = (Xef, Ye0 T, of the end ettector in the world coordinates, that 
is, K(xl) is determined for insertion in (4.16). This latter xl = [01, 02, L3] "r 
as opposed to the scalar Xl of Figure 4. 

The end ettector constraints are 

Y0ef = Yet = Yc. (4.18) 

For the dynamics we assume that the motors driving the three variables 01, 
02, 03 = L 3 are fixed to the first link attached to a joint and move only the 
next link via application of the respective torques ~'1 and ~'z and force f3. 
The fixed line Y-- Yc also exerts a normal force, Fe, to counter the normal 
force applied to it by the robot arm, the latter of which we take as known. 
The force Fx exerted by the end effector is assumed to be taken up by the 
robot arm itself since, for simplicity, we ignore friction; likewise the force 
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of  gravity is so taken up by the robot  arm since its effects cancel out (because 
everything takes place in the Z = 0  plane).  The dynamical  (kinetics) 
equations are 

I1(02,  L3)Of  = ~1, (4.19a) 

I2(L3)0~ = ~'2, (4.19b) 

M3L~ + Fy =f3 ,  (4.19c) 

in which M3 is the mass o f  the rod for the third link and 11 and 12 are the 
moments  o f  inertias driven by the torques ~'1 and ~'2, these latter depending 
upon  the configurat ion o f  the subsequently numbered  links (but not  the 
previous ones by our  assumpt ion  on the connect ion of  the drive motors).  

I f  we let semistate variables be 01, 02, L3, 0~, 0; ,  L; ,  r l ,  ~'2, f3, X~r, Y,r, 
then our  semistate equat ions can be written in the form of  (4.16) as (here 
the last three matrix rows of  

"1 . . . . . . . . . .  

1 . . . . . . . . .  

1 . . . . . . . .  

1 . . . . . . .  

. . . .  1 . . . . . .  

. . . . .  1 . . . . .  
Xt~___ 

4.16a) are empty and, thus, dropped)  

1 . . . . . . .  

. . . .  1 . . . . . .  

. . . . .  1 . . . . .  

. . . . . .  1 �9 . �9 �9 

. . . . . . .  1 

. . . . . . . .  1 

. . . . . . . . .  

. . . . . . . . . .  

. . . . . . . . . .  

+ 

-'rdL 
-r~/I~ 

-(f3 + F~)/ M3 

-(C1 L1 + C4L2 - $4L3) 

-($1Ll + $4L2 + C4L3) 
-g~ 

+ 
1 I u '  

1 

1 

(4.20a) 
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 420b, 

We see that the semistate description for a robot is relatively easily formu- 
lated and that in general there are a large number of zeros present meaning 
that numerical techniques for sparse systems should prove useful. 

4.7. Input for specified output 

Often it is necessary to determine an input, or class of inputs, that will yield 
a desired output. The problem has been extensively studied in terms of 
controllability and observability matrices for linear systems [34], [51], [55], 
[64] with a number of  results nicely summarized on p. 17 of  [33]. Here we 
mention the theory of  [29] which we slightly extend in order to work with 
the output and semistates, rather than just the state, and for nonlinear 
t-varying systems. 

Given the canonical semistate equations, (2.3), we find nonsingular 
(constant) matrices Pi, Po and Q~, Qo to transform the input and output 
matrices (B and C) into identities and zeros to write 

PiEQo(Qolx) '= P~A(Qo(Qolx), t)+[I]Q?'u, 
Poy=[I, "]Qo~x. 

(4.21a) 

(4.21b) 

By writing Xo = Qolx, noting from (4.21b) that the first component of  this 
is Poy, and premultiplying the first equation by Q~[I, �9 ] we obtain 

u=Qi[I,']PilEQol P~ -A(Qo[ oq,, . (4.22) 
t L Xo2 _1 \ L Xo2 .l 

Thus, if we can observe enough of the state (i.e., rank C = d i m y )  and 
control enough of the state (i.e., rank B = dim u and appropriate properties 
of E and A( . ,  �9 )) we can find a u to force y as desired. In so doing there 
are a number of  free parameters, via the unobservable Xo2, such that some 
useful properties of x may be obtainable; but in any event these free 
parameters have no effect on the output (in theory-- in  practice it is another 
story, since errors in fixing C could cause Xo2 to influence the output y). 

Example 5. We consider the system defined by 

(4.23a) 

y = [1, 2, -3]x.  (4.23b) 
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Transforming by 

Po = 1= Qi, 

-2 F' 
Qo = 1 , Pi= 1 , 

�9 1 

gives, with Xo = Qolx, 

[ 1 - 2  3] [ i i  4 - ! 1  [ ! ]  �9 �9 x ' =  5 - X o +  u, 

1 - 2  3 4 

(4.24a, b) 

(4.24c, d) 

(4.25a) 

y=[1 ,  ", "]xo, 

which is readily solved for u in terms of y = xol as 

u = [ 1 , - 2 , 3 ]  X'o2 - [ - 2 , 4 , - ~ ]  Xo2. 

Lx'  LXo  

(4.25b) 

(4.25c) 

If xo2 = Xo3 = 0, then u = y'+2y which checks the transfer function T(p)= 
1/(p+2);  for example, under these conditions if y =3 exp(- t ) l ( t ) ,  then 
u(t) = 3 exp(-t) l( t)+38(t)  where 1(. ) and 6(. ) are the unit step and unit 
impulse functions, respectively. 

5.  D i s c u s s i o n  

As we hope has been illustrated here, the applications of semistate theory 
are many, varied, and more practical than might be imagined at first glance�9 
Unfortunately space and time constraints have limited us in the actual 
applications treated in the text so it is worth pointing out a number of other 
areas where applications have been, or are being, made. Probably the most 
useful of these is that of nonlinear electronic circuit analysis and design 
[58], [17], [62] where Kirchoff's laws are the algebraic connection con- 
straints and the laws of the elements are either algebraic, such as for resistors, 
or dynamic, as for capacitors. Besides these, among other topics of interest 
are: forward-backward systems [32], [451, pole placement [11], [27], 
equivalent systems [2], [28], sensitivity [461, [20], stability of time-variable 
networks [30], optimal control [121, and surface acoustic wave (saw) system 
design [131. Likewise there are now appearing a number of theses in the 
area. In the above we have used the independent variable as time but in 
some applications, such as picture processing, we may wish to consider 
spatial or other variables, sometimes even of higher dimension�9 
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As can be seen from the treatment above, in applications it is convenient 
to work from standard forms since they allow general theories to be applied 
to specific cases. Among the standard forms of most use for semistate- 
described systems are the "canonical semistate equations" of (2.3) and the 
"normal canonical form" of (4.1). After some experience in working with 
these a feeling is obtained for what a system can do if various changes are 
made in the description. For example, by decreasing the size of the nilpotent 
matrix N in the normal canonical form the maximum number of differen- 
tiators needed in a physical construction can be decreased. 

It is our feeling that the field of applications of semistate theory is just 
in its infancy and that many important uses lie ahead. For example, we feel 
that biometrical-engineering applications could be very significant and that 
among future applications to be explored is that of hurricane prediction 
[24] where the equations describing hurricane formation undoubtedly take 
semistate form since there are dynamics due to the motion of air and water, 
as well as algebraic constraints due to gas and thermodynamical laws and 
the connection conditions for adjoining media. An exciting future seems to 
lie ahead. 

References 

[1] A. Ailon, Controllability of Generalized Linear Time-Invariant Systems, IEEE Transac- 
tions on Automatic Control, Vot. 32, No. 5, May 1987, pp. 429-432. 

[2] B. D. O. Anderson, R. W. Newcomb, R. E. Kalman, and D. C. Youla, Equivalence of 
Linear Time-Invariant Dynamical Systems, Journal of the Franklin Institute, Vol. 279, 
No. 5, May 1966, pp. 361-378. 

[3] S. L. Campbell, Singular Systems of Differential Equations, Pitman, New York, 1980. 
[4] S. L. Campbell, Singular Systems of Differential Equations I1, Pitman, New York, 1982. 
[5] S. L. Campbell, A General Form for Solvable Linear Time Varying Singular Systems of 

Differential Equations, SIAM Journal on Mathematical Analysis, Vol. 18, No. 4, July 
1987, pp. 1101-1115. 

[6] S. L. Campbell, General Method for Nonlinear Descriptor Systems: An Example from 
Robotic Path Control, Proceedings of the 27th IEEE Conference on Decision and Control, 
Austin, TX, December 1988, pp. 630-631. 

[7] S. L. Campbell and K. Clark, Order and the Index of Singular Time-Invariant Linear 
Systems, Systems & Control Letters, Vol. 1, No. 2, August 1981, pp. 119-122. 

[8] M. A. Christodoulou and B. G. Merzios, Realization of Singular Systems via Markov 
Parameters, International Journal of Control, Vol. 42, No. 6, December 1985, pp. 1433- 
1441. 

[9] M. A. Christodoulou, B. G. Mertzios, and F. L. Lewis, Simplified Realization Algorithm 
for Singular Systems, Proceedings of the 28th Conference on Decision and Control, Los 
Angeles, CA, December 1987, pp. 1142-1143. 

[10] K. D. Clark and L. R. Petzold, Numerical Solution of Boundary Value Problems in 
Differential/Algebraic Systems, UCRL-98449, preprint, Lawrence Livermore National 
Laboratory, April 15, 1988. 

[11] D. Cobb, Feedback and Pole Placement in Descriptor Variable Systems, International 
Journal of Control, Vol. 33, No. 6, June !981, pp. 1135-1146. 

[12] D. Cobb, Descriptor Variable Systems and Optimal State Regulation, IEEE Transactions 
on Automatic Control, Vol. 28, No. 5, May 1983, pp. 601-611. 



258 NEWCOMB AND DZIURLA 

[13] N. C. Debnath, R. C. Ajmera, M. F. Hribsek, and R. W. Newcomb, Scattering and 
Admittance Matrices of SAW Transducers, Circuits, Systems, and Signal Processing, Vol. 
2, No. 2, 1983, pp. 161-177. 

[14] N. DeClaris and A. Rindos, Semistate Analysis of Neural Networks in Aplysia California, 
Proceedings of the 27th Midwest Symposium on Circuits and Systems, Morgantown, WV, 
pp. 686-689. 

[15] N. Dimopoulos and R. W. Newcomb, Modeling Networks of Morishita Neurons with 
Application to the Cerebellum, Proceedings of  the International Conference on Cybernetics 
and Society, Denver, CO, October 1979, pp. 597-602. 

[16] V. Dolezal, Monotone Operators and Applications in Control and Network Theory, Elsevier 
Scientific, Amsterdam, 1979. 

[17] V. Dolezal and R. W. Newcomb, A Nonlinear Impedance Converter, IEEE Transactions 
on Circuits and Systems, Vol. 28, No. 2, February 1981, pp. 149-152. 

[18] B. Dziurla and R. W. Newcomb, The Drazin Inverse and Semi-State Equations, Proceed- 
ings of  the International Symposium on Mathematical Theory of Networks and Systems, 
Delft, July 1979, pp. 283-289. 

[19] B. Dziurla and R. W. Newcomb, A Semistate Model for Equal Slope Hysteresis, Proceed- 
ings of  the International 83 AMSE Symposium '~ & Simulation," Bermuda, March 
1983, pp. 181-187. 

[20] B. Dziurla and R. W. Newcomb, On the Sensitivity in Semistate Described Linear Systems, 
Abstracts of the First International Conference on Industrial and Applied Mathematics, 
Paris, June-July 1987, pp. t1-12. 

[21] B. Dziurla and R. W. Newcomb, Input-Output Pairing in LTV Semistate Systems, IEEE 
Transactions on Circuits and Systems, Vol. 36, No. 1, January 1989, pp. 139-141. 

[22] N. EI-Leithy and R. W. Newcomb, A Semistate Model for Neural-Type Junction Circuits, 
in Analysis and Control of  Nonlinear Systems, edited by C. I. Byrnes, C. F. Martin, and 
R. W. Sacks (Proceedings of the 8th International Symposium on MTNS-87, Phoenix, 
AZ, June 1987), North-Holland, Amsterdam, 1988, pp. 313-318. 

[23] N. E1-Leithy and R. W. Newcomb~ Hysteresis in Neural-Type Circuits, Proceedings of 
the 1988 IEEE International Symposium on Circuits and Systems, Espoo, Finland, June 
1988, pp. 993-996. 

[24] K. A. Emanuel, Toward a General Theory of Hurricanes, American Scientist, Vol. 76, 
No. 4, July-August 1988, pp. 170-179. 

[25] C. W. Gear and L. R. Petzold, ODE Methods for the Solution of Differential/Algebraic 
Systems, SIAM Journal of Numerical Analysis, Vol. 21, No. 4, August 1984, pp. 716-728. 

[26] E. Griepentrog and R. Marz, Differential Algebraic Equations and Their Numerical Treat- 
ment, Teubner-Texte zur Mathematik, Band 88, Teubner, Leipzig, 1986. 

[27] S. B. Haley, The Generalized Eigenproblem: Pole-Zero Computation, Proceedings of the 
IEEE, Vol. 76, No. 2, February 1986, pp. 103-120. 

[28] G. E. Hayton, P. Fretwell, and A. C. Pugh, Fundamental Equivalence of Generalised 
State Space Systems, IEEE Transactions on Automatic Control, Vol. 31, No. 5, May 1986, 
pp. 431-439 (expansion of a paper of the same title in Proeeedings of the 23rd Conference 
on Decision and Control, Las Vegas, NV, December 1984, pp. 289-290). 

[29] N. Karcanias, Regular State-Space Realizations of Singular System Control Problems, 
Proceedings of the 28th Conference on Decision and Control, Los Angeles, CA, December 
1987, pp. 1144-1146. 

[30] C. F. Klamm, Jr., B. D. O. Anderson, and R. W. Newcomb, Stability of Passive Time- 
Variable Circuits, Proceedings of the IEE, Vol. 114, No. 1, January 1967, pp. 71-75. 

[31] V. Kucera, Stationary LQG Control of Singular Systems, IEEE Transaezions on Automatic 
Control, Vol. 31, No. 1o January 1986, pp. 31-39. 

[32] F. L. Lewis, Descriptor Systems: Decomposition into Forward and Backward Subsystems, 
IEEE Transactions on Automatic Control, Vol. 29, No. 2, February 1984, pp. 167-170. 

[33] F. L. Lewis, A Survey of Linear Singular Systems, Circuits, Systems, and Signal Processing, 
Vol. 5, No. 1, 1986, pp. 3-36. 



CIRCUITS AND SYSTEMS APPLICATIONS OF SEMISTATE THEORY 259 

[34] F. L. Lewis and K. Ozcaldiran, Reachability and Controllability for Descriptor Systems, 
Proceedings of the 27th Midwest Symposium on Circuits and Systems, Morgantowm, WV, 
June 1984, pp. 690-695. 

[35] P. Lotstedt and L. Petzold, Numerical Solution of Nonlinear Differential Equations with 
Algebraic Constraints, I: Convergence Results for Backward Differentiation Formulas, 
Mathematics of Computation, Vol. 46, No. 174, April 1986, pp. 491-516. 

[36] D. G. Luenberger, Dynamic Equations in Descriptor Form, IEEE Transactions on Auto- 
matic Control, Vol. 22, No. 3, June 1977, pp. 312-321. 

[37] D. G. Luenberger, Non-Linear Descriptor Systems, Journal of Economic Dynamics and 
Control, Vol. 1, 1979, pp. 212-242. 

[38] R. Marz, On Initial Value Problems in Differential-Algebraic Equations and Their 
Numerical Treatment, Computing, Vol. 35, 1985, pp. 13-37. 

[39] N. H. McClamroch, Singular Systems of Differential Equations as Dynamic Models for 
Constrained Robot Systems, Proceedings of the IEEE Conference on Robotics and Automa- 
tion, San Francisco, CA, 1986, pp. 21-28. 

[40] B. McMillan, Introduction to Formal Realizability Theory, II, The Bell System Technical 
Journal, Vol. 31, No. 3, May 1952, pp. 541-600. 

[41] I. Morishita and A. Yajima, Analysis and Simulation of Networks of Mutually Inhibiting 
Neurons, Kybernetilg 1972, pp. 154-165. 

[42] R. W. Newcomb, Linear Multiport Synthesis, McGraw-Hill, New York, 1966. 
[43] R. W. Newcomb, Active Integrated Circuit Synthesis, Prentice-Hall, Englewood Cliffs, 

NJ, 1968. 
[44] R. W. Newcomb, The Semistate Description of Nonlinear Time-Variable Circuits, IEEE 

Transactions on Circuits and Systems, Vol. 28, No. 1, January 1981, pp. 62-71. 
[45] R. Nikoukhah, A. S. Willsky, and B. C. Levy, Boundary-Value Descriptor Systems: 

Well-Posedness, Reachability and Observability, International Journal of Control, Vol. 
46, No. 5, November 1987, pp. 1715-1737. 

[46] P. N. Paraskevopoulos, M. A. Christodoulou, and M. A. Tsakiris, Eigenvalue-Eigenvector 
Sensitivity Analysis of Linear Time-Invariant Singular Systems, IEEE Transactions on 
Automatic Control, Vol. 29, No. 4, April 1984, pp. 344-346. 

[47] R. Parris, A Three-Dimensional System with Knotted Trajectories, American Mathemati- 
cal Monthly, Vol. 84, No. 6, June-July, 1977, pp. 468-469. 

[48] L. Petzold, Numerical Solution of Differential/Algebraic Systems by Implicit Runge- 
Kutta Methods, Proceedings of the 27th Midwest Symposium on Circuits and Systems, 
Morgantown, WV, June 1984, pp. 679-681. 

[49] M. H. Raibert and J. J. Craig, Hybrid Position/Force Control of Manipulators, Transac- 
tions of the ASME, Vol. 102, June 1981, pp. 126-133. 

[50] R. Rassai and R. Newcomb, Van der Pol Realization of Torus Knot Oscillators, IEEE 
Transactions on Circuits and Systems, Vol. 35, No. 2, February 1988, pp. 215-230. 

[51] M. T. Saidahmed and M. E. Zaghloul, On the Generalized State-Space Singular Linear 
Systems, Proceedings of the IEEE 1983 International Symposium on Circuits and Systems, 
Newport Beach, CA, May 1983, pp. 653-658. 

[52] R. E. Showalter and C. H. Snyder, A Distributed RC Network Model with Dielectric 
Loss, IEEE Transactions on Circuits and Systems, Vol. 33, No. 7, July 1986, pp. 707-710. 

[53] R. F. Sincovec (Program Manager), Solvability of Large Scale Descriptor Systems, Final 
Report, Boeing Computer Services Company, Seattle, WA, June 1979. 

[54] W. E. Snyder, Industrial Robots, Computer Interfacing and Control, Prentice-Hall, Engle- 
wood Cliffs, NJ, 1985. 

[55] S. Tan and J. Vandewalle, Irreducibility and Joint Controllability Observability in Singular 
Systems, Proceedings of the 28th Conference on Decision and Control, Los Angeles, CA, 
December 1987, pp. 1118-1123. 

[56] D. W. Tank and J. J. Hopfield, Simple "Neural" Optimization Networks: An A/D 
Converter, Signal Decision Circuit, and a Linear Programming Circuit, IEEE Transactions 
on Circuits and Systems, Vol. 33, No. 5, May 1986, pp. 533-541. 



260 NEWCOMB AND DZIURLA 

[57] G. C. Verghese, B. C. L6vy, and T. Kailath, A Generalized State-Space for Singular 
Systems, IEEE Transactions on Automatic Control, Vol. 26, No. 4, August 1981, pp. 
811-831. 

[58] W. T. Weeks, A. J. Jimenez, G. W. Mahoney, D. Mehta, H. Qassemzadeh, and T. R. 
Scott, Algorithms for ASTAP--A Network-Analysis Program, IEEE Transactions on 
Circuit Theory, Vol. 20, No. 6, November 1973, pp. 628-634. 

[59] J. H. Wilkinson, Linear Differential Equations and Kronecker's Canonical Form, in 
Recent Advances in Numerical Analysis, edited by C. De Boor and G. H. Golub, Academic 
Press, New York, 1987. 

[60] W. A. Wolovich, Robotics: Basic Analysis and Design, Holt, Rinehart and Winston, New 
York, 1987. 

[61] T. Yoshikawa, Dynamic Hybrid Position/Force Control of Robot Manipulators: Descrip- 
tion of Hand Constraints and Calculation of Joint Driving Force, Proceedings of  the 1986 
International Conference on Robotics and Automation, San Francisco, CA, April 1986, 
pp. 1393-1398. 

[62] M. E. Zaghloul and M. T. Saidahmed, Generalized Properties of Singular Linear Con- 
tinuous Systems, preprint. 

[63] S.-Y. Zhang, A New Realization Theory, IEEE Transactions on Automatic Control, Vol. 
33, No. 7, July 1988, pp. 669-672. 

[64] Z. Zhou, M. A. Shayman, and T.-J. Tarn, Singular Systems: A New Approach in the 
Time Domain, IEEE Transactions on Automatic Control, Vol. 32, No. 1, January 1987, 
pp. 42-50. 


