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Abstract. The design of a continuous-time system suitable for electronic circuit 
realization for integrated circuit generation of chaotic responses is presented. The 
system is second order and is based upon an unstable oscillator with state-space 
trajectories that are fed back into themselves, and stabilized, via the use of binary 
hysteresis. The chaotic nature of the signals is guaranteed by a theorem of Li and 
Yorke through the generation of a period-three return map. Experimental results 
are given that verify the design. 

I.  Introduction 

The mathematics of chaotic systems has recently been under great develop- 
ment and one can now cite hundreds of papers in the area (for which reason 
we will only cite those that are needed as we proceed). And, even though 
one can scarcely find engineering uses in the literature, it seems to us that 
there are some very meaningful ones. What has motivated us in this study, 
and indeed led to our collaboration, is fibrillation of the heart, which seems 
to us to be a chaotic mode. In our view very simple electronic systems 
which mimic such phenomena as fibrillation of the heart could lead to 
valuable noninvasive experimentation that could improve the quality of life 
for many individuals, for example by yielding control systems that bring a 
system out of  chaos. Although we do not really say more about the heart 
in this paper, it may be well worth keeping it in mind to give motivation 
and orientation to the paper and to others in the field of chaotic circuits. 

What we do is give the design theory and experimental results for a 
second-order, continuous-time, integrable electronic system which is shown 
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to give chaotic responses. We are able to achieve the chaotic responses in 
a second-order system by the use of binary hysteresis which is relatively 
easy to construct with transistorized circuits and which does seem relevant 
to the actual pumping of the heart. The philosophy, which is intuitively 
explained more fully in Section 2 before the mathematical and experimental 
developments which follow, is to create two planes in which second-order 
linear but unstable system "pseudo"-trajectories are formed. Via the hyster- 
esis the true trajectories jump between these "pseudo"-trajectories in such 
a manner that the jump points are eventually fed inside themselves so that 
a period-three return map is generated. We then apply the mathematical 
result which shows that period three implies chaos [1]; we try to explain a 
little of the reasoning behind why period three implies chaos in the Appendix 
since we have found this to be a rather obscure point even to those well 
versed in the field. The system itself is presented in Section 3 while the 
mathematics for showing that chaos is indeed generated is developed in 
Section 4. Experimental results are presented in Section 5. The idea of using 
hysteresis stems from a comment of R/Sssler [2, p. 379] whose papers on 
the subject of chaos show considerable physical insight into the mechanisms 
involved. Here we extend and review some of the concepts outlined in our 
previous but not too available works [3], [4] while introducing experimental 
results which show the practical feasibility of the theory. 

2. Binary hysteresis generation of period-three curves 

In this section we outline the main ideas in an intuitive manner to try to 
give some physical insight into how we have proceeded to create the 
hysteretic degree-two oscillator. To understand the philosophy of operation 
of our system consider Figure 1 where we give a three-dimensional illustra- 
tion representative of the process for the normalized case discussed below. 
In Figure 1 there are two parallel half-planes which overlap, the overlap 
being considered as accomplished through hysteresis. We think of each of 
the half-planes as half of the state space of a linear unstable degree-two 
oscillator. When a trajectory, which will be a spiral, of  one of these oscillators 
reaches the edge of its half-plane it jumps to the other half-plane by virtue 
of the hysteresis, as illustrated by the indicated trajectory. Going through 
this we may trace a portion of the overall trajectory in Figure 1, by starting 
at point 1, which is also labeled a, in the lower plane and following the 
lower-plane curve through the lower plane, passing through points 2 and 
3 (which is also point b) until it reaches the hysteresis jump line at point 
4 where the trajectory jumps to the upper-plane spiral at point 5 and 
then follows that spiral until it again hits the edge of the hysteresis at point 
6 where it next jumps down to point 7, etc., eventually passing through 
points c and d on the upper half x2-axis. We control the nature of the 
overall trajectory then by the spiral parameters, the placement of the centers 
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• 

• 
Figure 1. Three-dimensional view of system operation. 

of the spirals being a critical factor. Indeed, we configure the spirals such 
that when some of the lower-plane spirals return to the lower plane, after 
traveling in the upper plane, they are closer to the center of the lower-plane 
spirals than before their jump to the upper plane. In Figure 1 this is indicated 
by point 1 = a coming back to point 13 = d on its return to the x2-axis. Of 
importance is our monitoring of lower-plane spirals as they cross the upper 
half of  the x2 axis. If we plot the point of  return to this half axis versus the 
point of previous crossing (of the upper half x2-axis) we obtain an "upper  
half axis return map",  which can be thought of as the input-output  map 
M ( . )  of a discrete-time system as discussed more fully in Section 4. By 
adjusting our chaos oscillator system parameters we can make this return 
map continuous as well as having a point of period three, that is such that 
the thought of discrete-time system has a periodic trajectory which is 
periodic with least period three. More specifically point a of Figure 1 leads 
to point b and that in turn to point c and finally to point d which can be 
made equal to a to achieve period three. We then apply the theorem of  Li 
and Yorke [1, p. 987] which shows that for an uncountable set of initial 
points (equivalent to crossing points of the positive x2-axis in Figure 1) a 
discrete system with a period-three point has trajectories that are chaotic. 
The mathematical definition of chaos used by Li and Yorke for this discrete 
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system is that given two distinct starting points in this uncountable set then 
eventually the two resulting trajectories will move away from each other 
as well as come arbitrarily close. Since points on the trajectories of the 
discrete system are also points on the true continuous-time trajectories the 
latter will have the same chaotic properties, again as discussed more fully 
in Section 4. 

To achieve the desired return map with a period-three point we can 
consider the two hysteresis half-planes mentioned above but now extended 
to full planes, each of which is the state space of  a linear second-order 
unstable oscillator, as mentioned above. These two state-space planes can 
be projected one on the other and the trajectories of the separate oscillators 
(drawn in the full planes) superimposed, as shown in Figure 2, where the 
upper plane gives the upper left centered spiral and the lower plane the 
other (lower right centered) spiral. Then the actual trajectory of our chaos 
oscillator will consist of portions of the upper spiral to the right of XL and 
portions of the lower spiral to the left of  xu, where XL and xu correspond 
to the hysteresis jump lines (for jumping to the upper  and to the lower 
planes, respectively) as indicated in Figure 1 and labeled in Figure 2. The 
darkened path beginning at I illustrates the process. 

To guarantee chaotic behavior we move one of the spiral centers (in our 
case the upper one) around until a spiral in one plane, in Figure 2 the spiral 
R of the lower plane, becomes fed back closer to its origin after a cycle of 
jumps through the hysteresis. Then we choose the system parameters such 
that the upper axis return map is continuous in order to apply the theorem 
of Li and Yorke; Figure 3 shows the return map M ( . )  that results from 
the set of parameters developed in the following sections. At first glance it 
appears that this will require two independent degree-two oscillators, but, 
remarkably, as we will see, the process can be accomplished by one second- 
order oscillator with a parameter shift of  the state-space origin controlled 
by the hysteresis, in which case the overall oscillator need be only a 
degree-two system. 

3. The hysteretic chaotic system 

In this section we develop the system equations for our design. An example 
realization in terms of electronic circuits is given in Section 5. 

We begin with semistate type equations in a form suitable for our 
electronic realization, this being 

dX1/  dt = ~ooX2 + al~ooH(X3), (la) 

dX2/  dt = -woX1 - 2crwoX2 + a2~ooH ( X3),  (lb) 

X 3 = b l X  1 -Jr b2X2, (lc) 

for which a signal flow graph is shown in Figure 4 (where 1/tOoS denotes 
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an integrator of time scale too). Here H( -  ) is a binary hysteresis taking the 
values 

H(X3)={HH_+ for X L ~ X  3 (upper branch), 
for X3 < Xu (lower branch), (2) 

and the system design parameters al ,  a2, bl, bE, Or, and tOo are constants 
to be specified by our designs. We, therefore, have two cases depending 
upon on which of the two hysteresis branches the system resides at a given 
instant and in each case the system acts as a degree-two unstable system 
since we now specify a negative damping factor, or < 0. The equilibrium 
points of the two subsystems are 

(X1, Xz)u = ([2oral + a2]H+, -alH.), (3a) 

(X~, X2)L = ([2ora~ + aE]H-, -aiH_), (3b) 

from which we see that we have freedom to move these equilibrium points 
independently via system design parameters. For simplicity we choose the 
hysteresis dependence to be only upon X1, that is we specify as a design 
criteria 

bl = 1, bE = 0. (4) 

The key to a clear understanding of our system is a set of normalizing 
transformations [3] which puts into evidence the control of the design 
parameters on the system characteristics. First we transform the lower 
hysteresis value to zero and then move the lower equilibrium point to the 
origin via 

X2= X2+ alH_, (5a) 

X1 = X1 - [2o'aa + az]H_, (5b) 

while, in order to work with a normalized hysteresis amplitude of unity, 
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we scale by the hysteresis height 

X 1 = X a / [ n + - n _ ] ,  ( 5 c )  

x2 = X2/[H+ - H_]. (5d) 

These normalizations also scale the hysteresis jump lines, XL and Xtj, which 
in normalized form we now call XL and xtj. 

At this point have a normalized set of equations 

X~ = X2§ a lh (xO,  (6a) 

x~ = - x l  - 2crx2 + a2h ( xl),  (6b) 

where '  denotes differentiation with respect to normalized time, '  = d~ d (Wo t), 
and where the hysteresis is of the form 

{10 for X L < X  , 

h ( x ) = , _  for x < x u .  (6c) 

As seen from (3), in the (Xl, x2)-plane the equilibrium points of the two 
subsystems are at the origin for the lower-plane case, and at 

( X l ,  X2) U = (2tral + a 2 ,  - - a l )  (6d) 

for the upper-plane sprials. We thus see that the ratio of o'a I to a 2 is the 
design parameter for fixing the relative locations of  the two spirals. For 
convenience we choose 

al = -1 ,  (6e) 

which could be considered as a further scaling of the hysteresis which turns 
it over while placing the upper-plane spiral's center on the line x2 = 1. By 
one more change of variables we can bring our equations in both the upper 
and the lower planes to the form 

x ' = y ,  (7a) 

y '  = - x  - 2try, (7b) 

where our final transformations are 

lower plane upper plane 

X = X 1 or X 1 -- 2 o ' a l  -- a2, 

y =  x2 or x2+a l .  

(7c) 

(7d) 

From (7a, b) we see that the design parameter, tr, controls the shape of the 
spirals and that the spirals in the upper  plane are identical to the ones in 
the lower plane except for the shift in their origin (this shift being given 
by (6d) which is rephrased in (7c, d), both subject now to al = - 1 ) .  For 
design purposes we can then construct a set of  universal solutions to (7), 
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these being spirals [5, p. 127], one spiral for each tr (the calculations being 
given below in (9)), and then working with a pair of identical spirals 
overlayed one on top of the other. By shifting the origin of the top sprial 
along the x2 = 1 line the various characteristics can be changed and with 
some experience one gets a good feeling for the nature of the resulting 
system. Figure 2 gives a typical view of one set of spirals overlaid on the 
other. Finally we have xu and XL as parameters still to be chosen. Because 
it allows analytic treatment for some of the behavior, we conveniently choose 

xL = 0. (8a) 

In the end then we are left with a2, xu, and cr as parameters free to be 
chosen (with xu positive and the other two negative). To make things 
concrete we give our choices for much of the following discussion as 

xu = 0.3, (8b) 

cr = -0.2, (8c) 

a 2 -= --  1 . 3 4 9 9 6 6 7 3 2 3 2 5 2 7 .  (8d) 

Here cr is picked as a convenient number with a2 chosen to ensure continuity 
of the upper half-axis return map. 

The numerical results used for Figures 2 and 3 were obtained by explicitly 
solving (7) by putting the solutions in the form 

x(t)  = K (exp[ -~ t ] )  cos[tot + q~], (9a) 

y( t )  = K (exp[- t r t ] )  cos[tot + r + ~s] ,  (9b) 

where 
w = (1 - 0"2) 1/2, (9C) 

~-S = arctan[to/(-cr)]  = angle of - ~ + j w ,  (9d) 

and the "radius" constant, K, and angle, ~, of the spiral are determined 
from initial conditions 

x ( 0 ) = X  and y ( 0 ) = Y  (9e) 

according to whether x(0) is nonzero or not by 

i f X ~ 0  if X = 0  

K=[signX][X2+2trXY+ y2]I/2/w or K = - Y / t o ,  (9f) 

= arcs in[(Y+ crX)/(-toK)] or q~ = ~r/2 (9g) 

= arctan[( Y+ trX)/(-toX)]. 

Equations (7c, d) are used to evaluate the initial conditions X, Y to be used 
in (9). Of particular interest to this is the starting point. We see that if 
XI(0) = X2(0)= 0 then we are in the lower hysteresis plane and (from (5) 
and 7(c, d)) x(O) = alH_/[H+- H_], y(0) = (2o-a~+ a2)H_/[H+- H_] 
which actually give the initial point I in Figure 3. 
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4. Chaotic nature of the system 

With the system as described above now on hand we can proceed to develop 
some of  the fascinating properties it possesses. Since our notion and proof  
of  chaotic behavior  rests upon the theorem of  Li-Yorke,  we first give a 
statement of  that theorem. Following that in Section 4.2 we show how we 
satisfy the theorem's conditions and then in Section 4.3 we show the 
consequences for our continuous-time system. 

4.1. The Li-Yorke theorem [I, p. 987] 

This theorem considers iterates of  continuous maps M where we denote 
the nth iterate of  M by M n and which m e a n s  M n - I  acting on M for 
nonnegative integers n; we take x = M~ and have Mn(x) = Mn-l (M(x))  
for x in the domain of definition of M. By a periodic point of  period k for 
M is meant  a point p in the domain of M for which p = Mk(p) but 
p ~ Mn(p) for n < k, for k and n positive integers. The Li-Yorke theorem 
is then as follows: 

Let M be a continuous map of an interval J into itself such that there 
is a point a in J for which the first iterate b = M ( a ) ,  the second iterate 
c = M(b),  and third iterate d = M(c) satisfy 

d<-a<b<c.  (10a) 

Then the following properties, (1), (2), and (3), hold: 

(1) There is an uncountable set S contained in J and containing no 
periodic points for whch the following holds: for every p and q in 
S with p # q 

lim suplM" (p)  - Mn(q)[ ~ 0, (10b) 
n - - ~ o 3  

lim_ inl]Mn (p)  - Mn(q)[  = 0. (10c) 

(2) For every k there is a periodic point in J of  period k. 
(3) For every p in S and every periodic point q in J 

lim sup lM"(p)  - Mn(q)[ > 0. (10d) 
n ~ o ~  

It is convenient to call the points in S chaotic points in which case 
property (1) is seen to be the chaos property in that it states that any two 
chaotic points eventually keep wandering away from each other while also 
coming arbitrarily close interminably. The third property essentially states 
that the chaotic points cannot turn into periodic ones; but looked at another 
way (as seen in Li-Yorke 's  proof) it really means that periodic points near 
chaotic ones are unstable and can turn into chaotic points under small 
perturbations. We comment  that M can be considered as a discrete-time 
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map, X k + l  = M(xk), of discrete time k and that property (1) holds when M 
has d = a, that is when a period-three point exists. 

4.2. Satisfaction of the Li-Yorke theorem 

The map to which we wish to apply the Li-Yorke theorem is the upper  half  
axis return map with a representation shown in Figure 3 (where a unity 
slope line is superimposed for ease of  later discussions). Concerning this 
map we first make the following observations. When, for this map, we 
restrict its argument to be between 0 and 1 (or even 1.5) we see on viewing 
Figure 3 that the largest value taken by this map is around 2. Thus, we can 
consider the interval J to be the interval [0, 1], since this interval is mapped  
into itself. This map will be shown to be continuous and to have a period- 
three point. Hence, the conditions of  the Li-Yorke theorem will be satisfied 
by this map  and there is a chaotic subset S of  the interval [0, 1]. 

4.2.1. Construction of the upper half axis return map. To construct the upper  
half  axis return map we pick a point Po on the upper  x2-axis as illustrated 
in Figure 5. The trajectory staring at this point at time to eventually returns 
to the upper  half  xE-axis at point Pl and time t l ,  as  shown in Figure 5 where 
tl is the next time at which such a return occurs. By definition p~ is the first 
upper  half  axis return point of  Po; the map M that yields p~ from Po for any 
nonnegative Po is the upper  half axis return map. I f  we place ourselves on 

x2>O 

po liiliiiliili 

---'Pl i:i::i~i:!:i:l::iiiiiiiil!::iii!i!ii~ 

po !iliiiii!iii! 
!iii(  ;i:!):iiiiiiiiiiiiiil!li ii!iii ' 

Figure 5. Upper half axis returns. 
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the upper  x2-half-axis at any point Po and surround this half  axis by a 
"black box,"  as shown in Figure 5, we can construct this map by simply 
noting the point Pl where the trajectory next hits this half  axis, irrespective 
of where it has gone in the black box between Po and p~. Of  course, to 
m a k e  a calculation on the computer  to find Pl given P0 we need to keep 
track of where the trajectory goes. This is actually a bit messy since there 
are several possibilities. These possibilities can be broken into two cases, 
that for which the trajectory remains completely in the lower hysteresis 
plane and that for which a switch is made into the upper  hysteresis plane. 
Treating first the possibility in which the trajectory remains on a lower-plane 
spiral throughout the path in going from Po to px, since a rotation of 360 ~ 
is made, from (9a, f) we obtain 

Pl = Po exp(-2crzr/w).  (11 a) 

This holds for Po smaller than the value for which the maximum value of 
Xl on one turn of the spiral starting at Po is Xu; we call xsep the value of 
this Po since it separates spirals into two classes, those which stay completely 
in the lower hysteresis plane during a revolution (for Po < xsep) and those 
that jump to the upper  hysteresis plane. By setting x2, which is the derivative 
of  x~ in the lower hysteresis plane, equal to zero, we find the maximum of 
x~ using (9b). Setting this maximum equal to Xu leads to 

Xsep = Xu exp((o-/w)(Tr + arctan(w/or))).  (1 lb) 

The maximum value of  p~ obtained in the range of interest (for Po in [0, 1] 
for Figure 3) is then 

Pl = X m a x  m_ Xsep exp(--2gcr/to).  (1 lc) 

In the remaining case the trajectories switch between the lower and upper  
(at Xl = xu) and then back to the lower (at xl = 0) hysteresis planes. In 
doing this there are several possibilities. Among these possibilities are again 
two cases, one case being that the trajectory returns to x~ = 0  with x2 
nonnegative, in which case the x2 value is pa; in the other case the return 
to x~ = 0 is with p* = x2 < 0 in whch case a 180 ~ rotation is still required to 
bring x 2 > 0  (thus, p~=-p* exp(-o-Tr/~o)). In either of  these latter two 
subcases there are again two possibilities, one being that the upper-plane 
spirals are hit before they obtain their x~ maximum, in which case they 
spiral back through xl = Xv before returning to the lower plane at Xl = 0 
(this accounts for the region after the local peak near Po = 1 in Figure 3). 
Finally, there is the subcase where the upper-plane spiral is hit with its x2 
value below 1 when the lower-plane spiral achieves x~ = Xu. For calculation 
of all of  these subcases of  returns we have, as yet, no such analytic formulas 
as in (11) but the calculations are straightforward using (9), and curves of  
the nature of  Figure 3 will result for values of  the design parameters near 
those given. 
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It should be noted that a map of the next return to the lower half  x2-axis 
looks very similar to the negative of  that for the upper  half  x2-axis; this is 
as expected since, if we find chaos in the peak of a waveform of the kind 
under discussion, we also expect chaos in the minima, and the minima are 
related to the returns to the lower half-axis. It should also be mentioned 
that the half  x2-axis return maps are related to the returns at any point of  
the x2-axis via a composit ion process. This composit ion is rather messy 
since in some cases there are two returns to the full axis before one to the 
half-axis, while in other cases there is just one return. Thus, one must be 
careful not to throw away any returns in obtaining the half-axis results from 
the full axis returns. In any event we are really after the upper  half-axis 
return map  since it is that which relates directly to the peak of the real time 
x2(t) signal upon which the chaos is readily seen experimentally. 

4.2.2. Continuity of the map. In fact the upper  half-plane map is generally 
not continuous since there is a break at Po = Xsep. However,  there is a choice 
of the design parameter  a2 which guarantees continuity, as we show here. 
Considering Figure 2 we see that the condition for continuity of  the upper  
half  axis return map is that the upper  hysteresis plane spiral, T on the 
figure, passing through Xl = Xu and x2 = 0 also passes at x~ = 0 through the 
same x2 point, bo on the figure, as the separating spiral S. By making a2 
less negative we make the upper-plane spiral cut more sharply across Xl = XL, 
and thus, if it originally cuts at b2 in Figure 2, we can move it to bl and 
vice versa, by making a2 more negative. For example,  when or = - 0 . 2  for 
a2 = - 1 . 3  we find b2 =-0.407978164 while for a2 = - 1 . 4  we find b l =  
-0.385451946. Thus, by continuity of  the solutions of  ordinary differential 
equations in the parameters [6, p. 101], we can find a value bo such that 
the two spirals S and T "intersect" at x~ = XL. As it turns out the spiral T 
can be represented analytically in terms of the design parameters,  and, 
hence, an (implicit) equation obtained which yields a2 to guarantee the 
desired continuity. Specifically, (9a, b) yield [6, p. 20] 

X2+ ((O'X + y ) / t 0 )  2 = K 2 exp( (2 t r /w)[~  + ~ + arctan((trx + y)/(tox))]), 
(lEa) 

which is evaluated on the upper  hysteresis plane using (7c, d) and x~ = 0 
with x2 -- bo, where bo is found using a 180 ~ rotation on Po = Xsep from (11b). 
We calculate 

bo = -Xsep e x p ( - ~ r / w ) .  (12b) 

For o - = - 0 . 2  we find, from (12a, b), a2 =-1.34996673232527+ as the a2 
value to give continuity and for or =-0.191298828125+, which is a value 
of particular interest as discussed below, a2 =-1.33449329331925+. 

4.2.3. Period-three points. The fact that the upper  half  axis return map,  
Figure 3, is teepee-like with magnitude of slopes greater than unity between 
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the first two zeros guarantees period-three points on either side of the peak 
between the zeros. These are shown on the figure for which the unity slope 
line has been superimposed to aid visualization. Numerically one of these 
period-three points can be calculated by solving the system equations for 
a trajectory that starts on the upper half-axis and returns to it three times. 
Doing this, one finds for 0 - = - 0 . 2  and a2 =-1.3499667323527 that a = 
0.069253575003 yields to within 10 digits d = a and b = 0.2497160815, c = 
0.4916892030 for period-three points. Perhaps more significantly for this 
same tr and a2 one has for a = 0.067 that b = 0.2415900906, c = 0.5182976251, 
and d = 0.03847065827 < a. Since in this latter case a - d > 0.02 with calcula- 
tions carried out to 16 places there should be no question of the validity 
of the result d < a < b < c for this upper half axis return map even though 
the result is only verified numerically. It is of course significant that the 
absolute value of the slope of the upper half-axis return map is greater than 
unity since this guarantees that even if d were slightly greater than a, say 
as a result of  numerical error, then a slight lowering of a will lower d even 
more and make it less than a. 

In the case discussed below of 0-=-0.191298828125 with a2 = 
-1.33449329331925 (which are for a continuous return map with con- 
tinuous-time peaks on the spiral maximum line) we find the period-three 
points a = d = 0.0696783616394, b = 0.2495983577442, and c = 
0.4910452522263. The upper half-axis return map for this case is only 
imperceptively changed from that of Figure 3. 

4.3. Continuous-time chaos 

The fact that the discrete-time upper half-axis return map M exhibits chaos 
means that Xz(to) is chaotic for those values of time to for which x~(to)= 0 
and x2(to) is nonnegative. This implies that the (local) peak value of x2(t) 
is chaotic since the peak value of x2(t) is a monotonically nondecreasing 
continuous function of  the value of  x2 at the upper half-axis crossing (with 
the function going through zero at zero). This monotonicity follows from 
the increasing distance between spirals as they unwind, as seen from figures 
such as Figure 2 and the continuity follows from the continuity of a spiral 
as a geometric curve and the continuity of  spirals in their starting values. 
Then the lim inf and lim sup properties of (10) hold for peak values of the 
continuous-time x2 trajectories. That is, if the lim sup is nonzero for upper 
axis x2 values when xl = 0 then the lim sup will remain nonzero (in fact it 
will be larger) for peak x2 values. Clearly, also, by the continuity, the peak 
values can be made arbitrarily close by choosing the upper half axis x2 
values arbitrarily close, in which case the lim inf property is transferred to 
the peak values. If  the peak value occurs on the lower hysteresis plane 
portion of the trajectory, then an analytic relationship can be readily 
established for the peak x2 value, call it X2peak, as a function of the 
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upper  half  x2-axis crossing value Po (since the derivative of  x 2 set equal to 
zero gives, by (7b), x~-- -0-x2 for the peak values, and this can be solved 
for the time tmax at which X2pea k Occurs);  specifically, we find 

tmax = (1/tO) arctan[-20-to/(1 - 20-2)], (13a) 

s i n ( t O t m a x )  = -20-tO/(1 - 2 o ' 4 ) ,  (13b) 

X2peak(Po) = (po/(1 --20-')) exp((--o'/tO) arctan[-20-tO/(1-20-2)]).  (13c) 

I f  this value of  X2peak for Po = Xmax (see Figure 3) is less than the intersection 
of the x~ = -20-x2 line with x~ = xtj then X2peak(Po) will always be linear in 
Po- Such occurs for all -0----0.191298828125 as is found by solving 

-xu/ (20- )  > X2peak(Xmax) (13d) 

for 0-, which, when written out using (13c), is 

1 > (-20-/(1 - 2 t O 4 ) )  exp((0- / to) [ -  zr + arctan(tO/0-) 

- arctan(-20-to/(1-20-2))]) .  (13e) 

5. Experimental results 

The theory was checked in two different ways, one by experimental measure- 
ments on an RC-op-amp circuit and the other via computer  simulations on 
an IBM PC with initial calculations on an HP15C. The results are in almost 
perfect agreement with the theory, this being somewhat  expected since in 
both cases we have reliable means to proceed; for the computer  we have 
exact solutions to (7) and for the experiments we have good binary hysteresis 
available. Since the computer  results are almost identical to the experimental 
ones we concentrate upon the latter here. 

Figure 6 shows the circuit that was built, for which the following values 
were chosen for the system design parameters: 

0-= -0.2,  
a 1 = - 1 ,  
a2 = ao ~ - 1.35, 

H + = - H _ = 4 ,  
XL = 0 which is XL ~ 3.8, and 
xu -- 0.3 which is Xu -~ 6.2. 

In Figure 6 the capacitors C fix the time scale while the MOS circuitry 
associated with C fixes the initial conditions (which for the curves of  Figure 
7 were chosen as zero). The center of  the lower spiral is at xl = x2 = 0 which 
becomes, following the transformations of  (5), X1 = (20-al + a2)H_ ~ +3.8, 
X2 = - a ~ H _  = -4 .  Figure 7a) shows the trajectory in the X1, X2-plane. In 
Figure 7(a) one can see the center of  the bot tom spiral located as just 
mentioned and the switching of the trajectory as it hits the hysteresis edges 
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Figure 7. Chaos oscillator circuit responses: (a) phase plane trajectories; (0, 0) at 
midpoint;  (b) x2(t); 0 at center graticule; (c) expanded view of x2(t). Op-amps = 
MC1458; CMOS switches = CD4007; R = 100 klq, C =0.32 Ixfd, V§ - V _ =  10V, 
VR = -3 .4  V, VH§ = 4.2 V, VH = -6 .4  V (to give H+ = - H _  = 4 V). 
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at X L and Xu.  As can be seen also in that figure, the trajectory fills up a 
region of the plane, which is one criteria that can be used to indicate 
experimentally the possible presence of chaotic behavior. In Figure 7(b) a 
portion of the X2 versus time response is shown with Figure 7(c) showing 
another port ion on an expanded scale such that the switching action is seen 
in more detail. 

6. Discussion 

We have outlined here the theory and given experimental results on a 
degree-two chaos generator, with the f ramework set up for the design of 
such oscillators to be realized in integrated circuit form. Indeed, this system 
is ideal for such realization since it can be constructed directly, without 
inductors or other difficult-to-realize elements; nevertheless, one would still 
like to find even simpler structures for the future. It is of interest to note 
that at least degree three is required for a continuous-time chaos generator 
if continuous nonlinearities are used [7], in which case it is seen that the 
hysteresis is critical to obtaining the low degree. The philosophy of operation 
of  our degree-two oscillator is such that one suspects that using hysteresis 
one might also be able to make a degree-one chaos oscillator. We note that 
previously we have been able to make a different type of chaos using bent 
hysteresis in a degree-three system [8]. 

We have set up the theory by using a set of  transformations to obtain 
equations which isolate the important parameters and their functions. As 
such, the results here should be of further use in obtaining designs with 
specific properties. For example, by movement  of the upper  hysteresis jump 
line the upper  amplitude of the Xl response is completely controllable. 
Investigations into results of  different ranges of  parameters seems worth 
making especially if the system is to be applied in some useful situations. 
For this kind of study it would be appropriate to set up computer graphics 
so that one could see, on a display, the overlay of the two spiral systems 
and the effects on their intersections of  parameter  changes. What we have 
done on the computer  is to set up the system solutions with print-outs that 
mimic the responses given in Figure 7(b) and (c) In making calculations 
of  the total system response, we point out that the determination of the 
switching points is rather touchy, this being performed by determining the 
time for which a trajectory crosses a hysteresis jump line, x2 = XL or xu  as 
the case may be, and then evaluating xl at this time. 

We have based the development upon a continuous return map since 
the mathematical  theorem used from the literature is stated for continuous 
maps. But continuity near the local peak in Figure 3 does not really appear  
necessary as a run through of the proof  of  Li and Yorke seems to indicate 
and experimentation on the circuit of Figure 6 bears out. Certainly in analog 
realizations trying to hold a2 to the exact value needed to achieve continuity 
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of the upper half axis return map is not possible and this impossibility 
coupled with the results of Figure 6 indicates the robustness of the system. 

Alternatively, as one reveiwer has very kindly pointed out, the fact that 
our upper half axis return map has a slope of absolute value greater than 
unity near the period-three points guarantees that there exists an absolutely 
continuous invariant measure in the region near the period-three points [9]. 
Such a result means that the signals behave in a probabilistic kind of  manner 
[10, 11]. Although the definition for chaos in the presence of  absolutely 
invariant measures is somewhat different than used here, and would most 
likely follow the notions of Wiener in introducing a concept of chaos [12], 
it seems just as meaningful physically, if not more so. As shown in [13] it 
is possible to have windows, essentially containing impulses, within an 
in'x, ariant measure (that would not be absolutely continuous) which allow 
for periodic continuous-time responses, even when there are period-three 
points; but that does not occur near the chaotic responses treated here. The 
reviewers have also called our attention to the degree-three RLC circuit of  
[14], reference to which has allowed us to obtain a closed form for the 
linear part of the half axis return map, and to [15], which would be useful 
in simulating the heart as a connection of oscillators (rather than the more 
primitive, but often more convenient, form of a single relaxation oscillator 
which we have had in mind [16]). In searching the literature that was 
helpfully called to our attention by the reviewers we also found [17] which 
uses a very similar half axis return map though found for a different system 
in a different situation. 

Appendix 

Period three and chaos 

The result of  Li and Yorke as quoted above is that if a map continuously 
transforms an interval into itself and has a period-three point then it has 
periodic points of all positive integer periods as well as a chaotic set. In 
the latter any two points are such that after a large enough number of 
iterations they sometimes become arbitrarily close while they also sometimes 
become sufficiently separated; as the number of iterations increases the 
number of iterations between, assuming the same values, changes somewhat 
randomly (this latter is developed in the proof  of  Li and Yorke but not 
really spelled out in their theorem, though in essence it is the basic principle 
of  their type of chaos, it seems to us). The physical reasoning behind this 
is not elaborated in the literature as yet. What is clear is that the period-three 
points, a, b, and c of Figure 3, break the map into acting on two regions 
(one between a and b and one between b and c) with the peak point of 
the map in one of the regions. This has the effect that points in one of  the 
regions are eventually mapped back into the other region. For a subset of  
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the two regions points never quite go back to the same place and, hence, 
iteration of them yields chaotic kinds of responses. For this phenomena to 
occur it does not appear necessary that the map be continuous at the local 
peak in the chaotic region (at Xsop in Figure 3), thus allowing for important 
extensions of the theorem of Li and Yorke. We note that if there is not a 
point of period three but one, say, of period five, the division of the region 
into two portions that are always mapped into each other does not occur 
and, hence, at first glance it seems that it may not be possible to generate 
a chaotic response. However, a theorem of Sharkovski shows that there are 
a number of  divisions which could lead to chaos, including that coming 
from period five [18]. 
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