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Abstrack:

Scalstate oquations are preseatad which will model any sloping hysteresis at OC
vhete the two branches of the hysteresis have equal slope, The nodel upes atep func-
tion nonlinearitles uhich are of operatlonal amplifier ctype and che hysteresls para-

aeters are detecmined fn terms of seaistate coefficlents.

¥

1. Introduction

$loping hystectesis is hysterecls with two lineat beaaches while sealstacte theory
i3 & generslization of state varisbls theory which allows the characterization of
aultivalued operatocs through single valued ones. Sloping hysteresls has rtecently

been introduced Lln the Framework of design of solitary pulse waves [l] vhile

-uahlj.uﬁ theory hae bean ehown to advancageously wodel hysteceils [2]. Here che two
concepts ate nerged to develop 3 sealstate wodel of sloplng hystereals for the moet

useful case where both hysteresls branches have the same slope.
Senlstata equations of nonlinear systeas can be put in the canonical fora [3]
a.;:.-l»ﬂ(z,:) - (1a)
y =%Fx (1b)
whece &, f, and ?Fan constent generally wingular mattices and x, u, and y are the
sealstate, input, and output vectors, respectively. Because A, 13 singular thoae
«

The material of the second author Ls based upon vork supported im part by the U.5.
Natinnal Scleince Foundatlion under Grant No, ECS=31-05507.
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Sealstace cquations can nodel sysCema In ternme of alt variables of intereet thus

alloving mulcivalyed operators, as those of hysteresis, to be deseribed by single-

valued ones. In che case of hystereqels Lncerast Ls usually Ln the DG characturigcic

tn vhich x = 0 1y set ln (la). Hysteresis regules vhan aultiple solutions for the

senistate x are obtained froa Bix,e) = Hu . 0fcen [2} :hclg.sulutlons can ba

looked upon as a moving load line, paraseterized by the Lnput u, {ntersecting a

noalinear charscteristic. 1In this paper we show that this philosophy can be used tu

model sloping hystereatls where for convenlence ve 433une that both hystersals

branches have equal slaope,

Figurea 1 § 2 4} (and their nejatlves) show the natura of

the sloping hysterasis nodeled by thia theory using step function (op-aap cype)

nonlinear ¢characteristies,

IL. The Hodel

Frou as yet unpublighed reculcs atemming from experigentation on op-amp clrcuits

ve are led to consider the senistate equations

a,00fx+fo -1 6 lx +fo ol ¥ (a2)
o 0 o0 byy By By k() 1
¢ oo by by, hJJJ by 1
' y=lo,1, 1]« (2b)
Here ve will take
- (la)
P21 €0 B3>0, 530, by, - by >0

and K{+) to be a step function op-aap characteristic of one of the two forus

¥, for x »0
+ i
K+-(:1) -{-V for xlcﬂ Laty
or

O o) (3c}
x_(x)) K (x) _
Setting the second and third genlstats cquatlons equal, as they both eiual the

fnput u, we can solve for Xy Using this result and the third seaisFsce equat Lon

glves

=(by37by,

=(b,.-b

®317P13
And glince we are 1:
which the first of
X, i 0
In such a case (4b)
curve of {4a). Fou
{4a) is sketched w!
negative u, as u |
charscterlistic of
tlon, at u « U =
follaved by one Ln
sectlons vursus u

Figz. 1d). By elie

Y =2y =g

whece K( ¢} takes vl
vhich K (-Kw ot K_.

dinates of points

=(byy=byy)

wieh (5) glving

8y syaoetey, replac




clables of lntecest thus

to be described by slngle-
Lly tn tha DC characteristic
wlttple solutions for the
these solutions can be

nput u, intarsectlng a

3 philosophy can be used to
that both hystermsis
tgatives) show the nature of

function (op-anp Lype)

entation on op-amp circults

Clu (a2)

1

1
L, t]x (2b)
(la)

of the two forms

[]]

{3c)

+ 49 they both equal the

L1d senlstate cquation
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“(By3Bagd%y = Klxyd = by =by )x, = by ¥ by, = boo)x, L2
(b.. =b..)
- - -23 33 -
(by30y37%y b {byy % + by = u vy x ] (4b)

And since we ara tnterested here solely in the DC chnrachflstlcl.‘ue take x = 0 froa
which the firét of the scmistate cquations gives

x, & ] (4c)
In such a cane {4b) serves as a load line, with paraaeter u, on the characteristic
curve of (4a), For K = K+ and b;] 0, Flg. 1 ghows the sltuation; in Pig. la} eq.
(4a) is sketched while in Flg, lb) eq. (4b) is shown. Stactlng with a large enough
negative u, ae u increases the load line of Fig, 1b) gweepn to the right across the
characteristic of Fig. la) as shown in Fig. Ic); at u = u4 there Ls one Latersec~
tlon, at u = v - g thers ate two Lntersections until u = LI 19 reached
folloved by one intersection at u = u;+ Plotting the value of y = xy at the inter=

sections versus u giving the L{ntersection yields the aloping hyaterests as shown in

Fig. 1d). By elimfnating % fron (the linear portions of) (4s) & (4b) wve find

by 7 by Bayby = By K-
A T 0 T W vl S A e sy (s)
31823 7 Babys 317 by
vhere K(+) takes the values iﬂ;. ¥ V_, depending upon which palnt on the cucve and

which K (-K¥ or ¥_) is under conslderation. Using (5) we can give the (u,y) coor-

dinates of points oo the hysteresis curve, for example, at polnt ¢ {from Fiz., lc)

by +V_
“(byybydy ==V b, P y = I (6a)
23723377, 3 e Th
with (5) giving
B i e ' (6b)
. ®23 7 B3y !

By symnetey, replacing =V_by + Vo

s e Py
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By Vs Y o T I -
L N W YO Y T TR =%
23 1) 2] 33
Consequently, the hysteresis is centered at (set V+ = ¥_ =0 {n (6akb))
> f
(w,y)= --%—-—- (boos 1) + (&d)
o' ‘o b23 b]] 23
and hoa (from (5})
b, = b
stoge - g —flo— tse)
) R ] 2l°3)
with
bl]
vidth m y_ = u, = = (v, +v.) ’ (£}
c f b!] b!] +

The vertical distance between the two overlapping portlons of the hysceresis s found

by satting u » 0 and subtracting the lower value af the curve froa thctpper one as

b

5.5 = g (v, + v_] . {6g)

helight = —
k] R a) 21°3

Suanarizieg, ve see via equations (6) that we can choose the poraueters, subject
to the constralats of (3a), such that acblerary curves of the sﬁlpe of Flg. 1d) can
be obtained when KX = l:+ and b”) 0.

In the event that K = K_ and bJJ < 0 the results are soocwvhat simtlar, except
that some constraint has to be placed upon the slopes of the lood line and charace
tecistic curve to Lasuce hylterngll. As seen froc Fiz. 2, the requiresent Ls

[Chyy = 53/ tbydToy 2055, o

B23%31 2 Byibyy n

Equatlon {(5) sril) resains valld and the properties of the rasulting hystevesis, Fig.
L]

2d), can be deteralned as at equatlons (6). The center, slopc and height equatinns

are ldentically ay before while the width equatien gzte 4 negative multiplier.

Agaln, any curve of the
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above the right) is obt
guality (7). However,

be obtalned by multiply

Discussion

As shown sbove, by
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possibly with a sign re
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uee tn practical simula
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Agaln, any curve of the form of Fig. 2d) can be obtalned when K = K_ and b]] £ 0.

$iailar argucents show that only s single-valued curve results {t.e., no
hysteresis) vhen X = K_ and 533 > 0 while a negative slope hysterssls (left porcien
above the right) is obrsinsble vhen K = K+ and bn<0 subject to & Teversal of ine-
quality (7). However, the negatives of both of the hystervaes in Pigs. 1d) & 2d) can

be obtaimed by multiplying the output seulstate equation, (2b), by -l.

Discussion

As shown sbove, by appriopriate cholces of the b's any sloping hysteresis with
equal slopes of the two braaches can be wodeled at DC by the sealscace equatlens {2},
possibly with a sign ceversal 1n the output equation. Since Lt appeacs that these
senistate equatlons can be realized by RC-op-amp clircuits, the theory whould be of
use in practical simulation etudies.

Qur study here has been prisarily of the DC behavior slnce that Ls the reqiae
Lo which the hysteresis 1s privarily formulated. However, the senlstate equatlons
{2) give a dynanic wodel which ghould be of uee when sloping hysteresis Ls used 1n
non-static situations, In the dynanic regine, as shown by eqs. (4), the Llaad line
and nonlinear characteriscic both shift., Practically this must occur duch that there
is a slngle valued traversal (as fixed by bzz & b:z) of the DC hysterusls curve at a
rate fized by the time constant LTS Certainly the dynaaics of thls hysteresls 13

interesting in tts oun right aad merite furcher ecudy.
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