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ABSTRACT

The canonical semistate equations are
obtained for cascade and feedback inter-
connections of neonlinear, time-varying
systems. It is shown that coupling always
enters in a linear, constant, off-diagonal
manner.

INTRODUCTION

Previcusly we have introduced the
semistate [1] and shown that it leads to
useful characterization for nonlinear and
time-variable systems [2] . Imn particular
the canonical form

tx + ®(x,t) = S , x=semistate (la)

y = o , u=input,y=output

(1b)

has been introduced where G, 8, and &

are constant linear operators which are
generally singular, By the use of some
equivalences and the choice of the semi-
state as tree branch voltages and link
branch currents it has been shown [2]

that this canonical form holds for almost
all electrical networks with ®(.,.) a
single valued function (even when the
system exhibits hysteresis [3] ). Similar
results undoubtedly hold for other classes
of systems, especlally where graphs can be
introduced [4] . Since large scale sys-
tems are most often to be thought of as
interconnections of subsystems [3] , it is
of interest to obtain the canonical semi-
state equations for various interconnec-
tions. Here we do this for the cascade
and feedback interconnections. Since in
the network case all connectiens can be
considered apecial cases of the cascade
one [6, pp. 63-64], the results really
hold for all network connections such as
the series, parallel, and hybrid ones,
while extensions to other connections, as
the canonical subsystem measurement
structure [7, p. 41], should be possible.
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THE CASCADE CONNECTION

We consider as given two uncoupled
systems described in the canonical form
of equations (1) and indexed by subscripts

i=}1,2. The cascade systems connection is
defined by
usu,, Yy Su,, y=y, (2a)
U =D ot =y
Y1 Y2
Figure 1

Cascade Systems Connection

Since the systems are otherwise uncoupled,
we can naturally define the system semi-
state as

X = (2b)

¥

from which we can recover X and X, through

1 and Pz

x1=P1x=[Il,0]x . x2=[0,12]x (3)

projection operators P

with T, appropriate sized identities,
Thus, Ehe system descriptions can be re-
written as

Glxl + ml(xl,t)= Llul (4a)
= GlPlx + ml(Plx,t) = Slu (4b)
ylwu2=51x1 = ﬁlplx {4c?}
Gszx + GE(sz,t) = bzuz (4d)
= LZ?lplx (4de)
y=y2=32P2x {(4f)
or
Gl 0]x +]¢o 0|z + G&(Plx,t) =8 u(Sa)
0 02 '5231 0 &E(sz,t) 0



y = [0,?2] X (Sb)
Equations (5} are canonical semistate equa-
tions for the cascade connection. They
show the very interesting result that,

even for nonlinear time-variable systems,
the coupling is linear and constant and
occurs "off diagonmal” [that 1is, in the

2,1) submatrix position of the linear
multiplier of x].

It should be commented that for cas-
cade connections of electrical circuits
the currents In y, may need to be multi-
plied by minus oneé to achieve y,=u, as is
recognized in chain matrix theory.

THE FEEDBACK CONNECTION

The feedback systems connection is
illustrated in Fig. 2 and defined by

ul'-u+y2 v Y=Y =u, (6)
u .+ Y1 :fl - Y
+
Y2 Y2

Figure 2
Feedback Systems Connection

Agz2in assuming the subsystems are uncoupled
prior to interconnection, we can define the
system semistate as for the cascade connec-
tion, that is, via (2b). Then we have,

agatn using the projection operators of (3),

Ly P &+ B (Pyx,t) = 8 (y,+u) (7a})
- 31J2P2x+blu {7b)

y=y, = 31P1x (7¢)

Gszx + Gb(sz,t) = Ezuz (7d)
= EZJIPlx (7e)

Thus, canonical semistate equations are

G 0 |x +]|0 k] K G&(Plx,t) = &1 u
¢ G by 0 & (Pyx,e)f L 0
(8a)

y= {3i,0]x (8b)

Again the coupling enters only
linearly (and in time-invariant) form in
the nevw ®©(,,.)

Bx,t) = 0 -EF 7 x + ® (Pyx,t)7(9)

GQ(sz't)

The coupling is still "off diagenal” but
is in the feedback, (1,2), terms as well

as in the feedforward, (2,1), terms, as
is to be expected,
DISCUSSION

Semistate equations offer some advan-
tages as system descriptions due to the
nature of their canonical form. Among
these advantages are that multivalued sys-
tems operators, for example, hysteresis,
can be characterized by single-valued ones.
As shown here, they also allow important
interconnections to be described through
linear constant coupling terms. For the
computer aided analysis of large scale
nonlinear systems this should prove of
importance,
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