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1) According to steps a) and b), 

p. = 0.5825, Av, = 0.153, 

a:, = 0.567, 

2 wz3 = 0.106, A = 0.627 

and B = 0.0705. 

2) Eqs. (14~) and (14d) give h = -0.14 
and k = 0.373. 

3) As shown in Fig. 3, let this center be 
point P and the intersection between 
y = x2/2 and z = 0.5 be point &. Then by 
reading the x scale of point R, the other in- 
tersection, we obtain 2(p0 - p,) = -0.835. 
Thus p, = 1 and Au, = 0.0825. 

d) By step c), pa and pb can be deter- 
mined as 

pa 1 = (p. - Au,) f jq, 
PbJ 

= 0.5 f 9.86. 

Clearly this is the case of Butterworth 
response and the pole pattern is shown 
in Fig. 2. 

LOCI OF POLE MIGRATION 

Fig. 3 also shows the loci of the center 
point of the same example for (a) when 
wi2*( =hi$ - 0.01) is fixed at 0.567 and 
w232( =@ - 0.164) is varied, and (b) the 
converse case. These loci are straight lines. 

The effect that a variable wz? has on pa, 
pb and p, when wn2 is fixed is shown in 
Fig. 4(a). The converse case is shown in 
Fig. 4(b). In both diagrams, the lower half 
of the complex plane is omitted. 

In Fig. 4(a) hlz is fixed at 0.76, and hz3 
is increased from zero to 0.855 (wz3 = WJ 
and then to m. The point p, moves from 
p3 to Pz(P2’ - p. = PO - pi) and then 
asymptotically to pl, while gaa6 proceeds 
from ~~2 to po and then closely to cs3. 
During this time W&’ increases monotoni- 
cally from w,$ to co. As a result, the locus 
of the coupled pole p, moves from the 
fixed auxiliary pole p 12 and proceeds toward 
the vertical asymptote through Q, the 
locus of the coupled pole p,,. Similarly, in 
Fig. 4(b), h23 is fixed at 0.855, and hi2 is 
increased from 0 --) 0.76 (aI2 = W& + 00. 
The point p, moves from pi + pp’ -+ p3, 
while p. starts from ~23 and moves toward 
the vertical asymptotes through m12, the 
locus of the coupled poles p12. 
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Correspondence 

On the n-Port Brune Resistance 
Extraction* 

In Belevitch’s paper on a nonreciprocal 
n-port Brune synthesis’ a discussion is given 
comparing the two resistance extractions 
credited to McMillarP and Tellegen.3 
Besides pointing out that Tellegen’s extrac- 
tion can be found in an earlier paper of 
Oono,4 we show here that these two types 
of extractions are special cases of a general 
extraction, and, hence, not as different as 
one first concludes.6 We state the result as 
a theorem. By a PR matrix we mean a 
positive-real ones which is rational. By A, 
A*, A, we mean, respectively, the trans- 
pose, the complex conjugate, and the 
Hurwitz conjugate (replacement of p by 
-p). By AH we mean the Hermitian part, 
2AH = A + x*; however, 2AH(jw) we 
form by letting p = jw in A + A,, in 
which case, if A is PR, A,&) is bounded 
and continuously differentiable for each w. 
We will write “det” for determinant and $ 
for the direct sum of two matrices. 

Theorem: 
If A(p) is an n X n PR matrix and if 

A, is any real, constant, positive semi- 
definite (symmetric) matrix, then there 
exists a unique constant T 2 0 such that 

Ad?)) = 44 - r& (1) 

is PR and has det A,,(pO) = 0 for some 
pa =jwJ,o Iwo i m. 

Proof: 
A&k) and A0 are positive semi-definite, 

since A is PR and A0 is assumed to have this 
property. The two matrices in AH(ju) - 
XAO, where X is a parameter, can then be 
simultaneously diagonalized.? That is, for 
each fixed W, there exists a complex T(w) 
such that 

A&4 - AA, 

= f+*GJ)( bl(4 

i M4 - Xl 

i 44 1 T(m) 

- A] + . . . 

-i- %+1(4 i * . * 

(2) 
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where k is the rank of AC,; ai 2 0 for all 
i and W. We then choose 

otherwise we choose 

T = min ( min a&)]. CM 
l<i<b OSw_<rn 

By letting X = T in (2), we see that A,,,&w) 
is positive semi-definite with its rank falling 
below n’ at the 00 for which the minimum 
in (3) occurs. Noting that the poles and 
residues for A and A,,, ‘are identical, and, 
applying a known PR test,8 we see that 
A,,, is PR. As the LY( are unique, r is unique. 
Q. E. D. 

The most interesting situations arise when 
AH(&) is positive definite for all w, in which 
case r > 0. In such cases McMillan requires 
A0 to be positive definite, while Belevitch, 
Oono and Tellegen require Aa = 1 4 O.-l. 
For this latter choice, use of the Gauss 
diagonalization, adding the later rows and 
columns to the first, allows T real and 
gives0 

where A and All are the determinant and 
(1, 1) minor of A&O), respectively. In this 
case A,&b) has rank n - 1. As Belevitch 
points out, the choice of A0 leading to (3~) 
is probably the most desirable for synthesis 
purposes, since other choices are wasteful 
of resistors.’ 
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Topological Formulas for Passive 
Transformerless 3-Terminal 
Networks Constrained by One 
Operational Amplifier* 

Nathan [l] shows how the determinants 
required in the conventional analysis of 
networks constrained by operational ampli- 
fiers may be obtained from the determinants 
of the networks without the constraints. 
The same idea could be used in the analysis 
of networks using the topological concepts, 
as will be shown presently. We shall confine 
ourselves to 3-terminal networks con- 
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