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A CLIFFORD ALGEBRA REYRESENTATION OF N-DIMENSIONAL MAXWELL
EQUATIONS

NEWCOMB, R, W,

"1 search, freo and free of chargs, for
Somothing more certaln than the fall of dice.” [1]

I, Int:oductgog

le developing » theory of mltidisensional
Maxwell wquations, For one, thors {s the possibls use of such equatione in the real-
izability theary or massive n=vurilahlas hetworks wherw basic, outstanding, and intar-
suting problems are outlined [2. p.BJO]. To br sure saveral patha for this develop~
ment are open, one interesting approuch (3. P.485] baing through algetratc topolegy
using thes differsntial fora Tepresentation of Maxwell's wquations. Herw, though, we
follow the tachaniques of M, Rieaz [4]. &3 presented by Heatanss Cs. P.29], and Tep-
Tesent fleld quantities in an Apprapriate Clifford algelra having a suitahle astric

and aseoclated products and derlvative opurators intreduced, Wo firmt review the
idens of Clifford algebran,

"Each thing is pushad and squsezed
and held in place by others,® [1)

1I, Clitford Alzetras

A Clifford algetwa & ia comprised of a Zn-dinn-ima.l voctar space tulit uson
an underlying n-dimensional vector space with producta in the algelrn defined througa
the use of an nxn metric aatrix, Hers the underlying vector apace will be real p-
smmce, A", with (contravariant) tasia vectora ol. 02. esos 8" and with ag attached
nealar proeduct <4>, Tha acalar froduct is related tg the twaie vectorm or R® by the
real, aymaetric {t generally indefinite) wotric matrix ¥ = [lu] through
2’ a g al, o">, And Ly an arthogonalization of the tmaia vectors we can aasums Y to
be diagonal, The 2" tasia voctors for the Clifford algehra ara taken as
-0 -1, oi. -1‘1 - oiej, ui‘”‘ - cie‘lek. Aoa 0 'u...n - claz...e" (11,1)
Here the Supsracripts are the 27 subsets of the aet e 2, vauo ny i:ﬁ. p.I%J and ao
ia Ydentified with the real numbeyr one, These bamis vectors arw tansor producta,
graded by the order of the auperacript subsat; any vactor in the Clifford algebra ia
Toprvsented by !huea for o<il,2,.,,,nj and 4, real, Now, an algetra i a vector space
with sultiplication dafined for any two vactors; the multiplicatien in a Clifford al-
delxa proceoda [rom o"e" + °_1°1 = z.”.o - Zn”. Hultiplication ab for any two vectors

8, b is now on hand and in terms of it we alsc dafine a dot and a wedga product (give
ing ab = g«b + aAb)

+ This research was supported in part under NSF Crant 75.3322%
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20+b = ab+ tn, 23Ab = ab - ta (11.2:
Of particular interest to us will be the apeclal metrie
M = diagonal {41, -1, ..., =1] (11.3)

in which case (el)z -] = aloal - uﬂ, (cl)z -]l = oioei for 151 and eled = -eJei
-eldo alﬂc" for W} and 1,9 = 1, Through G = H-l - [g“] the covariant tmsis o,
Car weee € ia defined by o -J_nnl s”u'j in which case we can eximress any vector in
the algetra in terms of contravariant, covariant, or mixed co:ponantu. For exanple
for Z1ifford 1~ and 2-vectors; x -121::101 -Jg‘ixfj with xJ -1&::13”

F -121}19'13,1,_1 -lzzlﬁlr;nicj -12:1521?1,1"%5' Note that we Just an well asgume
1

£ -i-'Ji and that we have e, eo"l. Returning to (II,1), the baajig veetors of O

whoge superscripts ars the 271 even subsets of {1,2,,,,,nj alno form & Clifford
algehra L:-!. L;shc, the subseript a denoting "space™ for ite later moaaing, We will
label the (contravariant) msie of <, as {for i,4,... 22)

Ef -1, u: = elol. ﬂieg. teas esj"'" - 2553..&: (11,4}

For & we next extend lte underlying "field™ to differeattakla functiona in n )
icontrnvru-iant} variahiesa xl. 12', 0000 xn, while introducing the partial derivative
covarlant notation ai - O/nxi. This allows the introduction into . of a gradient
vector

a 1
L oe (11.5)
i=]

It is tecauss of this fora of the grailent, tmaed upon the govariant dl’ that we
began with contrrvariant bausia vectors, And since the flnal msia vectors, called

peewdoscalars, in & and L‘—s are aoacwhat important, we give them labels

Ve

12,,% 23...
R T e n (11,6)
We find Lk
k=2
1, - (-1)[“/2](3)"3_. ey (11.7)

with l:x] denoting the largest Integer not exceeding x. We also Introduce a con juga~
tion operation, defining for any Clifford algstra vector a, a® = elul. from which
L= )y, gt (-1)"11_ when considersd 1n c, Finally, we have an “even” and
“odd” decomposition (glving a = a® + a®)

2% wa+a®, 2% =2 - p* {11.8)
in which we cun alac sat af = ;aa‘ with the purity of 4" eing the sase ay that of 4.

“Thare is no haze in the air,
And I thought this was the arder of tha world,
not & mpeck of dust out of place.” [1)

III, Maxwell's Equationa

With ths Clifford algelrn Mmckground in hand we can rolatively awiftly asst up
Maxvell's equations, For the " coordinate vector x = [x'] to te phyaical we semmrate
tiac a8 the first coordinte, x' = t, Within thin privilegsd coordinate systen the
differeatlal diatance ds at a given point vill be taken to be measured according to

iii-1/1,2
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=

the fundancatal metric law {expmesod in terms of coearlant components x = [a’.] -
€x, ~ = tranapoas)
(d0)? - (dx.l)"' t (dx,)° = aduayg (111,1)
Bquation (I11.1) defines M ao thd"Retric mateix of (II,3) through whica our Clifford
algotra in defined,
flext we take as the tmsic phymical law, genernlizing [4, p.179] to n dimensions,
VF = § (111.2)
where J 1s an excitatlon Clifford algehrm l-vector, F ls a fiald 2=vactor, and 7 is
the gradient operator l-vector, {II.5), How define using the ¢ ., el of (II.4) and
the evan - odd decompositicn of (II,8)

1 Ta. ol o

e V=0 +¥=o 1:.201% {I1II,%)
J - P - Jd = Jl + E Jia (IIIDBb)

1 2
i el -4 E I: Fy (aij + elsle‘i 1) - g‘. l;: I-‘Uo;u {1I5.3¢c)
1-1J-1 1=2 j=2
Pelrr FlJ(uleJ - ololedly o T Ry o J : (111.3)
1-1:-1 2

nuleiplying (III,2} by of on the left, sutmtituting (III,3) In the result, using
fa = Yea+ 2w and 91 - (-1)" 1Y in ¢, and equating respectively terms of dimen-
sion 0, 1, 2.31nthne a, y'ields

9.F® = g, ar + (- 1)“1 - g, 1or-‘+vnr - g, 1v-s"-o {111.4)
Following Schilt [7]. and -orkimr in uiorgl unita, we define

[ =D =Yg, r”-fu. a-.n?-t (111, 5)

whers o is the absolute value of the detormlnant of the metrie natric M, s o ° lfc.
¢ = velocity of wave transalsslon, Defining also the cross product L5, p.22] through

axb = (-1)*"1 1{—5 1,38 (I11,6]
for any & and b in C, equationa (III.4) yleld, on divislon of tha laat two by
-2
10/,.0 ju with _ia from (11,7),

D=y (111.7a)

=0,0 + ¥ail = J (111,7%)
<t , B

3B+ (-1)7¥x =0, o= Lk (I11,7¢c)
k=1

Y.Bay (111.7¢)

These are recognized ms Haxwell's equaticna in clasaical form when n = & {as a = §
then). though now expressed in our Clifford algetma,
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"I have seen happiness face to face:
I can atil) yes the hesitant 1ight
fusbling in 1te flurfy paip * (1]

TV, Dlocusgion
Since Maxwell's #quations are fundamenta] to both electrical engineering and

tasic physics they have Previcusly en looked at in many wvays, Here another forny-
lation ia developed, that Tepresenting the squations in a Clifford algetra in o di-
hensions, reaulting i (111,7), This development has soveral advantages, Besides 1ts
alegance, it Proceedn from a more goneral phymica}l law, VF = Jo which yields directly
generalization of clameical results to p dimenaiona, Further, it very foresfully
Tocuses attentlion on the mathematical differsncen between the four fleld vectors B,
D, E, H with the rolationshipa tatwoen the former tvo and the lattor two as brought
into porapective by Schilt in gn Apparently little Tocogmizod work; thus Bl =

X ] nUHJ, o L n"JEJ. These latter differences are of course very laportant to
engineering constructs ut generally ignored by sathematical physiciats Wwarking in
the area whoms interests are ip quantun fields in the vacuua, In our develapnent wae
also worked with the equations at a fixed point aanuning that the metric wag ad juated
at tha point into the unit diagonal form of (I1.3). But by keeping the motric une"
apacified in certain equations we have allowed for development of detalls covering
variahle points and metrica, Ths Cliffor algebra formulation dosa lead to new and
Prumleing research araas, both on a physical tnsls, such as gravitational fields and
n-disenglona] holography, and on pure and applied mathematical bages, auch as oper-
ator theory in Clifford algabrns and sultivariably tetwork eyntheais ranllubdllty.
Indeed formally the theory 1s within ag operator theary of differential rings, aa
Previocusly outlined for this series [8] tut ati1l to bg corpletely devaloped,

The mearch of A, Prarf-nb-rsar, and intereat, on the topic 1a sratefully
acinowledged, for which thig Papar 15 dedicated,
"Now I mee all can do is love,” EIJ

"I looked up in the night,
The loom of the Past wme weaving lawg
{rom glittering threads of change, ™ Ll]
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