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A CLIFFORD ALGEHRA REPRESENTATION OF N-DIMENSIONAL MAXWELL
EQUATIONS

NEWCOMB, R, w.

"1 search, free and free of charge, for
sosathing aare certain than the fall of dice,* (1]
1. Iatroduetjon

Far several reasonas it wsens worthwhile developing a theory of multidisensional
Karwell oquations, For ona, there is the posaible use of such equations in the real-

1zablliity theary of Passive n-vurlalle networks where lmslc, outstanding, and inter-

oating mrobless are outlined [Z, p.BjO]. To bo oure several paths for this develop-

Real arw open, omo lntoresting approach (3. p.485] betng through algotraic topology
uaing the differential form Temresentation of Maxwell's equations, Here, though, we
follow the techoiques of M, Riesg [4]. a8 presented by Heaatenes Ej. p.29], and rcep-
Tesent fiold quantities in an appropriate Clifford algobra having a suitable metric

and assoclated Feoducta and derivative cperators introduced, We fipgt review the
ldeas of Clifford algetrans,

“Each thing is pushad and equeezed
and held in place by others,” [1)

II, Clifford Algebras

4 Clifford algetra * 1a coaprised of a 2n-dlunli.onn.1 vectar

an underlying n-dimensional veclor space with preducts in the algeixa defined througn
the use of an nxn metrig aatrix, Hers the underlying vactor space will be real g
space, R", with (contravariant) btasis vectors cl, .2. erees 8" and with an attached
Scalar product <, >, The scalar product 1s related to the mais vectorm of /" by the
real, aymaetric (it gonerally indofinite)} metric matrix ¥ = [11 through

R al, ®">, And by an orthogonallzaticn of ths Imais vectors w
be diagonal, The 2" tmais vectors for the Clifford algelra are take

- 1, ol. S oie", RS nie‘,ek. a0 eBeeen | alez...en (11,2)

Hers the suparscripts are the 2% submets of the net (1, 2, ,,,, ny i:6, p.laé] and o
ia 1dentified with the roal nusber one, Thase bmaia vectors are tensor products,
graded by the order of the auporacrlipt subast; any vector ln the Clifford algatbrs is
Tepresented by Ih.co" for oCil1,2,.,.,0j and 2, real, How, an algebra is 2 vactor space
with multiplication defined for any two vactors; the sultiplication in a Clifford al-
gslxa proceeda from elej + aJe" - z.“.o - Znu
8, b 1s now on hand and in terns of {t we alao
ing ab = gob + aabt

pace built upon

2 Can assume M to
n a3

« Multiplicatlion ab for any two voctors
dofine a dot and & wedge product (glve

*+ This research was supported in part under NSP Grant 75=0)227
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20+b=ab+ ta, 2aAbe=abeim (1r.2;
Of particular interest to us will be the apaclal metric
M = diagonal (+1, -1, ..,, «1] (z1,3)

in which case (e1)2 -]l = el-al - ao, (31)2 = a] = ei-a1 for {1 and e"e" - -e'ja1
- eld o alngd por 1) and 1,32 1, ThroughG = H~! = [51,1] the covariant tmais 8,
€ae «oer e 13 defined by Lh -;):l gUeJ in which case we can sxpress any vector in
this algelra in terms of contravariant, covartant, or sixed componenta, For exanple
r fad - 1 - j . L i

for Clifford 1- and 2-vectars: x l}lx LY J!llxje with IJ 1&: 3“

F "15‘1}21FU°1°J —13:1_)%15‘?1‘1 -13'1.151?1.1'%‘1' Hoto that we Just as well assume
eid o -;'-Ji and that we havs €. " eo'.l. Returning to {II,1), the Mmais vectors of &
whose superscripts are the 2" ! even subsets of [1,2,.,,,n} also form a Clifford
algebra L:-a. L;SC:_'., the sulweript o denoting “space” for its later maaaing, ¥Wa will
latel the (contravariant) tnsis of Gs as (for i,§,,.. 22)

A 2
e; = 1. Q: L Elﬂig eiﬂgo seop e:j.-.n LJ e:ﬂiu-oﬂ: (II.“)

For 2 we next extend ita underlying "field"™ to differentiahle functlona in n :
lcontravariant} variahles xl, xz. N800 xn. while introducing the partial derivative
covariant notatlon ai - o/nxi. This allows the introduetion into .* of a sradient
vector

" i
Ve L o (11.5)
=1 1
It 1s because of thia form of the gradlent, meed upon the covariant ﬂl, that we

becan with cont=avariant husis vectors, And since the final tmsis vectora, calied

paendoscalare, in & and L’—a are acaewhat important, we give then labels

12, .'n 23...n
A=e S M N n (11,6}
de find Ek
k=2
Y L S L 2 e () (11.7)

with [x] denoting the largest iateger not exceoding x, We also Introduce a con Jjuga-
tlon operation, defintng for any Clifford algebrs vectar a, a® = elaol, froa which
1" - (-l)n-l_i_. ,1: - (-1)“'13u whon considared in <, Finally, wo have an "aven® and
“odd” decompasition (giving a=a%+ ao)

2% a s+ a’, 22% @ a - p* (11.8)
in which we can also met a® = ;'A’ with the purity or A® belng the mams ay that of _1.,

“There is no hase In the air,
And I thought this was the order of the warld,
not & speck of dust out of place,"” [1]

III, Maxwell's Equations

¥ith the Cliffaxd algelra tockground in hand we can relatively awlftly psst up
Haxuell's squations, For the A" coordinate vector x = [x!] to b physical we saparate
tioe as the firast coordinte, 11 ® ¢, Whithin this privilegod coordinate systen the
differentinl distance ds at & given point will tm taken to be measured according to

IIZ-1/1.2
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=

the fundascatal metric law (sxpreascd in terms of co.arlant components ¢ = Exl] -
Cx, ~ = tiransposa)
- n
(da)? - (e - ¢ (d:t)z - agMag (111,1)
Equation (III,1) defines # us tid Retric matrix of (II.J) through whica our Clifford
algotra ia dafined,
fext wo take as the tmaic physical law, generalizing [‘i. P.179] to n dimensions,
e (111,2)
where } la an excitation Clifford algebra l-vector, F ia a field 2-vactor, and ¥ §a
the gradient operator l-vector, (II,5). Now define using the G, tmais of (I1,4) and
the even - odd decompositlon of (II,8)

1 Ve b} (111.3a)
evVeo +Ve=o + 1.}:2013' Ja
1 Bt
o J=p-J=J) + Lo (111.3b)
FPep® i :1 r 1-2(11: Lledl) w T Tr, o3 (111,3¢)
i - F - L LF *+o e e”a )= L EF .
s g 490 ¢ joz ez 457
nn n
P adr £r {oled - oleledel) = &, of - (111,%)
g Y ° g2 178

hultipiying (II1,2) by ol on the teft, subtutitutlng (II1,)) in the result, using
Sa = Satwand g = (-1)“_153 in O, and equating respoctively terss of dimen-
glon 0, 1, 2, ] in the es'a, yields

2t wp, 3%+ (-1, 9n" = oy, 10 F + 3% =0, 1 9-F =0 (II1.4)
Following Sehilt [?], and working in Glorgl unita, we dafine

FFaba- co\!;'s, P - ﬁf H, B= ..;.T-i (II1,5)

whera a is the absolute value of the detarminant of the metric matric M, o ® 1/.:%
¢ = volocity of wave transalesion. Defining alsc the croas mroduct [:5. p.ZZ] through

axb = (-1)"} 'i% 1anb (111.6)
for any a and b in t.'«., equationa {[I1.4) ¥lald, on division of tho last two by
-2 .
'o/"o ju with _l_.s from (11,7},

WD g (111,7a)

=9,D + Vit ~ J (I1I,7v)
n

0B+ (-1)7%E =0, a= Lk {111,7¢)
k=1

LB=0 (111.7d)

These are recognized s Maxwoll's equations in classical form when n = & (as o= 6
then), though now expressed in our Clifford algetra,

III=1/1.3



"I have gesn happiness face to fuce:

I can atil) gee the heoltant 1ignt

fusbling in its fluffy hair,* [1]
IV, b1 1

Since Maxwell's oquationa mre fundamental to both slectrical engineering and
tasic physics they have Freviously been looksd at 1n many ways, Hers another formy.
lation s developed, that repranenting the equationa in a Clifford algelra in n dy-
mensions, resulting in (111.7). This develoment has severn] sdvantages, Besides its
elogance, it Frocesda from a mors &enernl physical law, Vf = Js which yierlde directly
gensralization of classical regults to n dimensions, Further, 1t very forcefully

the area whome intereats are 1p quantua flelda in the vacuua, In our developnent wa
alao worked with the equationa at g Tixed point assuning that tha matric wag ad justed
at the potnt into the unit diagonal form of (II.3). But by kesping the metric un="
apscified in certain squations we have allowed for development of details covering
variable pointa and metrice, The Clifford algahra forwulatien doos lead to new and
Trvainlng research arvas, both on a phyaical tnsin, such as gravitaticnal flelde and
n-dimensional holography, and op pure and applied mathematical bages, such aa Oper-
ator theory in Clifford algebras and multivariable uetwork synthealis Teallizabllity,
Indead formally the thaory ia within ag operator theary of differential rings, as
previouely outlined for this neries [8] tut st112 to be coapletaly davaloped,

The search of A, Prlrf-nhrqar, and interest, cn the toplc 1s Sratafully
acinowledged, ror which this Mpor 1a dedicated,

"Now I see all I can do is love." [1]

"I locked up in the night,
The loom of the st wao weaving lawg
froa glittering threads of change " | 1]
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