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ABRSTPACT

The factorization mathol of . |, Livsic {o i=lossleonn marrices i e e

in concise form.
"on the other bank, the palms beckoned v, 11 whees T, the interier orerator, and ', the input
to state space operater, are consequently taken as

I. INTRODUCTION . . .
. kneem. The interior onerator 15 alco taken to

In the book of M. S. Livsic [2] a factoriza- satisty the relationship (3]
tion theory for J-lossless matrices is precentoexd
which is useful for the cascade synthesis of T+ 7= par? (1b)
lossless networks. Unfortunately this is spread
throughout a large segment of the book and in a
language not teo familiar to western engincers.

Knowing the tranmmission operator in this faorm we

clearly know the input to interior operator

Consequently we here attampt to concisely Rz [f-pl]"r (2n)
present the ideas and in a form more aCQC:'f:;ltJ]l E——
to western engineers. Although we hope this
paper will be self-contained we point out the S(p) = 1 + .13 (21
canpanion paper [3] where the background ideas
are presented. As a final preliminary we camment aht if 0
is an isametry, Q% = T, [, p.15], then the
II. PRCLIMINARIES replacement
We consider as given an n x n matrix = om? (3a)
transmission operator S(p) of the canplex .
frequency variable p = g+ jw. associated with r=or (3b}

. . ul

is 5 ix J satisfving J = . . .

S(p) is a constant matr e =k leaves () invariant, that is
where superseript a means adjoint, and J° = T,

with I the identity. Physically a transmission Sp) = TR Tan 1 )= I*J[A'a['f'-pI']-lf' (ha)
onerator can be interpreted as a chain, scattering

or transfer secattering matrix (or various combina- thouph we find

tions of these), the interpretation depending ubon R = R (b))
the associated J. Thus, for example, J = I

correspords to the scattering matrix while III. FACTORIZATION - RATIOHAL CASE

J = g (I)] is associated with the chain matrix . At U.nis pt?int we asr.um’z that S(p) is rational
(2 In p inwhich case T in (la) can be taken to

be an mx m matrix operator with m finite,
By putting T in lower trianpular form, (5), we
will show that a decomposition of the interior

We assume, as per [3], that the transmission
operator can be written in the form

S{p) =1+ Jra[T-pI]'ll‘ (1a) operator R, (10}, results to yvield a factoriza-
tion, (12).
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By standard techniques [5, p. 75] there oxists
4 unitary transformaticn ©, which is a special
case of an isametry, for which T ¢an be put in
lower triangular form through (3a). Thus we can

assume that T is in lower triangular form and,

hence, by partition, written as

Tll 0

T = (5)

Tl? T22

where Tll and T are al=oc lawer triangular,
with Tll

than m, assuming m > 1}.

22
of any desired number of rown (smaller

Assuming now that T iz in lower trianpular
form and to go along with the partition of (5)
we define projection matrix operators

I 0 0 0
n.F (8)

are identities of appropriate
By (5)

where Il and I2
dimension; here P + p, = 1.

T = (pytpy)T(py*py) = Py TPy R, TR, 4, TRy (7a)
= Tl + T2 +22T21 (7H)

r= (pl+p2)l‘ = pll' *p,T (7e)
s e, (7d)

from which our definitions for T,,T,, Ml
should bé clear. Further, as pl‘I‘R2 z 0,

a
o7 =R, TRy +02p, Ty #, D) 2P, (1+1%)p,  (Te)

= -p, (FIT%)p, (11)
I a
= -rr] (7g)

With these points in mind we can invert T-pl
in a relatively straightforward manner to pet
-1
- (T, ,-pI ) 0
(1-pI) i, 11 771

-1 71
l—le) (TZ‘?-pI?)

~(Tpp=BL,) ]‘I‘zl(Tl

(8a)

i -1 . 1
Py (TypD) Tp #ra(Ty=0D) T,

- -1 -1
'_’12("2"-’1) Ez'lrl(Tl—nI) Dy (8b)
= p (T, =pI) "o +p (1, -pD) ko
i A St S e A 22
a =1
+32(T2-DI)FQJF1(T1-DI) Dy (8c)

consequently we obtain, on directly using (8¢) in

(2),
. -1
F=[T-nI] T {3a)
=0, (T,-nT )'lr’lm.,('r_,-.,r )'lr_;

2]

-1 - =1,
+22(T2-DI) lel(ll-nI) I (9b)

=n (T -pI)-ll‘lw‘B?('i‘.‘.—r )74

21t 2
a =1
(1 + JET) e ) (9c)
=R RS ) (10)
where
} oyl
Ry=p (T,-pD 7T, (9d)
R =p,(T,-pD) 1t (9¢)
27 82' % 2
- e TH
S =IWII (T, -pLY T, -I+J[“;'R1 (9f)
- a e S
S,=I+JT(T,~p) " T, .I+Jr'23R2 (9g)

guation (10) is the main one which allows the
factorization, feor

S=I+Jr3(T-pI) "1 (11a)
=I+J(r‘;+r‘;)[Rl+stl] (11b)
=I+J[“;‘Rl+.1r‘;R?s1 (as I5R;=0) (11e)
25 IFOR,S, = (I+IT RS, (11d)
=5,5, (12)

Having obtained the desired factorization, (12),
we comment that if the degree &[S], [6, p. 195]
is m, that is the state-space realization of S(p}
for (la) is minimal, then



§Ls] = srsll + 6ls,] a3

as seen from (9) using PLtp =1

IV. FACTORIZATION - IRPATIOHAL CASE

If S(p} is irrational in p then the
above procedure still works whenever T can be
put into the lower triangular form (5) by an
isometry Q. The disuession in {7, p. 73]
indicates that this will always be the case if
S is a contraction. See also [?, Chap. 61.

V. DISCUSSICON

Given an S(p) in the form of (1a) we have
presented the ideas of Livsic which lead to its
factorization, as we have seen always in the
raticnal case. This has the advantage that
optimal degree reduction occurs.
desires degree ane factors then such can be obtain-
ed by the use of a partition at ($) in which
Tll is 1 x 1. However, it should be pointed out
that the triangularization of T required may
lead to complex valued T and T.

The S(p} under consideration all satisfy

Too, il one

J-53(3w)IS (i) = 0 (1)

in which case they are often called J-lossless[81.
Such correspond physically to lossless network
structures when S(p} has appropriate analvticity
properties to guarantee possivity,

"A few more strokes! The bank was now closed"
f1].
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