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and (20a) follows. With the appropriate changes in (A2) and 
(A6), the same argument leads to the remaining cases in 
(18) and (20). 
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Narrow-Band Multiple-Coupled Cavity Synthesis 
A. E. ATIA, MEMBER, IEEE, A. E. WILLIAMS, AND R. W. NEWCOMB, FELLOW, IEEE 

Abs~uct-A synthesis procedure of identical narrow-band high-Q 
cavities is presented. The procedure handles multiple couplings in a 
noncascaded form by synthesizing coupling impedances in one step. 
Necessary and sufficient conditions for realizability of singly and doubly 
terminated networks are obtained. An example of a sixth-order elliptic 
function waveguide filter is included. 

I. INTRODUCTION 

I N some practical applications [l], particularly at 
microwave frequencies, bandpass filters are conveniently 

constructed using interconnections of identical high-Q 
cavity resonators. Commonly, these cavities are coupled in 
a simple cascade connection [2] from which, however, only 
all-pole insertion loss functions can be produced. When 
more general characteristics are desired, coupling between 
nonadjacent cavities can be considered. For this latter 
situation, Saito [3] has presented a possible synthesis, 
though his technique may require an unnecessarily large 
number of coupling elements raising inconveniencies for 
production and adjustment. A different approach is 
presented by Rhodes [4]. 

Here an improved synthesis of identical multiple-coupled 
high-Q cavities is presented in which the minimum number 
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of coupling elements is easily obtained. Realizability 
conditions are presented for both doubly and singly 
terminated networks, these being derived from the necessary 
and sufficient conditions of Theorem 1 on the admittance 
matrix of the cavities. In essence, this paper presents in 
complete form the theory behind designs upon which 
experimental results have been reported [l], [5]. 

II. EQUIVALENT CIRCUIT AND FUNDAMENTAL DEFINITIONS 

Fig. 1 shows the n-loop equivalent circuit to be assumed 
for a structure composed of multiple-coupled, but otherwise 
identically tuned, cavities. The cavities being identical, and 
hence called synchronously tuned, are all assumed tuned to - 
the normalized center frequency o, = l/JLC = 1 and to 
have normalized characteristic impedance z, = X/Z = 1. 
We make the narrow-band approximation by using a 
lumped element representation of a cavity and by assuming 
that the 12 x n symmetric coupling impedance matrix jM 
(having zero diagonal entries but otherwise arbitrary signs 
on the entries) is purely imaginary and frequency inde- 
pendent for frequencies near 0,. 

Introducing the bandpass frequency variable 

P =p + l/p 

allows us to write the loop impedance matrix as 

Z,(P) = PI, + jikf 

where 1, is the n x n identity matrix. 

(14 

(lb) 
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\ M2.n I 

Fig. 1. The gene&l 2-port composed of synchronously tuned coupled cavities. 

Considering the structure as a 2-port with input &d 
output ports introduced through ideal transformers 
inserted in loops i and n, yields (using I1 = yllil, v1 = n, V,, 

and satisfy 

(4b) 
I, = -I, = -n21,, 

ZY, = 

p = 

and V, = -nzV, = -u,,) 

d 

[ 
L 11, i2; * *, in-,, -L I” 
nl n2 1 

where the superscript I denotes matrix transposition. 
The 2-port (short-circuit) admittance matrix is then found 

from Zl-’ = Y, as 

III. ADMITTANCE MATRIX PROPERTIES 

The properties of Y of interest can now be determined. 
Since M is a real symmetric matrix, it can be diagonalized 
to its (real) eigenvalues by a real orthogonal matrix T, as 
seen by 

M = TAT’ where TT’ = T’T = I, 

A = diag [A,; * *,A,]. (3a) 

Consequently, 

Yl(P) = Z,-‘(P) = (PI, + jTAT’)-’ 

= T diag 
1 

’ T’ 
P+jA, -““‘P +.A 1 . (3b) 

Using (3), we can conclude the following. 

Theorem 1 

The necessary and sufficient conditions that the rational 
2 x 2 matrix Y(P) be the admittance matrix of the 2-port 
of Fig. 1 are that Y(P) be expressible as 

where : 

(da) 

a) the poles Pk = -j& are simple and purely imaginary, 

b) the 2 x 2 residue matrices Kck) are real and symmetric 
and positive semidefinite witli zero determinant (compact); 

4 

Proof for necessity: The form of Y(P) exhibited in (4a) 
follows from the relation (2b), of Y to Y, of (3b). The 
latter shows that the poles are simple and purely imaginary. 
Since the trace of M is zero, and the trace of M is the sum 
of its eigenvalues & [see [6], p. 871, c & = j c Pk = 0, 
giving (4a). From (3b), we have 

Kij = ,gl $?+ 
k 

Pa) 

or, using (2b), 

-4nzTnkTu 

nz2Tnk2 * 1 (5b) 
Thus the residue matrices are real, symmetric, of zero 
determinant, and nonnegative diagonal entries (hence 
positive semidefinite). Since T is orthogonal, we have 
for (4d) 

,il K21(k) = -“l”z k$ KkTlk = 0 

while M,, = M,, = 0 gives (4~) by similar reasoning 
using (3a). 

Proof for suficiency: We wish to construct a real 
symmetric M = TAT’ having zero diagonal entries from 
Y(P) satisfying the conditions of the theorem. The problem 
is then that of finding an appropriate orthogonal T. Since 
the residue matrices take the form of (5b), we first choose 
positive input and output transformer turns-ratios, as 
seen by 

n.’ = ,gl Kii(k”, I i = 1,2. @a) 



ATIA et al. : CAVITY SYNTHESIS 651 

Next we form, in view of (5b), 

TIk = JK,,(k)/n,2 
~ 

Tnk = ~K22~k~/n22 sgn KzIck). (6b) 

By the compact nature of Kck), the proper K2 ick) result with 
(4d) insures that the first and last row of Tare orthogonal; 
(6a) insures these rows are properly normalized. We have 
on hand then the first and last row of an orthogonal 
matrix T, which in view of (4c), gives, using (3a), MI, = 
M,, = 0. We next construct an orthogonal matrix TI 
having the first and last rows of T so far obtained; for 
example, the remainder of TI can be found from the first 
and last row by the Gram-Schmidt procedure. If T,AT,’ = 
M, has all zero diagonal elements, we choose T = T,, 
M = M,, while if not, we iproceed as follows. If some 
M,ii # 0, then sgn Mljj = -sgn MIii for some j, since 
trace MI = 0 by (4b); by a permutation of rows and 
columns, we can assume i = 2, j = 3. Thus the 2 x 2 
matrix 

fi, = E122 

123 

;123 

133 1 
is indefinite, in which case there exists an orthogonal 2 x 2 
matrix T1 such that pl&f,T1?;’ has a zero replacing MI,,. 
Explicitly, 

Tl = 
[ 
cos e sin e -sin * 

cos 9 1 
with 

(74 

tan 8 = 
-M 123 * J”:23 - M1zzM133 

_ _ (7b) 
M133 

where we note a solution always exists, since M,,, # 0, 
M&f133 < 0. 

Forming the orthogonal T, = (1 i Tl i I,-,)PT,, 
where P is the permutation matrix for the preceding 
permutation and i denotes the direct sum, T,AT,’ = M, 
has at least one more zero on the diagonal than does MI, 
while M; yields the same Y(P) as M,. Repeating this 
procedure eventually gives a suitable M = Mi = TiATi’ 
having all zero diagonal entries. Q.E.D. 

Although the procedure outlined in the sufficiency proof 
works for any Y(P) satisfying the conditions of the theorem, 
it is of interest to investigate an alternate construction of M 
when the poles occur in conjugate pairs. Thus let us assume 
that Y(P) satisfies the conditions of the theorem, that poles 
occur in conjugate pairs, and that the residue matrices at 
conjugate poles are either equal or differ only in the sign of 
the (1,2), and hence (2,1), entry. We will then give an 
alternate construction for M. 

On choosing ni as at (6a), we have two cases depending 
upon n = 2m (even) or n = 2m - 1 (odd), which we 
bring into one. Thus, if n is odd, there is a pole at zero of 
residue Kc”); we then relabel, splitting the pole at zero into 
two equal parts, as seen by 

K(m) = K(Zm) = $p’p, A, = A,, = 0. (8) 

Assuming this in the following, which now allows n = 2m, 

we appropriately number the remaining i,, such that the 
poles P, = -jA, are split into upper and lower (conjugate) 
half-plane poles to form A,; 0, A = ---I---- 3 [ 1 Ai = diag [A,, . . *J,] (9) 

0 m I -Ai 

where& 2 OandA, > Ofork = l;**,m - l;O,isthe 
zero m x m matrix. 

To obtain T, we first find an intermediary orthogonal 
m x m matrix Q as follows. .For the first and last rows of 
Q, choose, as at (6b), 

Qmk = JK22(k) sgn KzIck), k = 1,2;**,m. (10) 
n2 

For the’remainder of Q, we arbitrarily construct it to be an 
orthogonal m x m matrix. We then choose 

1 Qr Q 
TI = Jz ;.;-;-; [. 1 W) 

which is orthogonal by our choices for Q. This yields %I 1 c Ml = T,I\T,’ = ---I.-- , [ 1 c j 0, 
C = QAQ’. (llb) 

If 

K(k) = K(ktm) k = l;..,m 

(1 lc) 

we choose M = M,, T = TI. If, however, conjugate poles 
all have equal residues, then we permute rows and columns 
one and m + 1 to obtain the corresponding M. 

In general, the matrix C, constructed as in the preceding, 
will have all nonzero entries. There are several procedures 
to generate equivalent networks which possess less coupling 
elements. These procedures apply similarity transformations 
which reduce certain nonzero elements in C (or M) to zero. 
One such method which can be applied in the case of 
symmetrical networks to yield a “canonical form” is to use 
the Givern’s procedure [see [6], p, 2561 to reduce C to a 
tridiagonal form. For the general (nonsymmetrical network) 
case, the following procedure can be applied. 

Let D be the (m - 2) x (m - 2) matrix obtained from 
deleting the first and last rows and columns of C. Since D 
is real-symmetric, it can be diagonalized by an orthogonal 
(m - 2) x (m - 2) matrix V, as seen by 

D = V’pV VW 

where p is a diagonal matrix. Then construct the orthogonal 
m x m matrix S as 

S=liVil. (12b) 

Finally, the matrix C’ given by 

c’ = SCS’ uw 
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will be zero everywhere except for the first and last rows and Finally, we let 
columns and the main diagonal. In general, this will yield 
the smallest number of coupling elements. 

yll(p) = i Kilo 
k=; P - P, 

W) 

IV. TRANSFER-FUNCTION SYNTHESIS 

Here we present conditions and outline the methods for 
which singly terminated and doubly terminated networks 
will result using the synchronously tuned coupled cavities 
of Fig.. 1. 

First we treat the case where the 2-port of Fig. 1 is 
terminated by a unit resistor at the output, for which the 
voltage transfer ratio of the network is 

(13) 

Sufficient conditions for realizability are given as follows. 

Theorem 2 

A voltage transfer ratio V,/V,(P) = M(P)/N(P) is 
realizable by the singly terminated network of Fig. 1 if 
a) M(P) and N(P) are real polynomials in P with N strictly 
Hurwitz, b) degree M I (degree N) - 2, and c) M is even 
if degree N is odd and odd if degree N is even. 

Proof: Following standard techniques [see [7], p. 4171, 
write 

v, M/Ev N -= 
Vl 1 + (Od N/Ev N) 

if deg N is even (144 

M/Od N 
= 1 + (Ev N/Od N) 

if deg N is odd (14b) 

where Ev N is the even part and Od N is the odd part of 
N. From (13) and (14a) and (14b), we can identify the 
short-circuit admittance parameters as 

where 

Kllck) = K2 1(k)2 
K, 2(k) 

2 0, k = 1,2;..,n. (16b) 

This also insures the second of (4c). 
Therefore, all conditions of Theorem 1 are satisfied, and 

the synthesis can be made following in fact the construction 
of (11). 

A similar result holds for the more practical case of 
doubly terminated networks. 1:f the network of Fig. 1 is 
loaded at port two by a conductance G2 and fed by a source 
at port one of internal conductance G,, then 

v, - G1I2 _ -GIYZI -_ ---_ 
K (72 4 (~1, + G,)(Yz~ + G2) - ~21~’ 

(17) 

We then have the following. 

Theorem 3 

A transfer voltage ratio (V,/V,)(P) = M(P)/N(P) is 
realizable by the doubly terminated network of Fig. 1, with 
G, as source and G, as load conductances, if a) M and N 
are real polynomials with N strictly Hurwitz, b) degree 
M 5 (degree N) - 2, and c) 1 - 4(G2/GI)~(V2/Vs)(j2,)~2 2 0. 

Proof: Following the standard Darlington procedure 
[see 171, pp. 424, 4021, we create the 2 x 2 lossless 
admittance matrix from I,/I, = -(G2/G1)V2/Vs. This Y has 
compact poles [see [7], p. 4081 and the reasoning of the 
proof of Theorem 2 applies to show that Theorem 1 is 
satisfied. The only point which could be in doubt is (4d) 
which follows from (17), where the numerator degree is two 
less than the denominator degree. Q.E.D. 

YZ~@'> = M/EvN V. SYNTHESIS EXAMPLE 
yz2(P) = Od N/Ev N if deg M is even (14c) An example which illustrates the synthesis technique 

y21U-7 = -MP N, developed in this paper is the design of a sixth order 

yz2(P) = Ev N/Od N if deg M is odd. (144 
elliptic function waveguide filter. Since this type of filter is 
realizable by symmetrical networks, the even (or odd) mode 

We can now obtain the partial fraction expansions of y,, coupling matrix can be used to simplify the computations. 
and yz2 as The general form of the coupling matrix of a symmetrical 

’ Kzlck) 
network and the definitions of the even and odd mode 

Y22u3 = kFl p-p 
coupling matrices and admittances are shown in Fig. 2. A 

k typical sixth order voltage transfer ratio is 

(15) 

Note that yz2 has no poles at co, while condition c) 
guarantees that the Kzlck) are real. Since N(P) is Hurwitz, 
it follows that y,, is a reactance function of P and, therefore, 
all the poles Pk are simple, purely imaginary, and occur in 
conjugate pairs also insuring the first of (4~). It also follows 
that Kzzck) > 0 for k = 1,2,. . * ,n and the residues at 
conjugate poles will be equal. Furthermore, it is seen by 
rationalizing and observing the numerator coefficients of 
P n.- ’ that condition b) insures that xi, 1 Kzlck) = 0. 

V2 _ M(P) --~ 
K N(P) 

(184 
where 

M(P) = P4 + 5.8000187 P2 + 7.7931287 

N(P) = 8.4976927 (P6 + 2.4998811 P5 + 4.6159331 P4 

+ 5.5088462 P3 + 4.7520099 P2 

+ 2.7320542 P + 0.9170876). 

(18b) 

Applying Darlington’s procedure [see [7], pp. 424,402] and 
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GENERAL COUPLING MATRIX OF SYMMETRICAL NETWORKS 

WHERE B = 

gJ-y& 
ODD MODE EXCITATION 

I I 

EVEN MODE NETWORK 

[%] = [“o]+[MbT] B 

ODD MODE NETWORK 

[%I = [“o]-[Mb] G 

Y,I(P) = Y22(P) = Y,iP) + Y,lP) ; Y,(Pl = %[YIIIPl + q2q 

Y,#9 = Y21(P) = Y,(P) - Y,(PI ; YJPI = % [y,, (PI - v,*(P)] 

Fig. 2. Even and odd mode coupling matrices for a symmetrical network. 

the definitions in Fig. 2 to yield a symmetric network, for 
which 2y, = yll + y,,, yil = y22, the even mode short 
circuit admittance v,(P) can be obtained as 

Y,(P) = py; 

K (2) 
+ p 4 p + 

K (3) 

P -I P,, (W 
le 2e 

where the even mode residues and eigenvalues are given by 

K,(l) = 0.576152 P,, =jO.4812277 =j/& 

KeC2) = 0.441353 P,, = -j1.1431542 = j3L2, 

Kec3) = 0.232436 P3; = j1.2309347 = j3L3e. WI 

The transformer turns ratios n1 = n2 = 1.18007, follow 
from (6a). Dividing the residues by n12, we get the square 
of the first row of an even mode 3 x 3 orthogonal matrix 
T,, the rest of which can be constructed by the Gram- 
Schmidt procedure. For example, if the two vectors (l,O,O) 
and (O,l,O) are used, the resulting T, matrix would be 

0.678928 0.594221 0.431228 
T, = 0.736205 -0.549482 -0.398762 . (20a) 

0.000000 0.587342 -0.809336 1 
Then the even mode coupling matrix M, can be obtained 
from (3a) as 

-0.04707 0.87935 -0.27290 
Me = 0.87935 0.49343 0.20162 1 . (2Ob) 

-0.27290 0.20162 - 1.01542 

From this even mode coupling matrix, both the matrices 
M, and Mb (see Figs. 2 and 3(a)) can be constructed using 
Me = M, + MbB as 

0 0.87935 0 
M, = 0.87935 0 0.20162 

0 0.20162 0 1 ww 

Mb= 0 
L 

-0.27290 0 - 0.06707 
0.49343 0 1 . (20d) 

-1.01542 0 - 0.27290 

The coupled cavity network resulting from this matrix M, 
shown in Fig. 3(a), is obviously difficult to construct and 
tune, since it contains the maximum number of possible 
couplings. A structure which contains ihe minimum number 
of coupling elements can be obtained by reducing the 
matrix M, into a tridiagonal form such ai 

-0.04707 0.920718 0 
Me’ = 

[ 
0.920718 0.24678 0.593338 
0 0.593338 0.768716 1 (204 

which can be realized by the more practical structure of 
Fig. 3(b). A waveguide filter having this coupling matrix 
was constructed, and its calculated and measured responses 
are shown in Fig. 4. 

It is interesting to note that the procedure illustrated in 
this example can be applied in general to any transfer 
function realizable by a symmetrical network, such as for 
elliptic function filters, to obtain a canonical form as that 
shown in Fig. 3(b). Similarly, the same ideas can be used to 
obtain the corresponding antimetrical networks. 

VI. DISCUSSION AND CONCLUSION 

In Theorem 3, we have given the practically significant 
conditions for realizability of a given voltage transfer 
function in terms of doubly terminated synchronbusly 
tuned multiple-coupled cavities. It is interesting to note 

,’ 
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Fig. 3. (a) Coupled cavity structure resulting from i%f, of (20a). 
(b) Coupled cavity structure resulting from Me of (20b). 
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Fig. 4. Measured and calculated response of a sixth order filter. 

that the only condition added over that for lumped RLC synthesized M which yields structures often of more 
networks is the second order vanishing at infinity of the interest than the general ones obtained. In the important 
transfer function, condition b) of Theorem 3. However, practical case of realizing filter functions whose insertion 
practically, the results are only valid over the narrow band loss ratios are expressible as 
of frequencies for which the couplings behave as the 
constant matrix jM of (lb). As shown by previously v2 2 

I I 

1 =- 
reported experiments [l], [5], and by the example of v, 1 + (D2 

Section V, the theory can be accurately applied in practice. where Q is any odd rational function of I = P/J', it is known 
At (12c), we have mentioned a transformation on a that a symmetrical network always exists [see [8], p. 3061. 
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Hence, the procedure illustrated by the example in Section V 
can be used to obtain a canonical form as that shown in [41 
Fig. 3(b). 

151 
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Constant Argument Immittance Realization 
by a Distributed RC Network 

SUHASH C. DUTTA ROY, SENIOR MEMBER, IEEE 

Abstract-The driving point properties of a ladder type distributed RC 
network, characterized by the distributions r(x) = r, exp (-ax) and 
c(x) = c. exp (- bx), are investigated. It is shown that the infinite 
length network exhibits, at one of the ports, a constant argument im- 
pedance of the form s-“‘(~+~), in an asymptotic manner. With a 6nite 
length, the approximation is found to be valid over a finite frequency 
band only, while the asymptotic behavior is that of an impedance s-‘/‘, 
irrespective of the values of a and b. 

I. INTRODUCTION 

T HE problem of realizing a constant argument immit- 
tance of the form s’, 0 < (VI < 1, has attracted con- 

siderable attention in the recent past, see [l] and the 
references cited there, and [2]-[5]. Such immittances are 
useful in a number of practical situations [l], and their 
realizability raises a number of fundamental questions, 
which have been dealt with in [4]. One of the early works on 
this problem is due to Morrison [6], who suggested two 
Foster and two Cauer approximations in lumped RC form. 
A distributed RC version of one Foster form has been 
studied in [5] and [7]. The Cauer forms of [6] were studied 
by the present author in both lumped and distributed forms, 
and it was commented in [l] (see footnote 1) that these 
structures approximate s-II2 only and not s-‘, 0 < v < 1. 
In this paper, we present a de+led investigation of the 
distributed version of Morrison’s Cauer I structure; the 
Cauer II structure has not been considered as it cannot be 
fabricated in the distributed form with present-day tech- 
nology. The results reveal the following interesting correc- 
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r, (y _ CENTER k 
ELEMENT co k-l 

Fig. 1. Morrison’s Cauer I structure for realizing an admittance s”, 
v = l/m, and 0 < v < 1. An equality sign should be inserted 
between rc, and [(k - 1)/k12, and also between c,, and k/(k - 1). 

tion to footnote 1 in [l] : the network, viewed as a two-port, 
realizes an impedance s -II2 at one port but is capable of 
realizing s-‘, 0 < v < 1 at the other port. The erroneous 
conclusion in [l] stems from the fact that attention was 
concentrated on the port realizing .r-lJ2 only. 

The properties of both finite and infinite lengths of the 
distributed network have been examined. In the latter case, 
it is found that the realization of s-’ is valid in an asymptotic 
sense. For a finite length, the approximation to s-” is shown 
to hold only for a finite range of frequencies, while the 
asymptotic behavior is always that of an s- ‘I2 impedance. 

II. THE DISTRIBUTED RC NETWORK AND ITS SOLUTION 

Morrison’s Cauer I structure [6] for realizing an ad- 
mittance s’, Y = l/m, and 0 < v < 1, is reproduced in 
Fig. 1, with slight change in notations. The corresponding 
distributed network will have a resistance and capacitance 
per unit length, at distance x from the center, given by 

r(x) = r,k” and c(x) = c,(k”- ‘) (1) 

where --co < x < +oo. We shall consider, without loss 


