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ABSTRACT
This paper explores a methodology for training recurrent neural networks in replicating path planning solutions from op-
timization problems of multi-agent systems. Training data is generated by solving a centralized nonlinear programming
problem, from which both centralized (representing all agents) and decentralized (representing individual agents) recurrent
neural networks are trained with reinforcement learning to produce an agent’s state path through fixed time-step execution.
Path-tracking controllers are formulated for each agent to follow the path generated by the network. The control signal
from such a controller should mimic that of the optimized solution. Results for a 10 agent, 2D dynamics problem with syn-
chronized arrival and collision avoidance constraints showcase the ability of this approach to achieve the desired controller
execution and resulting state path. Through these results, this work showcases the ability of recurrent neural networks to
learn and generalize centralized and synchronous multi-agent optimization solutions, the end of which is a much more
computationally fast multi-agent path planner that trends the slower-to-compute optimization solutions.
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1. INTRODUCTION
Path planning for multi-agent systems encompasses a broad range of methodologies, from which the resulting applica-
tions require varying degrees of accuracy and computational speed for the solutions solved. The introduction of kine-
matic/dynamic constraints alongside global optimality conditions increases the difficulty in producing quick and feasible
solutions.1 As a result, faster path planning methodologies tend to ignore or greatly reduce kinematic/dynamic constraints
in favor of finding solutions to satisfy a varied environment.2 Oftentimes when kinematics/dynamics and optimality con-
ditions must be considered, they are abstracted to simpler models alongside the use of heuristics, from which controllers
must enforce in real-time.3 Application performance of such methods is greatly dependent upon how well the abstracted
system applies to the full dynamic model and controller utilized.

In cases where the total solution must not only consider environmental constraints but also full dynamic/kinematic
constraints and optimality conditions, optimization focused algorithms involve much higher computation times, which
impacts their real-time performance.3 With respect to multi-agent systems, this requires greatly increased state spaces,
which only exacerbates the issue.1, 3, 4 To circumvent this problem, many multi-agent planners operate in a decentralized
manner, often over receding horizons.5–7 Unfortunately, the ability of decentralized planners to optimize a global cost and
ensure synchronous behaviors is greatly reduced as compared to a global planner.

Because of the aforementioned issues related to both kinematic/dynamic and non-kinematic/dynamic focused path
planning with optimality conditions (especially with respect to multi-agent systems), an encompassing solution that can
incorporate the benefits of centralized path planning alongside the speed of a decentralized planner is of great inter-
est. Decreasing the computation time associated with an algorithm that satisfies optimality conditions alongside kine-
matic/dynamic constraints typically requires some approach of quickly providing strong initial guesses for generalized
methods,8 or re-planning from adequate initial guesses.9

Machine learning with recurrent neural networks (RNN) provides a platform from which unknown time-dependent
processes can be form-fitted through training data in which the correct input and output sets are known. The use of
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these (and neural networks in general) to learn and execute sequential actions to minimize or maximize a reward is often
referred to deep reinforcement learning (RL). RL with neural networks provides two primary benefits with respect to path
planning problems, speed of computation and generalization of the solution space to new environments. With respect to
multi-agent systems, neural networks have the potential to tackle problems related to either scalability (controlling large
numbers of agents at once) or learning decentralized protocols (generalizing group rules among multiple agents to localized
protocols).10

For this paper, we present a methodology utilizing an RNN to learn the solution space of a robust, computationally
slow centralized path planner that considers kinematic/dynamic constraints and optimality conditions across all agents.
From here, two forms of RNNs are created to generate the state paths of the agents. The first form is a centralized
network that generates the state paths of all agents together. The second form is decentralized where individual RNNs
are formulated to generate the paths for individual agents. We present performance comparisons between the centralized
and decentralized RNNs in how well they can generate state paths that follow the optimally controlled state path for a
given scenario. Additionally we assess how well path tracking controllers can follow these path outputs and recreate the
desired control signals. These assessments illustrate the feasibility of RNNs and path-tracking controllers to recreate the
originally slow-to-compute, centralized optimization solutions for multi-agent systems, where the RNNs provide far faster
computation times as compared to the original solvers.

The rest of the paper follows as such: Section 2 discusses related work to the presented solution, Sec. 3 introduces the
formal problem definition, Sec. 4 formulates the entire methodology and approach, Sec. 5 provides the sample scenario
tested alongside provided constraints, Sec. 6 examines the results of our implementation, and Sec. 7 concludes the paper
and presents future work.

2. RELATED WORK
The use of machine learning directly in path planning is an expansive research topic, in part due to the opposing nature
between the need for constraint satisfaction in generated paths and the difficulty in formally verifying machine learning
outputs.11 Despite such hurdles, various authors have investigated the benefits of machine learning in aiding path planning,
albeit from varying perspectives.

Ref. 12 examined the specific application of using a 2-input, 2-output neural network to provide controls to an inter-
planetary rover navigating a known terrain, tested in simulation. Specifically, the 2 inputs represented x and y coordinates,
with the outputs representing control signals to the wheels. In this case, training was performed on a static environment,
and the rover had to navigate from any point to a static final destination. This work showcases the ability for a simpler
network to accurately abstract the dynamics and controls associated with using position feedback to drive a robot to a final
destination, a concept also successfully explored in Ref. 13. Additionally, Ref. 14 achieved such an approach formulated
in a local frame about the robot for easy integration with actual sensor data, achieving practical application.

Ref. 15 utilized pulse-coupled neural networks for determining the shortest path in an unknown environment, similarly
in Ref. 16. Again, the state space was discretized, and dynamics were enforced at lower levels. Ref. 15 also performed
physical tests, though, like the previously-mentioned Ref. 14, and moved towards validating the practical application of a
neural network based approach.

With respect to multi-agent systems, Ref. 17 explored how well convolutional neural networks can create velocity
controls to match that of a multi-drone flocking algorithm. This decentralized approach utilized visual data as input
to a convolutional neural network which then provided output velocity commands trained to match those of a common
relative-position-based flocking algorithm. The flocking algorithm’s velocity commands and resulting state paths were
not formulated with respect to optimization of a metric over the entire state and control paths of the agents. Ref. 18
explored how mean-embeddings of a decentralized multi-agent environment could improve the ability of a neural network
to provide the correct control outputs of individual agents in a swarm. Similarly to Ref. 17, the result was a network that
could reproduce the desired commands of a known multi-agent control algorithm (one not formulated to optimize entire
state and control paths with respect to a desired metric) under condensed information of relative agents (i.e. through the
use of mean embeddings).

The authors in Ref. 8 and Ref. 19 present methodologies most similar to the one presented in this paper. In Ref. 8,
regression learning is utilized to select previous planner solutions for a robotic manipulator as initial guesses for the
optimization planner, resulting in speed-ups of up to an order in magnitude. In Ref. 19, an RNN is utilized to learn from



shortest path solutions between two points provided randomized obstacles. Additionally, an environment encoder network
is utilized to reduce the state space size of the environment and robustly represent such constraints. The result is an RNN
that takes in any obstacle configuration and produces the shortest path between a current location and the desired final
location. The computational advantages were up to an order of magnitude or more when compared to some of the fastest
conventional planners, and scaled well with larger state spaces.

Each of the aforementioned approaches represent varying ways of utilizing networks in path planning, with the foremost
advantage of decreased computation costs in execution. With respect to our work, Ref. 12, Ref. 13, and Ref. 14 showcased
the ability of a network to abstract dynamics of specific scenarios, Ref. 8 and Ref. 19 displayed the ability of a network to
generate physical paths with respect to a specific optimization parameter for highly varied environments, and Ref. 17 and
Ref. 18 showcased how well neural networks could recreate decentralized control protocols of multi-agent systems. This
paper attempts to integrate an RNN’s abilities of learning dynamics and generating optimized paths in order to achieve
both aspects.

In the following sections, we present relevant problem formulations and methods of solving each for the three pri-
mary components of this methodology: generating training data composed of optimized solutions in a varied environment
through nonlinear programming (NLP), creation and training of an RNN on said data, and executing controls over generated
paths from the trained RNN. These components are represented in Fig. 1. The result is a multi-agent path planning RNN
and individual agent controller that operate far faster than the robust, slower optimizer and yet still provide satisfactory
solutions.

Figure 1: Overview of the proposed methodology. Offline data generation of optimized solutions through nonlinear programming
(NLP) is used to train RNNs in a supervised/reinforced learning scheme. From such, online execution makes use of the state paths
generated by the RNN to provide reference trajectories for a path-tracking controller, of which the generated controls trend that of the
optimized solution.



3. PROBLEM FORMULATION
3.1 Path Planning
Our generalized path planning problem is formulated as the optimal control problem presented in the following way for a
system of agents:

minimize
u(t),t f

∫ t f

0

(
Na

∑
i=1

W (t,xi(t),ui(t))

)
dt+

Na

∑
i=1

L (xi(0), t f ,xi(t f ))

, (1a)

subject to
∀i ∈ {1, ...,Na}

ẋi = f(xi(t),ui(t)), (1b)

xi(0) = xi,0, (1c)
xi(t f ) = xi, f , (1d)
Ci(x(t),u(t),Pi)≤ 0. (1e)

Here, xi(t) ∈ RN is the system state of an agent, ui(t) ∈ RM is the control signal of said agent, Na is the number of
agents, and t is time. Eq. (1a) is an optimization metric across all agents (consisting of both an integrated scalar function
W and non-integrated scalar function L ) for the provided kinematic/dynamic systems of each agent defined by Eq. (1b),
in which f(xi(t),ui(t)) ∈ RN . Eq. (1c) and (1d) represent desired initial and final conditions on the state of each agent,
respectively, and Eq. (1e) (with Ci(x(t),u(t),Pi) ∈ RQ) contains all desired nonlinear constraints for agent i utilizing
the entire swarm vectors x(t) and u(t). The vector Pi ∈ RO represents all possible static variables in the constraints for
the agent i. This formulation enables a global optimization across all agents utilizing individual environments for each
agent. A global control solution to the above optimization formulation and its corresponding state path is represented as
G(t) ∈ RNa(N+M), with individual agent solutions of Gi(t) ∈ RN+M .

3.2 Network Learning
Provided a domain for the initial and final conditions of each agent, xi,0,min ≤ xi,0 ≤ xi,0,max and xi, f ,min ≤ xi, f ≤ xi, f ,max,
and a constraint domain for each agent of Pi,min ≤ Pi ≤ Pi,max, individual optimized solutions G(t) for the entire swarm
exist as outputs to the optimization solution when using these variables. Provided sets X0 and X f and Pset of sample points
(each composed of samples for each agent) from these domains, a set of solutions Gset exists, composed of the solutions to
the optimization problem using these variables.

Given Gset , an RNN must be formed and trained upon the provided data, operating under fixed time-step tk. The RNN
is represented under two forms, centralized and decentralized. The centralized form is represented generally as,

x(tk +1) = Φ(x(tk), tk,xi,x f ,P), (2)

where x(tk) is the vector composed of all individual agents xi(tk), P is the vector composed of all individual agent environ-
ments Pi, and tk represents sampled time. At a given time step and for all solutions G(t) ∈ Gset , the RNN output must be
trained to minimize a performance function composed of the term,

Φ(x(tk), tk,x0,x f ,P)−Gx(tk +1), (3)

where Gx(t) is the state component of all agents of a given solution vector G(t).

The decentralized form for each agent is represented generally as,

xi(tk +1) = Φi(xi(tk), tk,x0,x f ,Pi), (4)

where xi(tk) is the individual agent’s state vector, and Pi is the individual agent’s environment. At a given time step and for
all solutions Gi(t) ∈ G(t) ∈ Gset , each agent RNN must be trained to minimize a performance function composed of the
term,

Φi(xi(tk), tk,x0,x f ,Pi)−Gi,x(tk +1), (5)

where Gi,x is the state component of an agent for the given agent solution vector Gi.



3.3 Path Execution
Provided an agent’s state path σi(tk) : T −→ RN generated by closed loop execution of the RNN under set values of
xi,0, x f ,0, and Pi with ‖xi,0−σi(0)‖ ≤ δ , where δ is an arbitrarily small number, a controller ui,e(t,xi(t),σi(tk)) must be
formulated such that the error norm ‖xi(t)−σi(tk)‖ is minimized while all constraints Ci(x(t),u(t),Pi) ≤ 0 are satisfied.
Additionally, the control signal ui,e should mimic that of the true control signal Gi,u(t), minimizing the error between the
optimized control signal of an agent and the executed control signal.

4. METHODOLOGY
Each individual problem discussed in the previous section is solved and integrated with the other solutions into the entire
methodology. This overall scheme is shown in Fig. 1, and presented in further detail here.

4.1 Pseudospectral Method and Nonlinear Programming
Individual solutions of the optimization problem presented in Eq. (1a) - (1e) are formulated utilizing pseudospectral
methods and solved as nonlinear programming problems (NLP). The benefit of such an approach is the flexibility in
representing a broad range of problems and kinematic/dynamic systems. For our work, we utilize the pseudospectral
method presented in Ref. 20 and Ref. 21. In this approach, Chebyshev polynomials of the form

CN = cos
(
Nt cos−1 (τ)

)
, (6)

where Nt + 1 represents the number of collocation nodes and τ ∈ {−1,1}, serve as representations of the state over the
optimization horizon.

At discrete Nt +1 nodes of the polynomial, formulated from the chosen values of τ as

τk =−cos
(

πk
Nt

)
k = {0,1, ...,Nt}, (7)

the polynomial’s time derivative is constrained to equal that of the state’s dynamics. These discrete state points, alongside
an equal number of control points, constitute the free parameters in an NLP problem (formulation provided in the Ap-
pendix). In this discrete scheme, NLP is well suited for finding an optimized solution under the aforementioned problem
formulation.

4.2 Recurrent Neural Networks and Reinforcement-based Learning
RNNs, specifically of the Jordan network form, are feedforward neural networks in which the output vector of the network
serves as part of the input vector. This structure serves well to predicting state paths since a state at tk is part of the input
used in providing the next state output at tk+1. Layers of these networks function similarly to the usual structure present
in feedforward multilayer perceptron (MLP) networks. Specifically, an input vector to a layer is multiplied by a matrix of
weights and then added to a bias term, from which an activation function σh(·) is applied to the result, producing an output
vector. This output vector serves as the input to the next layer in the network, if one exists.

As a result, training of such networks can utilize typical feedforward schemes without worrying about backpropagation
through time. This means that training of both the centralized and decentralized networks is performed per sampled point
of each solution G(t) found through the NLP solver by minimizing the standard mean square error performance function,

MSE =
1
Nt

k=Nt

∑
k=0

∥∥Φ(x(tk),xi,x f ,P)−Gx(tk +1)
∥∥2

. (8)

For the decentralized RNNs, each network is trained utilizing the individual agent’s state information (i.e. (Φi−Gi,x) is
used for the MSE calculations)

Training on just the provided optimized solutions yields poor results when the networks are recursively executed to
produce σi(t), where the output states are fed back in as inputs to generate a state path in time under a given environment.
Improving this closed-loop execution requires a form of learning that iteratively assesses the network’s output states per
closed-loop execution and trains the network based on these paths. This learning scheme is outlined in Algorithm 1.



Algorithm 1 Whole-path Reinforcement Learning

1: procedure TRAIN RNN(Gset ) . Train centralized RNN or decentralized RNNs from set of optimized solutions
2: Train RNN over (Xin,Yout)⊆ (Gset(tk),Gset(tk +1)) for all k . Utilizing any common training scheme
3: for 1 to Training Iterations do
4: for i← 1 : lenhorizon : Nt f do
5: Generate σ(tk) from k = 0 to k = i for all xi, x f , and P sets
6: Create training data (Xhorizon,Yhorizon) = (σ(tk),Gset(tk +1)) from k = 0 to k = i
7: Append (Xhorizon,Yhorizon) to (Xin,Yout) to create (Xmod ,Ymod)
8: Train RNN over (Xmod ,Ymod)

This method of training we developed for this problem exploits a specific balance between supervised learning and
reinforcement learning. Reinforcement learning, in general, assesses the results of a network’s outputs with respect to a
transition relation, calculating a reward value of such. The network is then retrained to increase such rewards in an iterative
manner. Unlike the reinforcement learning method explored in Ref. 18, our approach compares network output actions
(i.e. next continuous state) to those of already optimized training data. As a result, this combines supervised training over
ideal data (i.e. the optimized sequential state paths) with that of reinforced learning (i.e. training the network to produce
entire state paths that minimize the distance to ideal paths), enabling a closed-loop execution that follows a path optimized
over the entire execution duration.

4.3 Path-tracking Controller
Design of a controller to track the generated path σ(t) of the RNN is a problem-specific task tied to the kinematics/dynamics
of the prescribed system. The ability to track an arbitrary path provided a system and control definition is dependent upon
the controllability of the system and realizability of a reference track.22 Fortunately, the generated path, assuming minimal
errors produced by the RNN, is already derived from a dynamic/kinematic formulation, with considerations to controlla-
bility enforced in the optimization. Under such, a control signal must exist that can track the system path accurately.

For this paper, we observe systems in which feedback control loops for each individual agent are more than adequate
for following the produced RNN state history. For a simple mechanical system (as explored in the Implementation section),
the velocity feedback portion of the control signal constitutes the error in desired velocity of the state with that of the RNN
path, and the position feedback portion constitutes the error between the current state position and the desired position of
the RNN path. This control signal is formulated as,

u f , f (x(t),σ(tk)) =−Kp(xp(t)−σp(tk))−Kv(xv(t)−σv(tk)), (9)

where t is continuous time, tk is sampled time per the RNN time interval, xp is the position vector of the state, σp is the
position vector of the RNN output path, xv is the velocity vector of the state, σv is the velocity vector of the RNN output
path, Kp is the position gain matrix, and Kv is the velocity gain matrix.

5. IMPLEMENTATION
While this methodology is general enough to be applicable to far more complex problems, a simple 2D synchronized,
multi-agent, point-to-point problem with collision avoidance and dynamics is explored to investigate the feasibility of the
proposed methodology and performance difference between the two RNNs. The model utilized per agent is,

ẋi = vi (10)

v̇i = uim, (11)

where m = 1. The state boundary is (−6,−8) ≤ (x,y) ≤ (6,8) and (−2.5,−2.5) ≤ (vx,vy) ≤ (2.5,2.5), with control
constraints of (−10,−10)≤ (ux,uy)≤ (10,10). The environment consists of collision avoidance between all agents, with
Ci formulated as,

0.3−
∥∥xp,i−xp, j

∥∥ ∀ j ∈ {i, ...,Na}, (12)



where xp represents the position of an agents. The desired final time is fixed at 20 seconds. Initial state positions (with
zero velocity) are sampled randomly within the state domain, while final state positions (with zero velocity) are set at equal
intervals along the x axis, fixed for each agent. The optimization function to minimize is,

∫ t f =20

0

Na

∑
i=1
‖ui‖dt. (13)

Utilizing 10 agents (Na = 10), approximately 5,000 solutions were generated for training and validation (2,800 used
in training, 700 used in validation assessment during training, and 1,500 used in validation post-training), each consisting
of randomized initial conditions for each agent. The solver SNOPT23 was utilized for solving the optimization problem
formulated as an NLP problem in each configuration. The centralized RNN was constructed with 5 hidden layers (sizes
300, 200, 150, 100, and 80) utilizing the hyperbolic tangent activation function and an output layer utilizing a linear
activation. The decentralized RNNs were constructed with 4 hidden layers (sizes 150, 110, 70, 20, and 4) utilizing the
hyperbolic tangent activation function and output layers utilizing the linear activations, too. Keras24 with the TensorFlow25

backend were utilized for network construction and training through the Nesterov Adam optimization scheme26 (learning
rate of 0.002 and schedule delay of 0.01). Controller execution over the closed-loop paths generated by the resulting RNNs
utilized gains Kp = Kv = 25 for all agents.

6. RESULTS
The optimization problem discussed above is designed to assess the performance of both the centralized and decentralized
RNN forms in recreating synchronized optimal paths with collision avoidance constraints. In the centralized form, all agent
states are known to all other agents states within the network. In the decentralized form, only initial global information
(the initial positions of all agents) is provided to each RNN. The performance of both RNNs is assessed on their ability to
recreate the optimal state paths over training and validation solutions. Furthermore, the agent controllers are executed over
each path to assess the performance in following the desired path and recreating the optimized control signal, tied directly
to the optimization metric defined for the problem.

The root mean square error (RMSE) of an RNN’s state output (σ(tk)) in closed-loop (CL) form against the training
and validation data is used in assessing the overall performance of both networks. RMSE values provide an average on
the difference between the network outputs and the optimal outputs. The closer an RNN’s RMSE value is to zero, the
more accurate its ability is to track the desired optimal solution. Table 1 provides a comprehensive overview of both the
centralized and decentralized RNN RMSE performances on the training and validation sets. Note that the RMSE value of
the decentralized RNN is calculated across all agents.

Table 1: RMSE path values of centralized and decentralized RNNs in closed-loop (CL) execution over both training and validation data
sets. RMSE values are provided in the units used for the property stated. The closer an RNN’s RMSE value is to zero, the more accurate
its ability is to track the desired optimal solution. Comparatively, the decentralized RNN outperformed that of the centralized RNN.

Centralized RNN CL output Decentralized RNN CL output

Training position (m) RMSE 0.520 0.310

Training velocity (m/s) RMSE 0.384 0.278

Validation position (m) RMSE 0.694 0.557

Validation velocity (m/s) RMSE 0.537 0.491

Fig. 2 and Fig. 3 provide training and validation examples (respectively) of the CL RNN outputs as compared to the
optimal paths. When examining both the RMSE values and example plots, it becomes obvious that the decentralized RNN
outperforms that of the centralized RNN. This is observable in Fig. 2 and Fig. 3 in not only the greater drift present in the
CL paths of the centralized controller but also the unaligned nodes of the produced path (representing evenly space points
in time).



Figure 2: Training example of the centralized and decentralized closed-loop (CL) state outputs compared against the optimized path.
Nodes are added at equal intervals (2 secs) to represent fixed-interval points in time. Diamond nodes represent CL paths and circle nodes
represent the optimized path. X’s represent the initial conditions of all agents, and squares represent the end conditions. Generally, the
decentralized RNN produces more accurate paths than the centralized version, while both consistently end at the desired final condition.

Interestingly, though, while the decentralized RNN may outperform that of the centralized version in the overall path
accuracy, both sets were consistent in ending at the desired final locations within the execution time of 20 seconds. On
the flip side, while the whole-path reinforcement learning scheme does well in aligning the state paths overall, it did tend
to produce initial path sequences that diverged before aligning back with the optimized path. This notion along with the
networks’ ability to consistently hit the desired final location indicate that the network is able to generalize the optimization
problem through time and needs further training improvements to increase the CL path accuracy.

The validation sets for both networks showcases the ability of them to generalize over new agent configurations. When
comparing the decentralized RMSE values to the centralized RMSE values on the validation set, though, we observe a
less obvious improvement. This indicates that both RNN setups may be generalizing the solution space in a more similar
manner, one that may become more apparent with a larger data set.

Controller executions were performed over all closed-loop RNN paths for comparison against the optimal state and
control signals. Table 2 displays the RMSE executed control (CTRL) values of the resulting state paths, control signals,
and evaluation of the optimization metric.

Fig. 4 and Fig. 6 provide training and validation examples of the resulting state paths from the controller execution.
Fig. 5 and Fig. 7 provide the controller signals association with the training and validation examples of Fig. 4 and Fig.
6. The paths followed by all agents in the controller executed form tend to follow that of the closed-loop paths produced
by the RNNs themselves, resulting in the same comparisons between the centralized and decentralized RNNs. Greater
RMSE values are present in the CTRL cases as compared to the CL cases. This appears influenced by the greater initial
lag introduced by the greater initial errors present within the CL paths. The path-tracking controller of an agent spends
more time around the initial condition before being yanked along the path, resulting in a greater general error between the
CTRL path and the optimized path.

Unfortunately, this translates to less than favorable control signals observed in Fig. 5 and Fig. 7 and the produced
RMSE values in Table 2. While the control signals trend the same path, the resulting integration of the optimization metric
(i.e. the control norm) results in more excessive mean errors when compared to the optimal solutions. Observable in both
graphs is the common control spike present around the 0.1 second mark. This is tied to the higher error in the initial



Figure 3: Validation example of the centralized and decentralized closed-loop (CL) state outputs compared against the optimized path.
Nodes are added at equal intervals (2 secs) to represent fixed-interval points in time. Diamond nodes represent CL paths and circle nodes
represent the optimized path. X’s represent the initial conditions of all agents, and squares represent the end conditions. Generally, the
decentralized RNN produces more accurate paths than the centralized version, while both consistently end at the desired final condition.

Table 2: RMSE path and control values of executed control (CTRL) over the centralized and decentralized RNNs for both training and
validation data sets. RMSE values are provided in the units used for the property stated. The closer an RNN’s RMSE value is to zero,
the more accurate its ability is to track the desired optimal solution. Comparatively, the decentralized RNN outperformed that of the
centralized RNN.

Centralized RNN CTRL output Decentralized RNN CTRL output

Training position (m) RMSE 0.777 0.637

Training velocity (m/s) RMSE 0.577 0.554

Training control (N) RMSE 0.862 0.819

Training integrated control (Ave. |% Error|) 61.3 61.4

Validation position (m) RMSE 0.912 0.760

Validation velocity (m/s) RMSE 0.587 0.567

Validation control (N) RMSE 0.883 0.850

Validation integrated control (Ave. |% Error|) 62.3 62.4

closed-loop state output of the RNNs observed in the closed-loop graphs. With better training, this initial error can be
reduced, producing smoother closed-loop state paths and better resulting control trends.

7. CONCLUSIONS AND FUTURE WORK
This paper presented a methodology for formulating path planning problems as nonlinear programming problems, from
which solutions are used as training data in a recurrent neural network. The closed-loop path generated by the neural
network under a given environment is used for a path-tracking controller, the aim of which is to trend the original optimized
control signal. The formulation is presented with respect to multi-agent systems, and a simple 10 agent synchronized
point-to-point problem with collision avoidance is explored. The results showcase the performance differences between



Figure 4: Training example of the centralized and decentralized executed control (CTRL) state outputs compared against the optimized
path. Nodes are added at equal intervals (2 secs) to represent fixed-interval points in time. Diamond nodes represent CTRL paths and
circle nodes represent the optimized path. X’s represent the initial conditions of all agents, and squares represent the end conditions.
Generally, the decentralized RNN produces more accurate paths than the centralized version, while both consistently end at the desired
final condition.

the favored decentralized RNN and the centralized RNN (of which the decentralized version only made use of initial global
information). The results indicate that improved training can increase the accuracy of the generated CL paths, enough that
path tracking control will produce the desired control signal trends.

Future work should explore the results in the context of a much larger training data set to observe if the decentralized
approach is still favorable, or if validation trends show that both approaches will perform similarly. Other applications
and agent dynamics should also be explored, including greater numbers of agents to assess the scalability of both the
centralized and decentralized approaches. Results shown in Ref. 10 showcase that at least decentralized neural networks
can learn simpler swarm protocols with more complex dynamics for up to 100 agents. The framework of this paper could
be extended to examine optimized paths derived for an individual agent with constraints defined for neighboring agents.
This would enable easier obtainment of larger sets of optimization data for training, and the result would be a much more
scalable (and solely decentralized) RNN path planner for each agent.
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Figure 7: Control signal outputs for agent 1 when following state paths produced by the centralized and decentralized RNNs on the
validation example. In the ideal performance, the path-tracking control trends that of the optimal control. Initial errors in the CL paths
produce the initial spikes in the control signals.

APPENDIX A. DISCRETE FORMULATION FOR NONLINEAR PROGRAMMING
Under the discretization of the state path as a Chebyshev polynomial and presented in,20 the optimization problem is
reformulated as the following:

minimize
Ud ,Xd ,tNt

Nt

∑
k=0

(wkW (τk,x(τk),u(τk)))+L (x(0), tNt ,x(τNt )), (14a)

subject to DXd−F = 0, (14b)
x(0) = x0, (14c)
x(τNt ) = x f , (14d)
C(Xd ,Ud ,P)≤ 0. (14e)

In the above equations, Nt + 1 is the number of discrete nodes. Xd ∈ R(Nt+1)×N , Ud ∈ R(Nt+1)×M , F ∈ R(Nt+1)×N and
C ∈ R(Nt+1)×Q are matrix representations of the discrete nodes of the Chebyshev polynomial and the corresponding state



derivative and constraint evaluations at each, explicitly written as:

Xd =


x1(0) x2(0) . . . xN(0)
x1(τ1) x2(τ1) . . . xN(τ1)

...
...

. . .
...

x1(τNt ) x2(τNt ) . . . xN(τNt )

 , (15a)

Ud =


u1(0) u2(0) . . . uM(0)
u1(τ1) u2(τ1) . . . uM(τ1)

...
...

. . .
...

u1(τNt ) u2(τNt ) . . . uM(τNt )

 , (15b)

F =
tNt

2


f1(x(0),u(0)) . . . fN(x(0),u(0))

f1(x(τ1),u(τ1)) . . . fN(x(τ1),u(τ1))
...

. . .
...

f1(x(τNt ),u(τNt )) . . . fN(x(τNt ),u(τNt ))

 , (15c)

C =


C1(x(0),u(0),P) . . . CQ(x(0),u(0),P)

C1(x(τ1),u(τ1),P) . . . CQ(x(τ1),u(τ1),P)
...

. . .
...

C1(x(τNt ),u(τNt ),P) . . . CQ(x(τNt ),u(τNt ),P)

 , (15d)

where the scaling term tNt/2 in the state derivative is introduced due to state’s transformation onto the time domain ex-
pressed in Eq. (7). The matrix D ∈ R(Nt+1)×(Nt+1) is the differentiation matrix of the Chebyshev polynomial, explicitly
written as,

Di,k =


ak(−1)k+i

ai(τk−τi)
if k 6= i

− τk
2(1−τ2

k )
if 1≤ k = i≤ Nt −1

2N2
t +1
6 if k = i = 0

− 2N2
t +1
6 if k = i = Nt −1,

(16)

where ak,i = 2 if k, i = {0,Nt} and ak,i = 1 otherwise. The quadrature weights wk are used in approximating the integral of
a function evaluation on a Chebyshev polynomial, formulated as,

wk =
ck

Nt

(
1−

Nt/2

∑
j=1

b j

4 j2−1
cos(2 jτk)

)
, (17)

where b j = 2 if j = Nt and b j = 1 otherwise. The variable ck = 1 if k = {0,Nt} and ck = 2 otherwise. Under the presented
formulation, the discrete values in Ud , Xd and tNt make up the free parameters for an NLP program, alongside the provided
constraints and optimization function.
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