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Estimation of Hidden Markov Models: Risk-Sensitive
Filter Banks and Qualitative Analysis of
Their Sample Paths

Vahid Reza Ramezani and Steven |. Mardedlow, IEEE

Abstract—A sequential filtering scheme for the risk-sensitive ~ Thus, at the expense of the mean error cost, the higher order
state estimation of partially observed Markov chains is presented. moments are included in the minimization of the expected cost,
The previously introduced risk-sensitive filters are unified in the reducing the “risk” of large deviations and increasing our “con-
context of risk-sensitive maximuma posteriorprobability estima- fidence” in the estimator. The parameter> 0 controls the

tion. Structural results for the filter banks are given. The influence . . .
of the availability of information and the transition probabilities ~ €Xtent to which the higher order moments are included. In par-

on the decision regions and the behavior of risk-sensitive estima- ticular, the first order approximation, — 0, Efexp(y¥] =

tors are studied. 1 + vEV, indicates that the original minimization of the sum
Index Terms—Hidden Markov models (HMMs), risk-sensitive ~ Criterion or the risk-neutral problem is recovered as the small
estimation. risk limit of the exponential criterion.

Our work can be traced back to Speyer’s paper [6] and is re-
lated to the Dey—Moore filter [7]. We are also interested in the
estimation problem with the exponential criterion for HMMs.

HE exponential (risk-sensitive) criterion of a quadratitiowever, we have a different perspective; we view the estimator

function of the state and control for full state control waas a dynamical system whose dynamics are inherited from the
first proposed by Jacobson [2]. Whittle [13] produced the coMarkov chain through the partial observation and an optimiza-
troller for the linear/quadratic partial observation case whidion criterion. We are not only interested in the computation of
required a state estimatseparatedrom the control policy in a the optimal estimator for an HMM and its properties for expo-
fashion analogous to the policy separation for the partial obseential criterion, but also in the behavior of its sample paths.
vation in the risk-neutral case. Speyer [6] treated the estimatiorin Section 1l, we introduce a filtering scheme for the
problem for the linear/quadratic partial observation case aridk sensitive maximura posterior probability (MAP) es-
showed that a linear estimator is optimal among all nonlineamation for HMMs. It can be considered as the discrete
and linear estimators. The nonlinear discrete-time stochadtioe finite dimensional generalization of the risk-sensitive
problem for the partially observed control problem was solvditer for linear/quadratic partial observation case [6] and the
by a change of measure technique [4]. This so-caliderence “single-step” quadratic risk-sensitive filter introduced in [7].
probability approach was later used by Dey and Moore [7] to In Section Ill, “structural results” are given which relate risk-
solve an estimation problem for martially observed Markov sensitivity to the dynamics of the underlying process and expose
chain or, as it is commonly referred to in signal processintglations among the transition probabilities, risk-sensitivity and
literature, ahidden Markov mode(HMM). (Also see [14]). thedecision regions
The robustness of the risk sensitive estimation under certairln Section 1V, in the context of risk-sensitive MAP for
types of model uncertainties was shown by Betedl. [9]. HMMs, we clarify and quantify the influence of risk-sensitivity

It is often said that risk-sensitive filters take into accourin the behavior of the sample paths of the estimator; we give
the “higher order” moments of the estimation error. Roughlysk-sensitivity a “flow” interpretation.
speaking, this follows from the analytic property of the expo-
nentiale™ = 2;0:0 Lk/k' so that if¥ stands for the sum of the Il. RISK SENSITIVE FILTER BANKS
error functions over some interval of time then

Elexp(yW)] = E[1+ 0 + (7)*(¥)*/2+ -]

. INTRODUCTION

A. The Estimation of Hidden Markov Models

Define an HMM as a five-tupléX, Y, X, A, Q); hereAis
the transition matrixyY = {1, 2, ..., Ny} is the set of obser-
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The estimatord’; are functions of observatior{dp, ...Y;) taking values in{X;} andp(-, -) as above. FiXg, ..., Vi_1.
and are chosen according to some specified criterioe would like to findVy, ..., Vg_1 such that the following

Throughout this paper, we use upper case letters to denotiéerion is minimized:

estimators and script upper case letters to denote “estimation

maps” from observations to the skt If Y; is an observation S57(Vo, .., Va-1) := Elexp(7y - Cr)] ®)
andV; an estimatorV; = V, oY;. When it causes no confusion

'where
we may use upper case letters for both.

H—
B. MAP for HMMs p(Xe, Vi) (6)

t=0

,_.

Consider a sequence of finite-dimensional random variables
X; and the corresponding observatiolis defined on the and- is a strictly positive parameter. The minimum value will
common probability spacg?, F, P). The MAP estimatoX; be denoted b)?”(f/k, s VHA)-
is a Borel measurable function of the filtration generated by This optimization problem can be solved via dynamic pro-
observations up t&; denoted by); which satisfies fo € @ gramming. We need to define recursivelyiaformation state

Xi(w) = arggn;in E[p(Xt, Q)| Ve = Vi(w)] @) otr1 = Ny - Q(Ye41)DT(Vy) - o] (7
S —
whereQ(y) = diag(q;,,), A" denotes the transpose of the
where matrix A and the matrixD is defined by
t=0.1,... (X, Q)={] it X, =¢ [D()]i,j = ai,j - exp(vp(i, v)). ®)
T ' 1 otherwise.

oq is setequal tdVy - Q(Yo)po, Wherepy is the initial distribu-
The usual definition of MAP as the argument with the greatebn of the state and is assumed to be known. In the context of
probability given the observation follows from the above [10}he risk-sensitive estimation of Markov chains, the meaning of

We will need the following simple lemma. o, will become clear.
Lemma 1: MAP also results from the additive cost minimiza- \We define the matrix
tion .
L(v, y) := Ny - Q(y)D" (v). ©9)
(XO’ XN) (@) It can be shown that [1]
N

> o(Xi, G)

i=0

= argmin F
CorCNEXN

yi(w)] G §9(Wo, ..., Viror) = Elexp(y - Cn)] = EY

Nx
> aﬁ(z‘)]

=1
whereX? is the product space and ea¥his ); measurable. (10)

Proof: The proof follows easily from the linearity of the\yhere £t is the expectation with respect to the new measure.
conditional expectation and term by term minimization of thgefine the value functiong”(-, H — j): RY* — R, j =

resulting sum. B g ... H—kas

11)

C. Change of Measure

To carry out the computations, we will use a change of meg (0 H—j) := Vi mmH {ET {Z (i
sure technique introduced in [3] and [4]. L, F, P) be the
canonical probability space on which all of our time series are
defined. Let); be the filtration generated by the available ob- | emma 2: LetVj, ..., Vi_1 be given. Then the value func-

servations up to decision epothand letg; be the filtration tions defined above are obtained from the following dynamic
generated by the sequence of states and observations up toghg§ramming equations:

time. Then a new probability measur is defined by the re-

Nx

striction of the Radon—Nikodym derivative ¢h to -
y o T, H) =S o(i);
i=1
dp ! -
apil. = At = Ny - H 4x,, Y 4) JY(o, H — j)
Gy k=1 = lr)Iél)I(l{ET[J'Y L(v,Yg_jt1) -0, H—j+ 1)]}

under which{Y;} is independently and identically distributed j=1,2, ..., H—Fk (12)
(i.i.d). Each distribution is uniform over the s&t and{Y;} is ' - A
independent of X;}. That such a measure exists follows diThe estimation maps;, ..., Vy 1 obtained from (12) are risk
rectly from the Kolmogorov extension theorem. optimal, i.e..Vi(a}), ..., Vu—1(cj_,) achieve the minimum

Before we can introduce our filter, we need an optimization (5).
result. LetV; be measurable functions of observations up to Proof. See [1]. [ ]
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Fig. 1. TheT'-step risk sensitive filter banks.

D. The T-Step MAP (TMAP) Risk-Sensitive Estimator from the first order approximation of the exponential function
jand the observation that as — 0, the matrixD(v) — A
element wise. This implies that in the limit the input to each
filtering step is the unnormalized conditional distribution and
thus by Lemma 1 the filtering process reduces to the well-known

The TMAP risk-sensitive estimator is defined by the fo
lowing criterion:

VNt oo V<N+1).T_1 MAP estimation of HMMs. ]
= argmin Note that although the size of the sQaT - " p(X;, V;) in-

V,€X,t=NT,...,(N+1)T—1

creases withV, all we need to track is the information state,
NT-1 (N+1)T-1

N computed recursively. The optimal estimafe\sT(aNT), e
Eqexply- 2_% /’(Xt’ Vt)+ Z p(Xe, Vi) Vin+1)r—1(0(n41)7—1) are measurable functions of the infor-
= =NT mation state alone. Since our Markov chain is homogeneous and

13) under the new measure the observations are i.i.d., (14) depends
only onT" and not onVN. This justifies the cascade filter banks
whereV; is ), measurable]" is the size of the filter andv =  representation of Fig. 1.
0, 1, ..., isthe index offiltering segments. This exponential cri- We point out that Theorem 1 has no control counterpart. In

terion is a generalization of the risk-sensitive filtering idea intrahis case, the estimatof¥; } have no influence on the dynamics
duced in [7] for the quadratic cost with the filtering performeg@nd thus estimation can be broken down into separate segments
in single steps, i.e., fdf' = 1; we will look at this special case with the information state reinitialized. The same cannot be said
for TMAP in Sections Ill and IV and show that it is essentiallyor a controlled Markov chain due to the influence of the con-

a “greedy algorithm.” troller on the dynamics; the separate segments cannot be joined
Theorem 1: The TMAP can be computed recursively by theo represent the entire process in the above limiting sense as

following procedure. the “decoupling” Lemma 1 no longer holds. Note also that con-
1) Setoy = Ny - Q(Yo)po. trolled Markov chains are not homogeneous.

2) Givenoyr, use the minimizing sequence of the value

functions obtained from the following dynamic program- . STRUCTURAL RESULTS THE FILTER BANKS AND THE

ming equations: INFORMATION STATE
Nx It is clear from the aforementioned information that to de-
J(o, T) = Z o(i); scribe the behavior of TMAP we must understand the operation
im1 of each filtering segment and understand the meaning of the in-
T(o, T — §) formation state. The key in understanding the filter’s operation

_ IU%I)I%{ET [ T (L(v, Ynrar—ysr) -0, T —j + 1)] } Eatrr:]?ca;gé?;smonfﬁzglvalue functions which are obtained via dy
j=1,2,....T (14) Lemma 3: The value functions are continuous and concave
’ functions of the information state € R .
Proof: Both statements are proved by induction. The con-
&fnuity whenj = 0 is obvious. SincgY;} is i.i.d., uniformly
: N distributed and finite dimensional, then (13) is taking a min-
stateonr, ..., o(n+1)r—1 Obtained by (7). imum over the average of composition of functions, each of
3) Apply (7) once more to obtain v 1), and repeat steps yhich is continuous by the continuity of the linear functions
2) and 3) starting atN + 1)7". and the induction hypothesis, and is, therefore, continuous. For
Furthermore, for any givelV asy — 0, TMAP (the previous the second statement, once again the gase 0 is trivially
algorithm) reduces to MAP. verified. Assume concavity foj — 1. Let0 < A < 1 and
Proof: The proof follows from repeated applications ok, oy € fo; definec := Ao; + (1 — A)oo. Then, by the
Lemma 2. We will skip the details. The limiting result followsinduction hypothesis and by (13), we have (the first equality

to determine the value of the optimum estimat
VNt, .-, Vin41yr—1 @s a function of the informatio
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follows from the i.i.d. properties of the observations under thdowever,ag was arbitrary and so we have the first equality. To

new measure)

Il
e
bol=}

—N—
7=
Z

V
e
o=

—N—
-
\ghs

JV(L(v, y) -6, T —j+ 1)}

)\JV(L('U, y) * 01, T - ./ + 1)

+ (L= N (L(v, y) - 02, T = j +1)] }
> A (01, T —j)+ (1 =N)J (02, T — 7).
|

Next, for P a finite set of vectors iR}, denote byO(P)
the set

Nvy
1
O(P) := {N—Y >y Lv,y)|ay € P ve X}. (15)
y=1

Note that if P is finite, then so isSO(P), since|O(P)| <
|PI¥Y - Nx.

Lemma 4: The value functions given by (14) are piecewise

linear functions (hyper-planes through the originpog R},

such that ifP;_; indicates the vectors in" which specify

the set of hyper planes fol" (o, T — j + 1) then

JN (o, T—5+1)= n}in {a 0o}

acP; 4
J(o, T—35)= min {a-o}

16
a€O(P;j_1) ( )

wherePy =1 := (X0, ex)T and{e; } are the unit vectors in

RN~=.

Proof: The statement of the lemma is readily verified fOWe say a decision is made *
4 = 0. Assume the lemma holds fgr— 1 then piecewise lin- decision
earity implies that for each vecter, in P;_; there is a point j

o* € RN~ and adiski(c*, r) such that on this disi” (o, T —
j+1) = ap - 0. Consider a different point and0 < ¢ < 1

small enough so thafo — o) + o* € d(o*, r). Then, by the

concavity shown as before

Jo* +t(oc—0*), T—j+1)
=J((1-t)o* +to, T —j+1)
>(1—t)J(c*, T—j+1)+t] (o, T —j+1).

SinceJ(o* +t(oc —0*), T —j+1) =g - 0* +t(oc — o¥),
after substitution and cancellations, we get

J’Y(U,T—j-l-l)gao-a.

prove the second equality, note that

veX Y a€P;_

JV(o, T — ) = min {NL Z min {a - L(v, y) -O'}}

y=1

{a-o}

= min
a€O(Pj_1)

wherea(v, y, o) € P;_1; minimizesa - L(v, y) - o in the first
equality, and the last equality follows sinee L(u, y) - 0 >
éa(v,y, o) Llu,y)-o,foralla € Pi_;,v € X,y €Y,
o€Ry . ]

Lemma 5: The optimal estimate$V;} are constant along
rays through the origin, i.e., let € R} thenV,(0’) = Vi(0),
forall¢’ = Ao, A > 0.

Proof: From Lemma 4, we see that'(¢/, T — j)

AJ7(o, T — j). The result follows from Theorem 1.

Definition 1: A cone in R} is a set defined by’s :
{olo = Az, 2 € S € RY*, X\ > 0}.

Definition 2: Forj =1,2, ..., T andv € X, let

JUo, T —j):=E [ JV(L(v, Yr_j41) 0, T — j+1)]

Ny
=2 YT ) T =+ 1) @)

y=1

Definition 3: The decision regio® R} c RY* for the esti-
matev € X, at theT — j decision epoch, is defined as

DRI := {o ‘ o€ fo, Jo, T —35)=Jo, T — ])} .
(18)
It follows from the definition oﬂ>NT+T_j(a) that
DRI = {0 ‘ o€ RY% Vnpypr_i(o) = 1}} . Q9)

strictly,” if it is the only possible

Theorem 2:Foreachy =i € {1, 2, ..., Nx } andfor every

j=1,2,..., T, the decision regio® R’ is always nonempty

and includes a cone about thegaxis within which the decision
made is (strictly)Vyrir (o) = i.

Proof: We state the proof foNy = 2, from which the
proof for the general case will become evident for the reader.
On theo; axis, we have by definition

7’}(07 T — J)

Ny r
:NLYZ 7"/<NY-§(y)AT ‘ﬂj’—jﬂ)]
y=1 "~

Jg(07 T - ])

1 X7
:N_YZ

y=1 "~

77<NY - Qy) AT ‘ev(ﬂ T —j+ 1)} .
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Applying Lemma 4 to each term of the summation on the o2  Transition cone 62 Transition cone

right-hand side off] (o, 7" — j), we get exp(-(-1) V) o2=0l
JJ (o, T — j)

e-\/ NY V:2

= — J7 | V- T 1
W 7 (v awar 3] i) =
y=1
Therefore, we can write ~exp(- G-1) Y)ol= -1
E ol V= ol
Iy (o, T —j) = J{ (o, T —j) Even j TMAP 0ddj  TMAP
1 Ny o2
= (" - 1){N—Y > o2
y=1

Transition cone
o aone5] r-ss1)])

However,e” > 1 sincey > 0 and for every;, the value func-
tions are strictly positive being integrals of the exponential func ol
tions. Thus, from the aforementioned on theaxis we have the
strict inequality

MAP

J N T . Fig. 2. Decision cones far;; = az; = 1, q., = 1/2.
J?(UvT_J)<J;(U,T—]) 9 11 = a2 s Aoy /

which impliesDR{ includes ther, axis; fix o on that axis, then exp(—(j — 1)y)o2 = o1. Whenj is odd, the liner; = o2 is a
by Lemma 3 and because sums and compositions of continubasindary (boundary in the sense of slope change in the cost and
functions are continuous, there exists a disk of positive radinset decision); wherj is even, it is not. (The solid cone which
intheR?%,i.e.,d(r, o) R, r > 0suchthat/'(o, T — j) < includess; = o, for even values of is meant to emphasize
J3J (o, T — j) for everyz € d(r, o) (| R3.. Therefore, Lemma this.) On the transition cone either decision is allowed. We can
5 implies that on the con€,,, onrz C DR’ the decision is interpret this region as the zone of uncertainty. For MAP and
strictly v = 1. TMAP with T" = 1 (we will show this later), this region is the
The same proof works in higher dimensions by fixing an axtresholdr; = o, but as the above example shows, for TMAP
o, and making pairwise comparisons betwdef{o, 7'—j) and With 7' > 1, it may be a nondegenerate cone. We could inter-
J (o, T—3), k # l along thes; axis. The “strict’ cone around pret this as reflecting the “conservative” nature of the risk-sen-
the o; axis will be the intersection of all cones obtained frorsitive estimation. We are expanding the zone of “uncertainty”
pairwise comparisons. m at the expense of the region of “certainty.” We will show in
In general, the boundaries among the decision regions are #t subsequent sections that this is not always the manner in
of “threshold type” (unlike MAP). We give a two-dimensionawhich risk-sensitivity manifests itself in the structure of deci-
example. We consider the TMAP withix = 2. sion regions. It is possible that the transition cone remains de-
Remark: The transition con® R{ (| DR}, is not, in general, generate and either of the two other cones expands at the ex-
of threshold type, i.e., the con®R] (| DR} does not degen- pense of the other or the decision regions are not affected by
erate to a line; we give a simple counterexample. risk sensitivity at all, i.e., they remain identical to that of MAP.
Example 1:Leta;; = azp = 1 andg,, = 1/2; then it In two dimensions for exampld)R] = {o|oy > o2} and
can be shown (by straightforward induction) that the transitidRR3 = {o|o2 > o1}.
cones are not degenerate. The aforementioned theorem only guarantees the existence of
Let us look at the counterexample more closely (Fig. 2). T@ndegenerate cones around #h@xis but says nothing about
cone where the decision is strictly= 1, i.e., R} N (DR%)“' is their size. In fact, observe that in the above example the size
givenbyo; > o2-exp(y(j—1)) and by symmetryz? n(DR7)c of these cones becomes arbitrarily smalhas> oo since the
is given byo, > o7 -exp(y(j — 1)). The transition cone (where slopes of the linesxp(—(j — 1)y)o1 = 02 andexp(—(j —
either decision is acceptable) is given by the complement bfy)oz = o1, for everyj > 1, converge to zero and infinity
the union of these two regions (the colored area). The valtgspectively.
functions are given by + 1 hyper-planess; + exp(y(j))o2, Two special casesN = 0,7 = M)and (' = 1, N =
o1exp(y(1)) + exp(y(j — 1))o2, o1 exp(y(2)) + exp(y(j — O, ..., M — 1) are of interest. In both cases, the indeanges
2))og ..., 02 +exp(y(j))o1 onthej + 1 cones beginning with from¢ = 0tot = M —1. In the first case, TMAP reduces to the
o1 > og-exp(y(j—1)) and ending witly > o1-exp(v(j—1)). exponential/sum criterion for HMMs which is the discrete and
The transition cone between them is the unior ef 1 cones finite dimensional version of the risk-sensitié filter intro-
whose boundaries are linesp(—(j—1)v)o1 = 02,exp(—(j— duced by Speyer and others. The second case would be the MAP
2)y)o1 =09, ...,01 = 09, ...,exp(—(j —2)y)o2 = 01, ..., version of the quadratic cost risk-sensitive filtering introduced
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first to our best knowledge by Dey and Moore in [7]. Obviously, In the aforementioned counterexample whénr= I > and
the structural results obtained so far apply to these special caggs.= 1/2, by the previous theorem, we have
Let £X (v) be the diagonal matridiaglexp(vp(i, v))], i =

1./ 7]\/v)( Jﬂ/(U7T_j)
Theorem 3: The one step TMAP decision regions are given = min <g, EX(vp_j)----EX(vr—j) ~T> )
by VT —j, - VT —1
. If we let the number of times we choose = 2 be n,, and
V(o) =i if 0; > 0j, Vj#1i. likewise forz = 1, ny = 1" — n», alittle algebra will show that

the total cost/” (o, 0) is given by
Proof: From the definition, we hav®” (v) = ATEX (v)

and that/" (o, T) = (o, 1) and, thus o1 exp{yna} + oz exp{y(T — n2)}.
Ny By differentiation with respect ta,, a few rearrangements and
T(0, T—1) = 1 Z [77(1;(”7 y)- o, T)] taking logarithms, the minimum cost is obtained when (modulo
Ny the integer parts)
y—=
N
1 X = — 1
=~ ¥e Zl [T (Ny - Q(y)ATEX (v) - 0, T)] T/2 - > log(o1/02) = no; 0<ny <T. (21)
Yy=
Ny This suggests that for large valuespfegardless of, we
= Z (Qy) (A"€X(v) -0), 1) choose the two states an approximately equal number of times.
y=1 To see why this limiting behavior occurs first lef = oo =

Ny B 1/2, then according to the decision regions, we could choose
= <<Z Q(y)) (ATEX(v) - o), 1> either 1 or 2. Suppose we choose 1, then the information state
y=1 evolves to(o1, 02¢7) = (1/2, ¢7/2). We could continue to
= (IATEX(v) -0, 1) choosev = 1 and “move up” on the information state (suc-
= (EX(v)-0,T). (20) cessive) 2-dimensional planes. Note that the upper boundary of

the transition cone is given by, exp(y) + exp(v(j — 1))o1.
Thus, going forward in time, the information state moves up
while the upper boundary, exp(v)+exp(v(j—1))o1, “moves
down” since going forwardj — 1, shown before, changes to
(j = 1) =1 = j — 2. Therefore, at about/2 the information

A little calculation shows that gives, this is minimized, if we
setv equal to the index of the largest componentof.e., if o;
is the largest component efthenv = [. This is precisely how

the decision regions for MAP are defined. _ ®  state moves out of the transition cone and enters the upper cone
Note that TMAP for]” = 1 is not reduced to MAP; although \yhere we will have to choose 2 as our estimate. A similar argu-

the decision regions are the same, the information states are gk shows that from that point on, the information state “moves

ferent. In the case of MAP, the information state is the COR5rward” on the information state (successive) two-dimensional

ditional distribution, while in the case of TMAP the informa’planes and as the upper boundasyxp() + exp(v(j — 1))

tion state is given by (7). The conditional distribution has ng,ntinyes to decrease in slope, the information statemains
memory of decisions made in the past while the TMAPS infog, 1he gecision region of the state 2. Hence, the decision se-
mation state does depend on these decisions. On the other h nce(1, 1, 1,... 2, 2, 2} with about the same number of 1s

whenvy is very small, (7) becomes the unnormalized conditiongl, 4 o (exactly ifj is even) is a possible solution. Wheris

distribution. We can think of TMAPs information state as thﬁarge, every point not on the axes falls into the transition cone

conditional distribution modified by the sequence of the decly,q 5 similar argument shows that it follows the same decision
sions made in the past. This modified information state is th Aitern

put through the next decision region which itself is calculated to Now. consider the cask — 1. In this case the transition cone
minimize a certain cost structure based on the averaged beha}g%du'ced for all values of, to the lines; = o, and a similar
of the future sample path@ET[Jv(Lng Yyrir—jt1)- 0. T~ grgument shows that for large valuesdhe decision ig1, 2, 1,
7+ 1)]). How far we look into the “averaged future” is detery 3 5 1 This simple example provides insight as to how the
mined by7'. The information from the past is encapsulated i, special cases differ. The decision regionsoe M > 1

the information state. These ideas will become quantified Iat%rre more complex but it appears that this allows for a “smoother”
Theorem 4: The value functiow” (o, T — j) whenV(z, y),

S solution. Note that if we ley — 0, assumingr; > 02,12 — 0
qyr = 1/Ny is given by as expected.
Definition 4: A completely symmetric HMM is defined as
J(o, T —j) = min (o, EX(vr_;) an HMM whose transition probability matrix is symmetric in
Pt _ thesensethat; = 1 —¢,a; = ¢/(Nx — 1) forall j # i,
CAEX (vp—jyr) - AEX (vr-1)1). Ny — Ny (so that is a square matrix) ang,, = g forz = y
and otherwisey,, = (1 — ¢)/(Ny — 1).
The proofis based on the same technique used in the previoublote that the discrete metric which induces MAP (and in turn
theorem and will be omitted. TMAP) is symmetric in the sense thétz;, y1) = d(z2, ¥2)
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Vaz; # y;. Therefore, for a completely symmetric HMM, all
criteria upon which the determination of the value functions a
a particularc depend are symmetrically defined and thus the
value functions are unchanged under the permutation of con

ponents of. o’
In two dimensions, a completely symmetric HMM is given
by
_|1—e € . q 1—gq
A_[ € 1—€:| Q_[l—q q ] K

In the previous example, we have set 0 andg = 1/2.
Theorem 5: For a completely symmetric HMM, the value
functionsJ” (o, T — ) restricted to the simplex (the sgt|o; +
o2 -+ ony = 1}) have their global maximum at the center of
the simplex, i.e., aty = 02 = -+ = oy
Proof: The restriction of a concave function to a convex
region is certainly concave. The simplex is a compact set, an
so the value function restricted to the simplex is concave an
has a maximum point. Let us begin with the 1-simplex. By the
complete symmetry of the system, a value function will be syrfig. 3. The global maximum under complete symmetry.
metric with respect to the center of the simplex, namely around
the pointo; = o, = 1/2. To see this leb = (01, 02), 4 these line segments joined at the center of the simplex (see
o1 + o2 = 1 be an arbitrary point on the simplex. ConS|def;ig_ 3).
this point and its mirror image’ = (o9, 1) obtained from Similarly, a(Nx — 1)-simplex is bounded byx, (Nx —
o by a permutation of its components(— a2, 02 — 01)  9)_gimplexes. Along these subsimplices and hyper-planes par-
which leaves the value function unchanged. Because the valijg, (o them and restricted to the simplex, the value functions
functions are concave, we can write have their maximum at the central points, reaching their global
- . . maximum at the center of tHéVx — 1)-simplex. Note that the
J(A/2, T =j) = J((Uf o)/2, T _J)_ maximum point need not tt(e unique). In fact, in the above ex-
>1/2{J"(o, T = j)+ T (o', T - j)} ample for even values gfthe maximum point is not unique.
=J(o, T — j). If the assumption of complete symmetry is removed, The-
orem 5 no longer holds. We will show this shortly.
Therefore, the center of the simplex is the global maximum.

In gefneral, forafiNx — 1)-simplex, consideNx permuta- |y, QuaLITATIVE ANALYSIS OF THE SAMPLE PATHS AND THE
tions ofo INFORMATION STATE

01 — 09,09 — 03...,0; — Oit+1, ONx — 01 A. Sample Path Error Smoothing

It is often said that risk sensitive estimators take into account
“the higher order moments” of the cost. How do higher order
moments manifest themselves in the behavior of the estimator?
To understand what risk sensitivity takes into account, we first
= 1 N . explain what MAP does not.

T ([U + "_' to x]/NX’ T _‘7) _ ) Given a single observation and a single random variable,
>1/Nx - J'(0', T =j)+---+1/Nx - J" (6™, T ~j) the MAP estimation is a reasonable thing to do: minimize

repeated Nx times and generatingNx points o*
k = 1,..., Nx. Then, by symmetry and by Jensen’s in
equality

=J"(o, T — j). the measure of the set where the estimate and the random
variable disagree. But a problem arises when we consider a

Let o* = [o" + --- + o¥x]/Nx. Then, of = stochastic process (in our case a time series). The obvious
1/Nx Efj" o1 = 1/Nx sinceo is a point of the sim- thing to do then is to minimize the expected summation of the
plex. Therefores* is the center of the simplex and by theerror functions for the whole time series. As shown before, this
above, the maximal point. m reduces back to finding the MAP estimate at each instant of

In fact, a stronger version of the theorem holds. We will onl§ime. Thus, at each instant of time our decision is not affected
outline the proof. Consider the 2-simplex which is bounded toy our past or future decisions. This makes the MAP estimation
three 1-simplexes. Complete symmetry of the system impligsensitive to the accumulation of errors along sample paths.
that along these simplices and all the line segments parallelTm see this evaluat&; and the estimateX;, at some fixed
them, the value function has its maximum at the middle of suehlue ofw € (2 to produce a sample path or a realization of
lines. Thus, the maximum on the whole simplex can be fouride respective time series and its estimate. The sequence of
by considering only the values on the set of the midpoints decisionsX, k = 0, 1, ... N partitions the sample space
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through the states, so does the history of the errors. If sample
paths that have accumulated estimation error remain in a partic-
ular state, the estimator will be “attracted” to the state in order
to relieve the error accumulated there. This explains the oscilla-
tory behavior of our two state example in which no flow between
the states was allowed. On the other hand, if the transition prob-
abilities are nonzero this “attraction” is somewhat relieved; we
have verified through simulations that mixing indeed inhibits
anz,12) the oscillatory behavior. This will also have an effect on the de-
cision regions as we will see shortly. However, if we go through
o, a state “too quickly,” we cannot use that state to smoothen the
error accumulated in the path effectively. Both these cases lead
Fig. 4. Sample paths far;, = az> = 1, ¢., = 1/2 from (1/2, 1/2). to certain type of singularities in the decision regions.

The second issue is the role of information. If we expect to
into 2V subsets according to a binary tree with the branchingceive good information about the system in the future, which
criterion X, = X, or X, + X,. Eachw belongs to exactly will in turn reduce the error accumulation, we are likely to be
to one of these subsets. Some sample paths may end ugdess conservative at the present about our decisions. This means
branches along which estimation errors accumulate for lotigat we expect TMAPS decision regions to become less conser-
stretches of time. Now, consider TMAP wifhh = 1 (which is vative and look more like MAPs under increased availability of
the Dey—Moore filter equivalent for MAP). The exponentiainformation. This too will be shown in the following example.
function turns the sum of the error functions into a product, We will study the decision regions far = 2 TMAP for an
the value of this product up to the last decision made fé6tMM with Nx = Ny = 2 and
each fixedw is 7™, wherem counts the number of times an
error has been made in estimation of that particular samplgq — {1/2 1/2 } . Q= [1/2"'] 1/2—1 . (22)
path. This product is then multiplied by either 1 &f > 1 b 1=6]" 121 1/2+1

depending on the next decision made based on minimizing therpe narameterr controls the availability of information.
measure of the error set at the present tand taking note of WhenI = 0, no information is available (the case of pure
the errors made in the past. Thus the errors made in the p&%tdiction) and ad — 1/2, the HMM becomes perfectly

become more uniformly distributed over all sample paths. Thgseryable. The parametérdetermines the transition proba-
information state condenses this error history and makes {l|fiias of the second state and. in particular= 0 will make
computation recursive. For this reason perhapmple path 1o Markov chain nonmixing ’ T

error smoothing estimatorsould be an alternative name for  5g shown before fof” = 1. the decision regions are identical

the risk-sensitive estimators. Dey—Moore filter is (in a sensg) ihose of MAP. First, lef = 0, then it can be shown that for
a greedy algorithm which does not consider (on the average)_ o the decision regions gf = 2 (the first stage of the two
the accumulation of errors in the future but has the importagye, filter) are of the threshold type determined by a transition
benefit of computaponal S|mpI|c_|ty. The exponentlallsum filtefine 7, with the slopem(s) followed by the equipartition deci-
does so for the entire path and in general TMAP looks into the,, regions (identical to the decisions regions of MAP). The

future forT steps_. In Fig. 4, observe that a partic_ular sampl§scision regions of the first stage are givendsy < m(8)o,
path of our familiar example becomes more oscillatorylas .,nose 1 and ¥, > m(8)o1 choose 2. The slope () is given
is made smaller. Our simulations show that this is a gene

behavior no matter how complicated the chain: the smaller the

filter sizeT", the bigger is the burden of error smoothing on the er+1 1 5 <1/2:
T next estimates. However, makifiglarge comes at the cost 2 ey +1-46 '
of increased computational complexity. m(6) = e’ +1 1

The underlying mechanism of all these estimators is the cou- 9 (1—68)er+6 6>1/2.

pling of the estimation errors in the product form. In an up- ) )
coming paper, we will show that for HMMs this coupling is pos- Simple calculations show that the slope is always greater than

sible in a broader context. or equal to 1 (only whed = 1/2), so that the decision region
of the first state is enlarged at the expense of the second. As
B. Risk-Sensitivity, Information, and Mixing expected, wheny — 0, the decision regions equalize. When
Through the sample path perspective, we can explain the Be=> °°: the slope is given by
havior of the risk-sensitive estimators. In HMMs, all sample 1
paths pass through a finite number of states. We can think of 2% 6 <1/2;
the transition probabilities as determining a flow in the system. m(6) = 1
Thus far, the only example we have considered was a nonmixing 21=9) 6>1/2.

dynamical system. The transition probabilities were set to be
zero and there was no flow between the states. This is importantWhen either6 = 0 or 6 = 1, the slope becomes infinite.
from the error smoothing point of view, for as the flow passeBhese are the singularities that we mentioned earlier. The equal-
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ization of the two regions @&t = 1/2 is a general property which ~ As we mentioned earlier, this does not imply that TMAP for
holds true even when no constraint is put on the available infdr- = 2 reduces to MAP because the recursions governing the
mation as the following theorem demonstrates. evolution of the information states for the two cases are dif-
Theorem 6: Consider the HMM described by (1). The risk-ferent. But if for somé the decision regions are equalized then
sensitive decision regions are equalized if the rowsAafire TMAP with filter size T does reduce to the TMAP with filter
identical. Furthermore, TMAP reduces to MAP for every choicgize’ T’ = 1. This would be significant both conceptually and
of T"and~. computationally if we could determine conditions under which
Proof. Fix T and~. Consider the calculations of the decithe decision regions are equalized. Note in the above for com-
sion regions according to (13). Fgr= 1, we already saw that putational reasons, we had constrained the observation matrix
the decision regions are equalized. By assumption the rowstefoe symmetric. This produces only a sufficient condition as
A are all the same and are give by a row vector whose tras$¢ated in Theorem 7. The right measure of the minimum quan-

pose we denote k. [Note that under this assumptiod? X = tity of information needed must be free of such constraints (for
(3>, Xi)r, for every vectorX]. Forj > 1, we can write example, Shannon’s mutual information among the states and
the observations). Observe that in the previous example, the
(o, T - §) amount of needed information grows with increasinglearly
[P , 1/(2(1 +e77)) — 1/2 asy — oo which implies under infi-
- R {E[7(L(v, Yrj11)o. T = j+ 1]} nite risk, we need perfect observation to equalize the decision
1 X regions.
= min{— Z [T (NyQ(y)ATEX (v)o, T—j + 1)]} We proved earlier that the maximum expected error “cost to
veX | Ny y=1 go” for a completely symmetric HMM occurs at the center of
1 M the simplex. This is not true in general. It can be shown that
= min{ — Z [T (NyQ(y){(£X(v)o, T)}T, the maximum cost in the first case of the prior examgle<
veX | Ny y=1 0) occurs along the transition ling, with slopem,(§), which
does not cross the center of the simpdex: (1/2, 1/2) unless
T-j+1)] } 6 = 1/2, a special case of complete symmetry wjth= ¢ =
1/2. When$ = 0 asy — oo, this maximum point is moved
Ny arbitrarily closer tar = (0, 1). This is another example of what
= gél)I(l{ (EX(v)a, T)Z [J(Qy)r, T—j+1)] } we termed a singularity under infinite risk.
y=1
= Héi)l(l{<£)((’0)0’, 1)} C. Normalized Information State and Its Asymptotic Behavior
: Ny In this section, we give TMAP a “flow” interpretation. It is
{Z [jv(@(y)i T—j+ 1)] } well known that the probability distribution of a Markov chain
y=1 evolves according to
The second term does not dependvpand so the minimization pnt1 = A'p, (23)
reduces to

wherep is the initial probability distribution.
min {<5X(U)a T>} When no information is available other than the initial prob-
veX ’ ’ ability distribution, the probability distribution of the chain is

_ o _ _ o the information state for the MAP estimator, the so called “pre-
This shows that the decision regions are equalized. Similar tegfietion” case. We consider the TMAP estimator with= 1,
niques applied to thg evolutipn ofthe information_state show th"i’ék—sensitivity parametey and define theisk-sensitive prob-
TMAPs and MAPs information states, under uniform flow, argplity distributionof a Markov chainl/;, as the normalized in-
multiples of each other. This fact, together with Lemma 5 angrmation state for the prediction case. Note that by Theorem
the previous result regarding the decision regions completes thene prediction case is obtained by setty) = (1/Ny)I
proof. B (wherel is the identity matrix) in (7).

In the previous result, the observation maiifky) plays no  Theorem 8:The risk-sensitive probability ~distribution
role under the assumption of uniform flow in the determinatiog\,olves according to

of the decision regions. However, this is the exception. In gen-
eral, the availability of information appears to have an elegant
relation to the structure of the decision regions as the following
shows. whereA is the transition probability matrix and givénon the
Theo're'm 7: In.(22), leté =0andl > 1/(2(1 + e~7)); then Nx-simplex, S is defined by
the decision regions for TMAHR, = 2 are equalized.
Proof: The proof follows from the solution of a system S(V)=W
of simultaneous inequalities defined by (13) with the con- Vi — B,
W, = {

U1 = F(Uy) :== ATS(Uy) (24)

. . . if k= Vi
straintsé = 0 andl > 1/(2(1 + e~ 7)). We omit the tedious argi-nax

algebra. u Vi + Bk, otherwise
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stationary but appears to exhilsisymptotic periodicityFirst,
we need a definition:

Definition 5: A cycle of rs-probabilities (CRP) is a finite set

The non-linear flow The linear flow

of probability vectors{v?!, ..., v™} such thatF'(v') = vit!
Bi aij with F(’Um) = ol
Our simulations show that under primitivity (24) approaches
a CRP.
Example 2: Let A be given by
Meilx u=u, A= {8481 82] e’ =1.078.

Our simulations show that (24), for every initial condition,
approaches

(0.65522, 0.34477)

we could say that the CRP has only one element. On the other
hand, the fixed point of (23) is given by the linear equations
ATp=p
p1+p2=1
p1 = 066666  ps = 0.33333.

Fig. 5. The back-flow.
Solving the fixed point problem for (24), assuming > us,

where gives
0.8 0.4312
(&7 = DV ; K = UI++1 078 2 mtm=l

8= , m = argmax Vj b 5 2

> Vit Vm 0.078u1” — 0.7092uy + 0.4312 = 0

7‘2 u =0.65522  uy = 0.34477.

be =8 <= i i , , .
; Vi So, the limiting behavior is determined by a fixed point problem

where the nonlinearity manifests itself in the quadratic form.

Proof: The prooffollows from Theorem 1, Lemma 5, The- For large vglut_as of; however_, the asymptotic behavior turns
orem 3, and straightforward algebra; for details, see [1]. m out to be periodic and not stationary. To understand why, con-

Theorem 8 shows that the evolution of the risk-sensitive proBider
ability distribution (rs-probability) is governed by two simplex
preserving actions: one linead{) and the other nonlineas}.
(In Fig. 5, we assumen = 1.) The influence of this non-
linear action or “back-flow” is considered next. Clearly,=

e’ — oo.

el

0.4 0.6

The CRP, for every initial condition, turns out to be

>_izm PBi; therefore, an amountt is subtracted from the state CRP: (). v2 Flol) = 2 F(v?) = ot
with the highest rs-probability and distributed among the other Hoh ) 08 ()= 0.4 (W)=
states according to the ratifp = - (Vi/ >_,.,,, Vi). In partic- ot = [0'2} v? = [0'6] .

ular, if a state is “empty”{(; = 0), it receives nothing{ = 0).
In two dimensions, an amoufitis simply moved from the state Consider the “back-flow’s whene” — oo. Begin with some
with the larger rs-probabilityx(;) to the one with the smaller distribution(u,, u;) and suppose; > u, then by (25)3 = u,

rs-probability () and, thusy, + 3 = 1, and then the actiod” in (24) gives us
(0.4, 0.6). However, we now have > «; andu; + 3 = 1 and
(" —Dusup _ 3. (25) so after the action ofl” we get (0.8, 0.2) and the cycle begins
eTuz + U1 all over again.

The asymptotic behavior of (24) is the subject of our ongoing

Note that 0=p 0 and = p .In . .
v b= R p = research; more examples and analysis can be found in [1].

the context of risk-sensitive estimation, the operatdiS plays
exactly the same role whicA” plays in the risk-neutral case.
It is well known that if A is primitive [15], p,+1 = ATp,
is asymptotically stationargnd that the stationary distribution We set out to study the risk-sensitive estimation of HMMs
satisfiesp* = ATp*. Our simulations show that under primi-from a dynamical systems point of view. We unified the ideas of
tivity of A, for small values ofy, (24) is also asymptotically sta- Speyer and Dey—Moore risk-sensitive filtering in the context of
tionary. For sufficiently large values af, however, (24) isiot risk-sensitive filter banks and showed how and why the two may

V. CONCLUSION



RAMEZANI AND MARCUS: ESTIMATION OF HIDDEN MARKOV MODELS

coincide. Structural results for the decision regions anereor 7]
smoothingperspective enabled us to understand the behavior of
the risk-sensitive sample paths. 18]

A more conservative or risk-sensitive estimator tends to move
around the state space more rapidly from sample path to samplé!
path and not for too long “trust” the correctness of the sample
path it may be following. In this sense, the estimates are madeo]
more “uniform.” This is evident, for example, in the asymp-
totic behavior of the rs-probability which appears to be periodi 12]
rather than stationary. It is likely that interesting problems re-
main.

An obvious set of problems are those of “classification:” the[13]
characterization of the decision regions in terms of the couplingL4]
of information, risk-sensitivity and the transition probabilities
is incomplete. Solving the classification problems may in turng)
deepen our understanding as to how risk-sensitivity affects the
behavior of the estimated sample paths.

Finally, we point out that many of the results of this paper
depend on the properties of the discrete metric (used to def -
MAP) which is not the natural metric faR™. Therefore, our
structural results do not directly illuminate the linear-Gaussit
risk-sensitive estimation case. However, the intuition gained
the discrete finite dimensional setting about the behavior of t
sample paths may lead to a better understanding of the line
Gaussian risk-sensitive estimator as well.
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