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Abstract

We consider a receding horizon approach as an approximate solution to two-person zero-sum
Markov games with infinite horizon discounted cost and average cost criteria. We first present
error bounds from the optimal equilibrium value of the game when both players take “corre-

lated” receding horizon policies that are based on ezact or approximate solutions of receding

finite horizon subgames. Motivated by the worst-case optimal control of queueing systems by
Altman [2], we then analyze error bounds when the minimizer plays the (approximate) reced-
ing horizon control and the maximizer plays the worst case policy. We finally discuss some
state-space size independent methods to compute the value of subgame approximately for the
approximate receding horizon control, along with heuristic receding horizon policies for the

minimizer.

Keywords: Markov game, receding horizon control, infinite horizon cost, rollout, hindsight opti-

mization

*Correspondence author.
S. Marcus can be reached by telephone at +1 (301) 405-3683 or by fax at +1 (301) 314-9920.
This research was supported in part by the National Science Foundation under Grant DMI-9988867, by the Air Force
Office of Scientific Research under Grant F496200110161, and by the Department of Defense under Contract MDA
90499C2521.
H. S. Chang is with Research Institute for Information and Communication Technology, Korea University, Seoul,
Korea, and can be reached by e-mail at hyeongsoo@korea.ac.kr and S. I. Marcus is with Department of Electrical and

Computer Engineering, Univ. of Maryland at College Park, and can be reached by e-mail at marcus@eng.umd.edu.



Two-person zero-sum Markov games: receding horizon approach 2

1 Introduction

This paper studies solving two-person zero-sum Markov games with infinite horizon discounted cost
and infinite horizon average cost criteria via an approzimation framework. We adopt a receding
horizon control approach. The idea is to obtain an optimal solution with respect to a “small” moving
horizon at each decision time and apply the solution to the system. In fact, this approach has been
studied in several contexts in various fields, e.g., planning in economics [24], model predictive
control literature [26, 27, 28|, and planning in MDPs [21, 1, 14, 11, 12], etc. In the game setling,
Baglietto et al. [5] applied team theory [22] empirically with a receding horizon control to solve a
routing problem in a communication network by flormulating the problem as a nonlinear optimal
control problem, and Cruz et al. [15] studied a military operation problem formulated as a Markov
game with one and two step receding horizon, and Van den Broek [10] considered a receding horizon
control in non-zero sum diflerential games, specilically analyzing the performance of linear quadratic
games. The receding horizon control he employed is somewhat different from what we do here. In
his case, al any decision time, the players base their actions on a [inite horizon but at each decision
time, the horizon size increases. This paper focuses on a fized receding horizon size.

At each state, the minimizing player selects a “small” horizon and solves the given Markov
game with the finite horizon (called the subgame) under the guess that the maximizing player
makes his decision based on his best performance for the subgame. The minimizing player then
takes a randomized action based on the solution Lo the subgame. The intuition is that if the horizon
is “long” enough to gel a stalionary behavior of the game, this moving horizon control would have a
good performance. Indeed, we first show that the value of the game played by the receding horizon
control from both players converges geometrically fast, with given discount factor in (0,1) for infinite
horizon discounted cost and with given “ergodicity coefficient” in (0,1) for infinite horizon average
cost, (o the optimal equilibrium value of the game, uniformly in the initial state, as the value
of the moving horizon increases (Herndndez-Lerma and Lasserre [21] obtained a similar result for
MDPs [21]). We then present an error bound between the optimal equilibrium value and the value
of the game in which the minimizer plays the receding horizon control and the maximizer plays
the “equilibrium” policy, motivated from the worst case queueing control study by Altman [2],
which also vanishes to zero as the size of the receding horizon goes to infinity. This also answers
an important question that arises in the Markov game literature: what size of the planning horizon
should the minimizer use to achieve a good approximate value of the equilibrium value?

Unlortunately, solving the [inite horizon Markov game or subgame exactly, or computing the
equilibrium value of the game, is also troublesome if the state space is large. So we consider an
approximate receding horizon control. Rather than solving the finite horizon subgames exactly at
each decision time, at each state, the minimizer will make his decision based on the approximate

solution for the subgame. We also analyze the performance of this approach as previously done for
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the receding horizon control in MDP contexts [13].

We discuss two previously published state-space size independent computational methods to
compute the equilibrium value of the game approximately. The first approach [2] is based on solving
a sequence of approximalting games, where the scale ol the games are small compared with the
original game, and the second approach uses sampling [25]. We further discuss two heuristic receding
horizon policies for the minimizer, called parallel rollout [12] and hindsight optimization [14], which
can be implemented via Monte-Carlo simulation methods for on-line control.

This paper is organized as follows. In Section 2, we formalize mathematically the Markov games

we consider. We then introduce the (approximate) receding horizon control in Section 3 and analyze
performances. We then discuss two example methods for generating approximate receding horizon
control in Section 4 and two heuristic receding horizon policies for the minimizer in Section 5. In

Section 6, we conclude this paper with some remarks.

2 Markov Game

In this section, we [ormulate the two-person zero-sum Markov game introduced by Shapley [32] in
a formal mathematical setting. For a substantial discussion on this topic, see, e.g., [16] [6] or [29].
Let X denote a finite state space and for x € X, N(z) and M (z) denote the finite sets of actions
for the minimizing player (minimizer) and the maximizing player (maximizer), respectively. Both
players play underlying actions simultaneously at each state, with the complete knowledge of the
state of the system but without knowing each other’s current action being taken. At each state
x, each player will consider choosing an action to take according to a probability distribution over

EAEAA

the available actions. For each © € X, we deline the players’ “admissible randomized aclion sets”

as G(z) and F(x) such that

G(z) = {ge RN Z g; =1, and Vi,g; > 0
1€N(z)
F(z) = {fe RMOIN" =1 and Vi, f; > 0

€M (z)

Once the actions n € N(z) and m € M(z) at state x are taken by both players, the state transitions
probabilistically to next state y according to the probability p(y|x,n, m). From this, we induce the
probability Py,(g, f) denoting the probability of transitioning from state = to state y under the
randomized actions g € G(x) and f € F(x):

xy g f Z Z GnfmD y\x n m)

neN(x) meM (x)
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If the minimizer takes a randomized action g € G(z) and the maximizer takes f € F(x) at state z,
then the minimizer gets the expected payoff (cost) of Cy(g, f), which is given by
Colg, H=D_ > D clzy,n,m)plyl,n,m)gn fm,
yEX neN(x) meM (x)
where c(z,y,n,m) is the immediate payoff to the minimizer (the negative of this will be incurred

to the maximizer) associated with a current state and the next state pair (z,y) after taking the

action n € N(x) if action m is taken by the maximizer. We assume that [C;(g, f)] < Cpax < oo for
any z, g and f. We now define a stationary policy w or strategy of the minimizer to be a function
7m: X — G(X) and denote IT as the set of all possible policies, and similarly a policy ¢ and the set
® are defined for the maximizer. We will say that a stationary policy is pure, if the randomized
action selected by the policy at every state yields a non-randomized action choice, i.e., an action is
selected with probability one.

In this paper, we consider two objective function criteria: infinite horizon discounted cost
and average cost. Given a policy 7 selected by the minimizer and a policy ¢ selected by the

maximizer, we define the value of the game played with © and ¢ by the minimizer and the mazimizer,

xozx}

for the infinite horizon discounted cost criterion, where x; is a random variable denoting the state

respectively, with a starting state x as

Voo(m, 9)(2) == E {Z Y Coy (m(x0), P(20))
t=0

at time ¢ following the policies 7 and ¢, and v € (0,1) is a given discount factor. Similarly, we

define the value of the game for the infinite horizon average cost criterion as

:1:0::73}

The goal of the minimizer (the maximizer) is to find a policy = € IT (¢ € ®) which minimizes

H-1
Juo(m,8)(z) = lim iE{ ., (), ()

H—oo H
t=0

with given policies 7 and ¢.

(maximizes) the value of the game. Throughout this paper, V, always refers to the value of the
game with the infinite horizon discounted cost criterion and Jy refers to the value of the game
with the infinite horizon average cost criterion, so that we will omit which criterion we mention at
any point il the context is clear.

2.1 Some preliminaries

2.1.1 Infinite horizon discounted cost

It is well-known (see, e.g., [29]) that there exists an optimal equilibrium policy pair = € II and
¢* € ® such that for all m € IT and ¢ € & and z € X,

Voo (7", 9)() < Voo (™, %) (2) < Voo, 6%) ().
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We will refer to the value Voo (7%, ¢%)(x) as the equilibrium value of the game associated with state
x and to n* and ¢* as the equilibrium policies for the minimizer and the maximizer, respectively.
We will write Vo (7%, ¢*) as V£ and focus on finding or approximating the policy #* (note that
the content of this paper can be interpreted for the maximizer case by changing the role of the
minimizer and the maximizer).

Now let B(X) be the space of real-valued bounded measurable functions on X endowed with
the supremum norm ||[V|| = sup, |V (z)| for V € B(X). We define several operators that map a
function in B(X) to a function in B(X): forall m € II,¢ € &,V € B(X), and z € X,

TW)e) = inf S Culg. f) + vy;(ny(gy HV ) (1)
Tro(V)(@) = Cu(r(z).d(x) +7 > Pry(r(x), ¢(x)V(y) (2)
yeX
L@ = it $ G0 7 Y Pl o)V ) ®
yeX
T(V)(x) = sup §Culm(z), f)+7 D Puyln(@), IV (y) (4)
fEF(z) yeX

It is well-known [16, 29] that each of the above operators is a contraction mapping in B(X),
that is, for the case of T', for any V; and V5 in B(X), |T(V1) — T (V2)|| < v||V1 — V2||, and that each
operator has a monotonicity property, that is, if Vi(x) < Va(z) for all z € X, T(Vi)(x) < T(Va)(x)
for all z € X for the case of T. Furthermore, there exist a unique fixed point v € B(X) such that
T(v) = vand v is equal to Voo (7%, ¢*), and a unique fixed point v € B(X) such that T} 4(u) = v and
u = Vyo(m, ¢). We finally remark that for all x € X, the infimum and supremum in the definitions
of the operators T', Ty, and T are achieved by elements in G(z) and F(z) (see, e.g., [29]).

Let {V*} be the sequence of wvalue iteration functions V; := T(V.* ;) where n = 1,2,... and
let V3 be an arbitrary function in B(X), but we assume that max, [V (z)| < Chpax/(1 — ) for
a technical reason. It is straightforward to show that as n — oo, V¥ converges to V(7% ¢*)
geometrically fast in « by the contraction mapping property and the Banach fixed point theorem.
Furthermore, V' is the equilibrium value of the finite n-horizon game. We introduce a nonstationary
or time-dependent policy for the minimizer # = {mg, 71, ..., } where m; € II and denote the set of
all possible nonstationary policies as I and similarly define for the maximizer. Then V*(x) is the
value ol the game when starting in state x, both players play their own equilibrium nonstationary
policies for the n-horizon game with the terminal cost of V" (see, e.g., [2, 35]) and is given by

Ty = JJ} (5)

n—1
Vi (z) = inf sup E {ZWtht (), @e(4)) + 7" Vg ()
WEH d")eé +=0
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for z € X.

2.1.2 Infinite horizon average cost

Unlike the discounted cost case, it is not true that there always exists an equilibrium value for

average cost Markov games [19] in general. We make following assumption:

Assumption 2.1 The Markov chain associated with each pair of any pure policies is irreducible

and there exists p > 0 such that for any m € ® and ¢ € ® and x € X,

Prg(n(x), ¢(x)) 2 p-

The [irst assumption implies thal the underlying Markov chain is a recurrent unichain and the
second assumption is the strong aperiodicity condition.

Under Assumption 2.1, there exists an optimal equilibrium policy pair ©* € 1l and ¢* € ® such
that forall m € Il and ¢ € ® and = € X,

Joo (1%, 9)(2) < Joo(77, 07)(2) < Joo(, ¢), ().

and in fact, each term in the above inequalities is independent of the initial state z so that we can
omit z in each term above [35]. Furthermore, 7* (¢*) here will be a different policy in general from
the equilibrium policy for the discounted cost case. We will abuse the notation for our convenience
and what we refer to will be clear from our presentation. We will refer to the value Joo(7*, ¢*) as
the equilibrium value of the game and to n* and ¢* as the equilibrium policies for the minimizer
and the maximizer, respectively, similar to the discounted case. We will write J (7%, ¢*) as JZ,
and focus on finding or approximating the policy 7*.

We define several counterpart operators to the operators defined in Equations (1)-(4) by letting
v = 1 and denote each operator with bar on it. It is well-known (see, e.g., [16, 29, 35]) that each
of these operators has a monotonicity property and the infimum and supremum in the definitions
of the operators T, T, and T, are achieved by elements in G(z) and F(z).

Let {V.*} be the sequence of value iteration functions with respect to T, V, := T(V*_,) where
n =1,2,... and V{ is arbitrary function in B(X). It has been shown [35] (under Assumption 2.1
on average Markov games) that as n — oo, V¥ — V.* | converges to a constant J* and there exists

a function V}, € B(X) that satisfies
T(VE)z) = JL +Vi(z) for all x € X.

Furthermore, V.* is the equilibrium value of the finite n-horizon game without discount. Tn this
paper, we will assume that Vg (z) = 0 for all z € X.

We will say throughout the present paper that two policies w and ¢ are correlated if for a given
V € B(X), 7 and ¢ satisfy that T, 4(V)(z) = T(V)(z) for all z € X, similarly for the T-operator

and omit “correlated” if the context is clear.
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3 Receding Horizon Control

3.1 Infinite horizon discounted cost

As we mentioned before, solving a large-scale Markov games for infinite horizon costs is often
impractical. Therefore, we adopt receding horizon control as a finite-horizon approximation scheme

for the infinite horizon problem. The receding horizon control is simply deflined as follows. Given a

finite horizon H > 1, we define the (correlated) receding H-horizon control as a policy 73; € II for
the minimizer and a policy ¢7; € ® for the maximizer such that Trs 4 (V1) (z) = T(V5_1) ()

for all x € X. We have the following bound on the performance error.

Theorem 3.1 For all z € X,

H
* * ik Y2 —7)
|VOO(:I:) - VOO(TFH’ ¢H)(x>| < (1 — ’)’)2 : 2C’max
Proof: See the proof of Theorem 3.6 below with e =0 and n = H — 1. [ ]

We remark that the same result can be obtained alternatively from Lemma 4.3.5 in the page
181 in [16] via a simple algebraic manipulation.

From the theorem above, we can see that the receding horizon control gives a good approxi-
mation for the infinite horizon equilibrium policy for each player, and the value of the game using
these policies approaches o the equilibrium perlormance [or the infinite horizon cost geometrically
in 7.

The minimizer will play the game by the receding horizon control based on assumption that the
maximizer also plays the correlated receding horizon control. We need to analyze the error bound
when the maximizer’s play is the true worst case scenario, ¢*. We begin with a lemma regarding

the monotonicity property of the 1% 4-operator.

Lemma 3.1 For anyw € Il and ¢ € ®, suppose there exists v € B(X) for which Ty 4(¢)(z) < ¢(x)
for all x € X; then Vi (7, ¢)(x) < (x) for allx € X.

The above lemma can be easily proven by the monotonicity property of the operator T’; 4 and the
convergence to the unique fixed point of Voo (7, ¢) from successive applications of the operator. The
next lemma states that the function V) is non-increasing in n under a suitable initial condition and

is a simplified version of Lemma 3.1 in [34] in our context. We provide the prool for completeness.

Lemma 3.2 Suppose V is selected such that T (Vi )(x) < Vi (x) for all z € X. Then, for H =
1,2,..., and for allx € X, Vi (x) <V} _ ().
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Proof: The proof is by induction on H. For H = 1, since Vi = T(Vj"), we have V*(z) < V(x)
for all x € X from the assumption.
Assuming that the assertion is true for H = 1, ..., k, we prove that it holds for H = k£ + 1. For
all z € X,
Vi (@) = T (@) = TT(VE ) (@) < TV ) (@) = Vi),

where the inequality comes from the monotonicity of T' and the assumption. This concludes the

proof. |

We remark that one such V can be simply given by Vj(z) = Crax/(1 — ) for all z € X.

Theorem 3.2 Suppose V' is selected such that for all x € X, T(Vi)(x) < Vi (z). Then, for all
re X,

S
0 < Vao(my, ¢7)(z) — Vo (2) < . 2Cmax

Proof: The lower bound is trivially true so that we prove the upper bound case.

Trypor (ViD)(@) = Culiy(2), 6" (@) +7 ) Pay(rhr(e), ¢* () Vi (y)

yeX
< Colmp(@),6%(2) + 7Y Poy(mi(2), 6" (2)) Vi (y) by Lemma 3.2
yeX
< sup S Co(mi(@), £+ Puy(ri(@), HVi_1(y)
JeF(z) yeX
= Colri(2), ¢5(x)) +7 > Pry(wii(2), ¢35 (x))Vi 1 (y) by definition of ¢
yeX

= Tayon, (Vii—)(@) = T(Vig_1)(z) = Vi ()
Therefore, by Lemma 3.1, Voo (1}, ¢*) () < Vji(z) for all z € X. It follows that for all z € X,
Voo(mhy, @) () = Vi (z) < Vi (a) — Vo ().

Observe that max, |V} (z)| < Cl%j‘ for all n > 0 under the assumption of V. Therefore, for

n=201,..,
QCmax

- 6
T (6)

Combining the two inequalities, we have the desired result. [ |

max [V, (z) = Vi (z)] < 7" max [V (z) — Vy'(z)] <

As we expected, the error bound vanishes to zero as the size of the horizon increases to infinity
geometrically fast with a given discount factor.
Consider the following condition: there exists a function & defined on X such that §(z) > 0,

0 <> exd(z) <1and Py(f,g) > d(y) for all z,y,g, f. It turns out that if the given Markov



Two-person zero-sum Markov games: receding horizon approach 9

game meets this ergodicity condition, the error bounds in the above theorems can be improved by
a factor (1 —Y__4&(x)) as in the MDP case [21] via a method called “column reduction”. We can

write P as a convex combination of the two distributions where one describes a new state transition

structure and the other is independent of transitions, and this decomposition allows us to convert,
the original Markov game into an equivalent model with a new discount factor in the sense that for
any finite horizon, the finite horizon subgames for two models have the same set of optimal policies
(see [1] for a further discussion). Let 8 =1—3"_ d(z). Define two probability distributions P’ and
2 such that

W(z) = ﬁ&(m),xeX.
Pl (f.g) = %[Pwu,g)—(l—mwyn.

Then, we can write the transition probability P by

We define the operator 7" : B(X) — B(X) such that for any V € B(X),

T'(V)(@) = inf S Cylg, f) + vﬁg{ Pl (g, /)V (y)

Then, for any function v € B(X), the T and T operators are related by
T()(z) =T (v)(z) +v(1 — B)(v),z € X,

where (v) =Y ¥(z)v(z).
Let {V,} be the sequence of value iteration functions with respect to 77, V,, := T'(V,_;) where

n=1,2,... and set Vj(z) = Vj(x) = Cpax/(1 —7) for all z € X. By induction, we can show that
Vi (z) =V (z)+ Cp,x € X. (7)

where C,, is the constant given by

3
|
-

Co = Y1=8)> (38 0V )

i
o

(VB (Vi _s) (8)

WE

= v(1-58)

il
<

setting V' to the zero function for £ < 0 if n > 1 and Cy = 0. From this, we can conclude that
(c.f., Lemma 4.1 in [21])

Vool@) = Vi (@) + Oy, B)e(Vg), « € X,
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where V) (z) = lim,,_oo(T")"(Vy)(x) and C(v, ) = v(1—3)/(1 —y3). By the same arguments, we
can show that for any = € Il and ¢ € @,

Voo(m, ¢)(2) = Vi, (m,¢)(z) + C 7, B)¢(Veo (7, 9)), 2 € X.

This immediately implies that

V(@) = Voo (i, 83) (%) = Vi () = V(i ) (@) + C(v, D) (VS = Voo (T, $1)-

Observe that a policy pair 7 € II and ¢ € ® such that T, ,(Vy_;)(z) = T'(V}_,)(x) for all
x € X prescribes the same randomized action choice as 7}; and ¢7; from the relationship given by
Equation (7). Now, by majorization of VI (z) — Vo (n};, ¢3;){x) and from Theorem 3.1 with the
observation just made, it follows that

\ . (v8)"(2 — )
m?X[VOO(l')—Voo(WH7¢H)($)] < T O-A52

We can also minorize VI (x) — Voo (757, ¢77) (), from which we conclude that for all z € X,

* * * — H 2 —
Vo) = Vsl (o) < 1= C o) - T2 g,

The upper bound on Theorem 3.2 can also be improved by a factor of 7 with the same arguments.

2Cmax+C (7, B) max[Vo (x) = Voo (T, ¢ ) ()], 7 € X.

3.2 Infinite horizon average cost

The receding horizon control is delined as follows. Given a [inite horizon H > 1, we deline the
receding H-horizon control as a policy 77; € II for the minimizer and a policy ¢7; € ® for the max-
imizer such that T g+ (V_ ) (x) = T(Vj_;)(x) for all z € X. We now present the performance
error of the receding horizon control in terms of the infinite horizon average cost comparing with
the equilibrium value under our assumptions on Markov games. The analysis primarily builds on
the work by Van der Wal [35]. We begin with a modified version of Van der Wal’s Corollary 13.2
in the page 230 in [35] within our context. For a function v € B(X), let span semi-norm of v be

sp(v) = max,, v(z) — min, v(zx).
Theorem 3.3 Assume that Assumption 2.1 holds. For anyV € B(X), consider two policies = € 11
and ¢ € ® such thal Ty o(V)(x) = T(V)(z) for all z € X. Then, for any ' € Il and ¢’ € ®,

(m,¢") < J5 +sp(T(V)-V)
(7'.¢) = J5 —sp(T(V)-V)
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From now on, we will set [X| = s (we assume that s > 2). Under the aperiodicity assumption (the
second part in Assumption 2.1), there exists a constant 1, with 0 < 7 < 1, such that the following

scrambling condition holds: for any 7,7’ € II and any ¢,¢' € ® and for all z,y € X,
. -1 -1
Z mm{'P;’mb(z), P;J,7¢,(z)} >1-mn,
zeX
where P;;I(b(z) denotes the probability that the initial state = will reach the state z in s — 1 time
steps under the policies 7 and ¢. We will refer to n as an ergodicity coefficient.

Lemma 3.3 Assume that Assumption 2.1 holds. Forn =0,1,..., sp( _TTH -V < 477L3_L1Jcmax

Proof: Van der Wal showed that (see the page 235 in [35]) sp(V,5,, — Vi 1) < n-sp(V, — V),
n = 0,1, ..., which implies that

sp(Viiy — Vi) <nte=tlsp(Vr — Vi) form = (s — 1)i+ 5,0 = 0,1,2,.0.,5 = 0, 1, 0., (s — 2).

Since sp(V¥, | — V) < 4Cnax for j =1,..., (s — 2), we have the desired result. ]
The theorem and the lemma above yield immediately the following result.

Theorem 3.4 Assume that Assumption 2.1 holds. Consider the receding H-horizon control 73 €
IT for the minimizer and ¢%; € ® for the mazimizer such that Trr o= (Vi )(x) = T(VE_,)(z) for
all z € X. Then,

oo (i, 830) = J2o] < 405 Gl

We can see again that the receding horizon control for the average cost case also gives a good
approximation for the infinite horizon equilibrium policy for each player and the value of the game
by the policies approaches to the equilibrium performance for the inflinite horizon average cost
geometrically in the ergodicity coefficient 7.

An error bound when the maximizer’s play is the true worst cast scenario ¢* is also obtained

directly from Theorem 3.3.

Theorem 3.5 Assume that Assumption 2.1 holds. Consider the receding H-horizon control, 73 €
IT for the minimizer such that Tpe (Vi_1)(z) = T(V_)(x) for all z € X. Then,

0 < <]o<3(7"-H7€26 )_ Joo < 477 5=l Cmax
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The error bounds we presented above vanish geometrically to zero as the size ol the horizon
increases to infinity. However, it depends on the size of the state space. Therefore, if s is a huge
number, the error bound will be large with relatively small H. We now add new conditions to the
transition probability matrix and the cost [unctlion so that we can eliminate the dependence on the

size of the state space.

Assumption 3.1 There exists a nonnegative function p € B(X) such that for some constant «

and K, with0 <a <1, M >0,

D Poy(n(x), ¢(@))u(y) < op(z) and |Col(n(z), ¢(2))] < Kp(r) < Crmax
yeX

forallz e X, n € ®, and ¢ € O.

We will refer to this assumption as the u-contraction condition. The condition ensures the summa-
bility of the costs with no discounting and boundedness for any policy pair via contraction in «
only.

We define the p-norm of a function v € B(X), ||v||,, given by

[o]l, = inf{c € R| [v(x)] < cu(z),Ve € X}.

It is well-known that under the p-contraction condition, T is a contraction mapping with respect

to p-norm. That is, for any v,w € B(X),
IT(w) = T(w)lly < allv —wl,.
Furthermore, it can then be easily proven (see, e.g., the page 199 in [35]) that for any z € X and
for any v,w € B(X),
—op(@)|lv — wlly < T(v)(z) — T(w)(z) < ap@)llv —wl,

It follows that for n = 1,2, ...,

sp(Viipr — Vi) < 20max (@) [V, = Vo[l < 207 max p(@) [V = Vil = 207 max (@) [Vl

Cmax
l—o

Because [|Vi*]|, < (see, e.g., the page 199 in [35]), we have the following immediate result with

p-contraction condition.

Proposition 3.1 Assume that Assumptions 2.1 and 3.1 hold. Consider the receding H-horizon
control, w5y € I for the minimizer and ¢f; € @ for the mazimizer such that T o (Vir_;)(z) =

T(V#_)(z) for allx € X. Then under the p-contraction condition,

. . o1

| Joo (75, 0T1) — Jo| < 1= - 2C nax mg?,xu(a;)
o1

0< Joo(mp, 67) = Jo < 7+ 2C0max i po(2)-
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Therelore, the above proposition establishes the geometric convergence ol the receding horizon
control independently of the state space size. To apply the receding horizon control, we need to
know the exact value of the finite horizon subgames. However, in practice, getting the true (H —1)-
horizon equilibrium value, in order for the minimizer to getl the receding H-horizon control policy, is
also troublesome if the state-space size is huge. Motivated by this, we now analyze the approrimate

receding horizon control.
3.3 Analysis of approximate receding horizon control
3.3.1 Infinite horizon discounted cost

We start with lemmas to state our main result for the approximate receding horizon control.

Lemma 3.4 Forallx € X andn=0,1,..,

(A

Vi (@) = V@)l < 77 - 20max

Proof: This is directly obtained from the contraction mapping property. [ |

The theorem below states an error bound from the equilibrium value of the game when both
the minimizer and the maximizer play the receding horizon control based on the same approximate

value, i.e., correlated policies.

Theorem 3.6 Given V € B(X) such that for some n > 0, |V¥(z) — V(z)| < € for all z in X,
consider a policy m for the minimizer and ¢ for the maximizer such that for allz € X, Ty 4(V)(z) =

T(V)(xz). Then, for allz e X,

2= e DE
max

Voo () = Vio(m, 9)(z)] < 1— )2 1—v

Proof: From the contraction mapping property ol the T operator, for all z in X,
n

TV (@) =T(V)(2)] <v-max |V (z) - V(z)] < e 9)

and from T(VZ) = VX and a successive application of the contraction property we have

2Cm X
max [V (x) = Vi (2)] < 9™ max [V(@) - Vi) < 5 _37 A (10)
Therefore, from Equation (9) and (10) and V", | = T(V;}) by definition, for all z € X,

Voo(z) =T(V)(x)] < [Vi(x) = T(V) (@) + [T(V;)(x) = T(V)(z)]

2Ctlrn X
T A g e, (11)

<
= 14
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Below we show that |T(V)(z) — Ve (m, @) ()| < %51:?) + 20{;‘?‘%?1 for all z € X. It then follows
that from Equation (11), for all z € X,

Vao(2) = Vao(m, @) ()] < [Vio(2) = T(V)(@)| + |T(V)(z) — Voo(m, ¢) ()]

TR g+ 2
(1—7)? 1—vy
which gives the desired result.
From Lemma 3.4 and Equation (9), we have that for all z € X, by letting w = 1”’7"7 - 2C max,
Vieg) V(@) +es Vi (z)+e+w <T(V)(z)+ve+e+w. (12)

Then for all z € X,

TV)z) = Tre(V)(z) = Cy{n(x), d(x)) + Z Pry(m(z),¢(x))V (y) by definitions of = and ¢ and T’

< Colm(x), ¢(@)) +7 Y Pay(m(@), ¢(2))[T(V)(y) + e + €+ w] by Equation (12)
yeX

= Cul(n(@),¢(2)) +7 Y Pry(m(2), $(@))T(V)(y) +ve(l +7) +yw
yeX

= Culn(2),6(x)) +7 ) Prylr(x), d(x)) <Cy(77(y)> o(y) +7 ) P(nly), ¢(y))V(Z)>

yeX ze€X
+ye(l+75) +yw

= Cu(m(2),8(2) +7 Y Puy(m(2),(2))Cy(n(y), 6(y))

yeX

492 37 37 Payl(2),6(0) Py (r(), 6DV () 21 +7) + 7w

yeX zeX

Co(m(2), ¢(2) +7 Y Pey((@), $(2))Cy (7 (), $(y))

yeX
77D Y Puy(m(@), (@) Pye (w(y), $(y) T(V)(2)
yeX zeX
(1 +7) + el +9) + (vPw + qw)

(A

Keep iterating (under the sum sign) this way, we have that for all k = 0,1, ..., and z € X,

k

T(V)(@) < E | ' Cr,(m(x), $la:))lzo = x| + 4" ET(V)(@ps1)|z0 = 2]
t=0

+ye(l+7) + -+ e +4) + (yw 4 -+ A ), (13)

where x; is the random variable representing the state at time ¢ under 7 and ¢. Since T'(V) is

bounded, the second term on the r.h.s. of Equation (13) converges to zero as k — oo and the
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first term becomes Voo (m, ¢)(2). Therefore it follows that T(V)(z) — Va(mr, ¢)(z) < 2UED 4 aw

1—y 1—v
Therefore, T(V)(x) — Vio(m, §)(x) < 2 4 20macti™ for all 7 € X.

Similarly, we can show that T(V)(x) — Voo(m, ¢)(x) > —Vefl_ﬁw - QC(TT‘J;H for all z € X by

the observation that from the assumption and Equation (9), we have that for all z € X,

V(a) 2 Vi(x) — e > V(@) — e —w > T(V)(x) — ye — ¢ — w.
[ |

From the approximate receding horizon control framework, given an approximate function V, the
minimizer will play the policy 7 such that T , = T(V) at each z € X. That is, he will assume
that the maximizer will play the correlated policy with respect to V. We now present the game ol

value when the maximizer actually plays the worst-case scenario.

Theorem 3.7 Suppose Vi is selected such that for allx € X, T (Vi )(z) < Vi (z). GivenV € B(X)
such that for somen >0, |V, (z) —V(x)| <€ for all x in X, consider a policy w for the minimizer
such that for all z € X, Tn(V)(x) = T(V)(x). Then, for allz € X,

n+1 9
0 < Vao(m,6) (&) = Vi (2) < { -

'2(1nax'+
—y ]7__7

Before we provide a proof of this theorem, we mention here that setting ¢ = 0 withn = H — 1
gives exactly the bound of Theorem 3.2. Even though we could have obtained the resull for
Theorem 3.2 by setting € = 0 with n = H — 1 here, we wanted to show that there is an alternate

but simpler proof than the proof below.

Proof: The lower bound is trivially true so we prove the upper bound. The proof technique is
quite similar to the proof of the previous theorem.

For all x € X, Voo (m, ¢ )(x) — VE(2) = Voo (7, 0%)(z) — T(V)(x) + T(V)(z) — VL (x). We have
that T(V)(z) — Vi (z) < ve+ % (see the proof of the previous theorem). It remains to show
that Vao(m, ¢*) = T(V)(x) < 222,

Now, for all z € X, —ve + T(V)(z) < Vi 1 (z) < Vi (z) < V(x) + €, where the first inequality
is from Equation (9) and the second inequality is from Lemma 3.2 and the third inequality is from

the assumption. It follows that

T(V)(z) = Te(V)(@)= sup < Ce(m(x), ) +7 Y Poy(n(x), )V (y)
feF(z) yeX

Cel(m(w), 8" () +7 ) Poy(m(), 6" (2))V ()

yeX

Cu(m(z),¢* (@) +7 ) Pry(r(x), ¢* @)T(V)(y) — (1 +7)]

yeX

Vv

Vv
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Keep iterating (under the sum sign) this way, we have that for all k =0,1,..., and z € X,

k

T(V)(z) 2 E | Y7 Cuy(m(ar), ¢" ()0 = | + 7" BIT(V)(2p41)lxo = 2]
t=0

—[ve(L+~) + -+ 4" e(1+ )], (14)

where z; is the random variable representing the state at time ¢ under 7 and ¢*. Since T'(V) is
bounded, the second term on the r.h.s. of Equation (14) converges to zero as k — oo and the first
term becomes Voo (7, ¢)(x). Therefore it follows that T(V)(x) — V(m, ¢*)(z) > —%ﬁ). |

As we have studied in subsection 3.1, if there exists a function § defined on X such that §(x) > 0,
0<> ,ex0(x) <1and Pry(f,g) > 6(y) for all z,y,g, f, the error bounds above can be improved.
Let 3 =1—)"_0(z) again. We only present the upper bound case of Theorem 3.6 as an example.

With the same arguments given in subsection 3.1,

max[V (x) — Vao(m, )(@)] < [1— C(y,8)] ™ max [V, («) — Vi, 6)(a)]

We have

/ V' (n T (75)n+1(2 —8) ) 23
max[Vo, () — Vo (1, ¢)(x)] < e Wmax + 75

it V(z) —Vi(z) <. But ¢ = e+ C, where C, is given in Equation (8).

n

3.3.2 Infinite horizon average cost

Theorem 3.8 Assume that Assumption 2.1 holds. Given V € B(X) such that for some n > 0,
V¥ (z) — V(x)| < € for all z in X, consider a policy w for the minimizer and ¢ for the mazimizer
such that for all x € X, T, 4(V)(z) =T(V)(z). Then, for all z € X,

[ Too(m, 0) — 5| < 4nl5=T) G + de
0 S Jw(ﬂv(b*) - J::o < 477L#J Cmax + 4e.

Proof: From the assumption, —e < V*(z) — V(z) < € for all x € X. Applying the T-operator
to each side and using the monotonicity property, we have —e < T(V.¥)(z) — T(V)(z) < ¢ for all
x € X. Therefore we have that

sp(T(V) = V) <sp(Viip — V) +4de.

Applying Theorem 3.3 and 3.3, we have the result. The error bound on the value of the game when

the maximizer actually plays the worst-case scenario is also directly obtained from Theorem 3.3. I

We remark that we can add the u-contraction condition (Assumption 3.1) to this case also so

that we can eliminate the dependence on the state space size as we did previously.
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3.4 Remarks on transient game and reducible average cost games

We give some remarks on “transient” games, specifically stochastic games with infinite horizon
total cost criterion with cost-free absorbing states and no discounting, and on stochastic games
that are not irreducible or do not exhibit strong aperiodicity with respect to the receding horizon

control framework.

Consider a transient Markov game M with a state space X = X7 U X, with X7 N Xy = () where
X consists of non-absorbing states such that for each x € Xy, there exists a constant 7, > 0 such

that

> Puyl9,f) =7 < Lg€Glx),f € F(x),
yeXq

and X, consists of absorbing states such that for each =z € X5, Ci(g,f) = 0, Prx(g, f) = 1 for
all g € G(z) and f € F(x). Write the equilibrium value of the game M with respect to total
cost criterion as W2 and consider a Markov game M’ defined with only X; by defining the state
transition probability for M’ as Py,(g, )/, for all 2,y € X1,9 € G(z) and f € F(x) and with
the discount factor of Yynax = maxeex, {vz}. Write the equilibrium value of the game M’ with
respect to the infinite horizon discounted criterion with the discount ymax and initial state x as
V3 rmae (). We also consider a Markov game M" defined similarly to M’ except for the discount
factor of ymin = mingex, {7 }- It is left for the reader to check that the following inequality holds:
for all z € Xq,

Voo () S W () < V5

OO0, Ymin x) )

7'Ymax(
Therefore, we can apply the results obtained as above by considering the receding horizon control
for the game M’ and M” to bound the value of the game M.

For a given (irreducible) Markov game, consider the following transformation of the Markov
game into another game: we deline the state transition probability P and the cost C of the new

game as

p:c:c(g7f) = p+(1_p)Px:c(gaf)a
Poy(g,f) = (1=p)Puyly, f)ry # =,

forall x € X, g € G(z) and f € F(x), where p is some constant with 0 < p < 1. Observe that for
this new model, besides irreducibility, the strong aperiodicity condition is satisfied. It turns out
that the two models are equivalent in the sense that if Jo (7, @) is the value of the original game

[or the infinite horizon average cost criterion following 7 € II and ¢ € ® thal satisfies

TW7¢(VOO(7T7 ¢))(1’) = Joo(ﬂ-¢ ¢’) + Voo(ﬂ'a ¢)($) for all x € X,



Two-person zero-sum Markov games: receding horizon approach 18

for a function Vy(m, @) € B(X), (I — p)Joo (7, @) is the value of the transformed game following 7

and ¢ and satisfies

T (Vo (7, 0)) (@) = (1 = p)Joo(m, §) + Vo[, 6) () for all z € X,

where T is defined with P and C, and if 7 is e-optimal policy for the minimizer in the original
game, 7* is (1 — p)~le-optimal policy for the minimizer in the transformed game (see, e.g., the
page 231 in [35] for a detailed discussion). Therefore, extending the results obtained as above into
arbitrary (irreducible) games is straightforward.

To the best of the authors’ knowledge, there is no prior work on successive approximation (like
value iteration) for multichain Markov games (for average cost case) and we expect that drawing a
result like Theorem 3.3 will not be easy. This will make an analysis of the receding horizon control
for multichain Markov games even more diflicull. We brielly give an idea on how to approach to
this problem to generate a pair of approximate equilibrium policies and leave the analysis as a
future research topic.

Extending the idea given in [31, 9], we assume [irst thal for any pair of pure policies for the
minimizer and the maximizer, the underlying Markov chain consists of a finite number of recurrent
classes. Suppose that a Markov game is decomposed into recurrent classes, where for any pair of
policies, both players cannot leave any class once they enter that class, and a set of transient states.
Decomposing a Markov game with such classes and a set of transient states can be done simply
by adapting the algorithm given in [30] [or MDPs that extended the Fox-Landi algorithm [17] for
decomposing a given Markov chain. Then we can observe that the pair of equilibrium policies
restricled to any recurrent class can be obtained independently of any stales outside ol the class.
We use the receding horizon control approximation to approximate the solution of each class with
possibly different ergodicity coefficients. This will give a bound on the equilibrium value of each
recurrent class. We “eliminate” then each recurrent class (all states in each class) with this bound,
leaving only transient states and creating a new sort of Markov game. By doing this, a set of certain
{ransient states thal could enter a recurrent class can lorm a new recurrent class “elleclively” by
considering transitions out of the set to the recurrent class via the bound on the equilibrium value
for the recurrent class. (In the context of MDP, this corresponds to solving an MDP when we
know the bounds of the optimal values for certain states. The bound can be approximated with
the average value of the upper and lower limits.) We decompose this new Markov game again and

repeal the above step until we can obtain all the necessary approximale solutions for all states.
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4 Example Methods for Generating Approximate Receding Hori-

zon Control

If the state space of the underlying Markov game is large, the usual methods of solving Markov
game exactly, e.g., value iteration, policy iteration, mathematical programming, etc., are impossible
{o be applied due to the curse ol dimensionalily, even for solving the receding horizon subgames
unless structures of optimal policies and value functions can be analyzed. In this section, we briefly
summarize two previously published approaches to approximating the value of a finite horizon
Markov game, both of which work independently of the state space size of the game.

Given an H-horizon Markov game formulated as in Section 2, consider the following model:
the state space I = X x {0,1,..., H — 1}, the admissible action set U(i) for the minimizer at
a state ¢ = (z,h),z € X,h € {0,1,...., H — 1} is given such that U(i) = G(x) and the action

set W (i) for the maximizer for the state 7 is given such that W (i) = F(x), the cost function
such that C/(u,w) = Cgz(u,w), the transition [unction such that for i = (z,h),j = (y,}') € I,
Pli(u,w) = Pry(u,w) if h+1=h" < H — 1 and 0 otherwise, and the same discount factor.

Let B be a given subset of I, and set Z(i) = {j|F;(u,w) > 0 for some u,w}. Define I, such
that Io = B, In+1 = U, Z(3) U L. Define a sequence of the value functions ©,, such that

o (i) = { inf v (i) SUPwew i) {CHww) + 7 X ep, Phu,w)On (i)} ifi €I,

0 ifi¢ I,

Then for any ¢ = (z,h) € Band n = 0,1, ..., Tidball and Altman [33] showed that |©,(i)— V7 (z)| <
2Cmax - Y"/(1 — ), where V}; is defined as in Equation (5) with the zero function assumption of
Vy- Note that obtaining the function value ©,, at each n corresponds to solving a matrix game
with the set I,,.

Kearns et al. [25] proposes a sampling algorithm that generates a pair of nonstationary policies
# e II for the minimizer and é € & for the maximizer, where both policies are random in the sense
that for each run of the algorithm, it generates a different pair of policies. Let VH(fT,q;) be the
H-horizon (undiscounted) value of the given Markov game following the policies 7 and . They
provide the sample size [or the algorithm that guarantees a desired bound ¢ such that for any policy
ocelland T € @,

EVy(#,7)] — ¢ < E[Vu(%, )] < EVi (0, )] + ¢

Thal is, the expected performance of the policies generated by the algorithimm makes e-equilibrium
(in the expected sense) for the Markov game. The bound can be made arbitrarily smaller as the
sample size is increased.

We can use the sampling algorithm to generate an approximate receding horizon control and
in particular, the expected performance of the worst-case scenario can be analyzed (by letting 7

the worst-case policy for the maximizer). The drawback of Kearns et al.’s approach is that even
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though the per-stale running time of their algorithm is independent of the state space size, it is
exponential in the horizon size.

Both approximation approaches will be useful when the game is sparse in that the one-step
reachable stale sel [rom each given stale is small. If the game is not sparse and the operation
extraction of the min-max (randomized) actions is cumbersome, the above approaches will suffer
from the relatively big time-complexity. In the next section, we present two heuristic receding

horizon policies for the minimizer that can eliminate this problem.

5 Heuristic Receding Horizon Policies

Cousider a [inite set of multiple heuristic policies, where each policy is good for different system
trajectories for the minimizer. The minimizing player seeks to combine dynamically the given
heuristic policies in the set to adapt to the different trajectories of the system to improve the
performance of all policies in the set under the assumption that the maximizing player plays a fixed
worst-case policy chosen by the minimizer.

Given a fixed policy ¢ for the maximizer, define the H-horizon parallel rollout policy mp, tr
with a finite set A of base policies 7 € II to be a policy such that Ty, 4(¥)(z) = Ty(1)(z) for
all z € X, where ¢(x) = mingep Vg_1(m, ¢)(z),z € X. It can be shown that if for each 7 € A,
Vo(m, ¢) is selected such that for all z € X, T, »(Vo(m, ¢))(z) < Vo(m, ¢)(z), then given any e > 0,
for H > 1 +log, E(CIm_W), for all z € X, Voo(Tpr 1, ¢)(z) < mingep Voo(m, ¢)(x) + €, extending the

ax

prool given in [12]. The average cost case can be similarly defined and analyzed, extending the
proof given in [13].

The parallel rollout approach for the minimizer naturally gives a way of guessing a worst-case
scenario ol the maximizer Lo the minimizer. Suppose the minimizer can guess the best response
from the maximizer when he plays a given heuristic policy # € A. In this case, the minimizer

counsiders a [inite sel 2 C @ ol multiple heuristic policies for the maximizer and delines a policy
Pmax(x) € {arg max[min Voo (m, 9)|(x) }, z € X,
Qe TEA

and uses the policy ¢nax as the fixed policy for the maximizer. See [13] for a briel survey on
successful results of this approach for the MDP problems.

The next heuristic is based on the recently proposed approach called hindsight optimization [14].
Under the assumption that the maximizer plays his best policy chosen by the minimizer, the
hindsight optimizing minimizer plays the game at each state based on his analysis on the expected
optimal “retroactive” performance.

We first introduce an equivalent model description of Markov games. We can derive a function
called the next state function P : X x G(X) x F(X) x [0,1] — X from the transition function

P. In other words, given a policy pair m and ¢ and the current state x, a random number w
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selected uniformly from [0,1] can be mapped to Pyy(m(x), #(x)) for some y € X. That is, 441 =
P(x, gt, fi,w;) with so-called random disturbance w; € [0,1]. The average payoff function C' is
also newly defined by C such that Cy(7(z), d(z)) = Eu[C(m(z), ¢(z),w)]. See Bertsekas’ book of

definitions on MDP [7]. We deline a [unction @ such that

n—1
Q(20, 70, oo T, W05 ooy Wno1) = 3 Y Copy (me(e), ), we) + 7"V ()
t=0

and for convenience, we will abbreviate this to Q(xg,7,w) in an obvious notation, where @ =<
Wo, ooy Wp—1 >€ [0,1]" and 7 = {mo,..., 7n—1}. We then define the hindsight optimal value over
n-horizon with an initial state xqg as

Pr.(@0) = Eg[min Q(zo, 7, 0)]. (15)

well

Given a policy ¢ for the maximizer, we define the H-horizon hindsight optimization policy as a
policy mpo g such that for all x € X, Tr, . o(pr-14)(7) = Ty(pu-14)(x). The average case
is defined with “T”-operator with PH—1,4- Because the minimization over the sequence of the
randomized actions is inside the expectation in Equation (15), this corresponds to solving the
deterministic sample-path problem. See, e.g., [14, 11] for case studies on some MDP problems with
this approach. The hindsight optimal value of state x is a lower bound to the equilibrium value if
we set ¢ = ¢* because by Jensen’s inequality, p, ¢(x) < V,.(7, ¢)(z) for any 7 € IT (for discounted
case).

The main usefulness of the above two approaches are simpleness of implementation. The expo-
nential dependence on the horizon size in Kearns et al’s approach [25] can be alleviated by using the
heuristic approaches we just discussed. We can simply use a Monte-Carlo simulation to estimate
the relevant function values. The minimizer who uses the H-horizon parallel rollout policy simu-
lates (at the current state at each decision time) the given heuristic base policies and the (guessed)
lixed policy [or the maximizer using sampling over a [inite horizon H — 1, and the results of the
simulation are used to choose the best current randomized action at the current state, assuming
that there is a selection function available that extracts the randomized action that achieves the
infimum /supremum. For the hindsight optimization approach, the minimizer generates a set of
fixed horizon random disturbance sequences and solves the deterministic optimization problems
with respect to the sequences to estimate the hindsight optimal value, from which he determines
the current best action at the current state.

We remark that the hindsight-optimization based approach appeals to the game-theoretic frame-
work so that this is dillerent [rom the simulation-based approach used in the compulter bridge game
player (GIB) in [18]. The approach taken there can be viewed as follows in the context of our dis-
cussion: many sample paths are drawn and for each sample path, the optimal solution with respect

{o the sample path is analyzed after taking each deterministic candidate action, and one coumnls the
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number of times that a particular deterministic action achieves the minimum cost sum, and takes
a deterministic action by voting. It would be interesting to compare two approaches in practical

applications.

6 Concluding Remarks

Extending the receding horizon framework to the N-person (N > 3) case and analyzing the perfor-
mance will be diflicult, because no iteration algorithm based on a contraction mapping is available
to the authors’ knowledge. However, each player can heuristically use the rollout/parallel rollout
and the hindsight optimization for his policy choice.

We can also consider applying the two heuristics to nonzero-sum stochastic games. Analyzing
the structure of equilibrium policies, in this case, is often more difficult than for zero-sum games.
For zero-sum games, a standard technique, e.g., value iteration, can be used (see, e.g., [2, 4] and
references therein). However, for nonzero-sum games, we need to use a different non-standard
technique (see, e.g., [3]) to analyze the structure, which is quite cumbersome.

Finally, we can incorporate the idea of Neuro-Dynamic programming (NDP) [8] into the ap-
proximate receding horizon control framework. That is, the feature-based approximations in NDP
can be applied when we estimate the value of the underlying subgame, although how to extract

good features is a difficult problem in general.
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