Evolutionary Policy Iteration for Solving Markov our setting, the elite policy for a population is a policy that improves
Decision Processes the performances of all policies in the population. EPI starts with a
set of policies or “population” and converges with probability one

Hyeong Soo Chang, Hong-Gi Lee, Michael C. Fu, and Steven |10 a population of which the elite policy is an optimal policy, while

Marcus maintaining a certain monotonicity property for elite policies over
generations with respect to a fitness value.

Abstract—We propose a novel algorithm called Evolutionary Policy The Ilteraturg applylng evolutionary algorithms such as GAs for
lteration (EPI) for solving infinite horizon discounted reward Markov ~ SOIving MDPs is relatively sparse. The recent work of Lin, Bean, and
decision processes. EPI inherits the spirit of policy iteration but elim- White [8] uses a GA approach to construct the minimal set of affine
inates the need to maximize over the entire action space in the policy functions that describes the value function in partially observable
improvement step, so it should be most effective for problems with very \1ppg vielding a variant of value iteration (VI). Chin and Jafari [3]
large action spaces. EPI iteratively generates a “population” or a set of . . . h
policies such that the performance of the “elite policy” for a population ~PrOPOSe an approach that maps heuristically “simple” GA [11] Into
monotonically improves with respect to a defined fitness function. EPI the framework of PI. Unfortunately, the convergence to an optimal
converges with probability one to a population whose elite policy is an policy is not always guaranteed.
optimal policy. EPI is naturally parallelizable and along this discussion, As noted earlier, the main motivation for the proposed EPI algo-
a distributed variant of Pl is also studied. . . 7 . N

o T o rithm is the setting where the action space is finite but extremely

L”‘i.ex Tle":.‘ts‘};n (D'S"'Ibt’_tend)rpo“lcy r'.ttirrit'onir'\’l'larlko‘;_dﬁc's'on Process, |arge. In this case, it could be computationally impractical to apply

genetic algorithm, evolutionary algorithm, parafielizatio exact Pl or VI, due to the requirements of maximization over the
entire action space via e.g., enumeration or random search methods.
I. INTRODUCTION On the other hand, local search cannot guarantee that a global

In this note, we propose a novel algorithm called Evolutionafpf@ximum has been found. Thus, the monotonicity in the policy
Policy Iteration (EPI) to solve Markov decision processes (MDP&)\Provement step is not preserved. The proposed EPI algorithm
for an infinite horizon discounted reward criterion. The algorithm jBr€S€rves an analogous monotonicity property over the elite policies
especially targeted to problems where the state space is small iBhe populations. In some sense, this is similar to distributing “action
the action space is extremely large so that the policy improvemdftProvement” over time, as in William and Baird's work [12] [13]
step in Policy lteration (PI) becomes computationally impracticajﬂ the context of actor-critic architecture, and asynchronous dynamic
For example, consider a simple problem of balancing the loads RP9ramming in [7] [1], with a communication protocol. However,
N parallel queues by early discard or migration of jobs to optimizd/l of those works consider operators that improvsiragle policy
a cost function of jobs’ waiting time and throughput with a certaif@ther than improving upon setof policies.
tradeoff parameter. Each queue can hold at msfobs, and is The main contribution of our work is the introduction of a new
associated with a stochastic arrival sequence of jobs generated Hyagdomized) evolutionary (population-based) search algorithm for
simple On/Off Markov modulated process with two states, along wifi!ving MDPs that (i) will be superior to Pl and VI in settings where
a single server. A state consists of the traffic generation state of the size of the action space is sufficiently large so as to render the
Markov modulated process and the number of jobs in each queue N&imization step over all actions computationally impractical, and
that there ar¢2K )" states in total. An action is to migrate each joii) is guaranteed to converge (with probability 1). The use of policy
in a queue to another queue or to stay/drop at/from its own que@\yitching in a population-based approach is novel. Furthermore, the
so that there ar@(N’) possible actions in total. FaN = 2 and algorithm can easily be parallelized by partitioning the policy space
K = 50, this leads to a state space sizelof, whereas the number and applying policy switching to (convergent) elite policies for the
of possible actions is on the order 6. subsets, obtaining an optimal policy for the original policy space.

EPI eliminates the operation of maximization over the entire This note is organized as follows. We start with some background
action space in the policy improvement step by directly manipulatifd MDPs in Section II. In Section I, we formally describe EPI
policies via a method called “policy switching” [2] that generates aith detailed discussion and the convergence proof. In Section IV,
improved policy from a set of given policies. The computation tim&e study a distributed variant of Pl and discuss how to speed up EPI
for generating such an improved policy is on the order of the stddy parallelization. We conclude with some remarks in Section V.
space size. The basic algorithmic procedure imitates that of standard
Genetic Algorithm (GAs) (see, e.g., [6] [11] [10]) with appropriate I
modifications and extensions required for the MDP setting, based on
an idea similar to theélitismi’ concepts introduced by De Jong [4]. I Consider an MDPM = (X, A, P, R) with finite state spaceX,

finite action spaceA, reward functionR : X x A — R, and
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value with an initial state, where the initial state is distributed with Evolutionary Policy Iteration (EPI)

a probability distributions defined overX. o Initialization:
Select population size and K > 0. A(0) = {71,...,™n },

Policy Iteration (PI)_ c_omputeSW in a_fl_nlte_ number qf ste_ps, wherer, € II. SetN — k — 0, and P, P, and £, in (0, 1],
because there are a finite number of policiedlimnd each iteration and 7 (—1) = 1.
preserves monotonicity in terms of the policy performance. The « Repeat:
Pl algorithm consists of two parts: policy evaluation and policy Policy Switching:
improvement. We provide a formal description of PI below. — ObtainV'™ for eachm € A(k). ,

Let B(X) be the space of real-valued functions &h We define — Generate the elite policy ok (k) defined as
an operatofl’ : B(X) — B(X) as 7 (k)(z) € {argmaxV ™ (z))(z)},z € X.

C D rEA(k)
> Stopping Rule:
T(2)(x) =max R(z,a)+7  P(x,a)(y)®() - Stopping Rule:
aca yex s I g7 0 T D N g

w If J;T*(k) = J;T*(k_l) and N = K, terminate EPI.
w1t g7 B = 7D and N < K, N — N + 1.
> Generaten — 1 random subsets;,i = 1,...,n — 1 of A(k)

_ by selectingm € {2,...,n — 1} with equal probability
Tx(®)(2) = Rz, () + Pz, m(x))(y)2(y) and selectingn policies in A(k) with equal probability.

for ® € B(X),z € X, and similarly, an operatof. : B(X) —
B(X) for m € II as

yex — Generaten — 1 policies7(.S;) defined as:

for ® € B(X),z € X. Itis well known (see, e.g., [9]) that for each 7(S:)(z) € {argmaxV™ (z))(x)}, z € X.
policy = € II, there exists a corresponding uniq@tec B(X) such TES;

that forz € X, T(®)(z) = ®(x) and®(z) = V" (z). The policy Policy Mutation: For each policyr(S;),i =1,...,n — 1,
evaluation step obtairig™ for a givens, and the policy improvement — Generate a “globally” mutated policy™(S;) with Py,
step obtainst € II such thatl’(V™)(z) = T# (V™) (z),z € X. The using P, and . or a “locally” mutated policyr™ (S;)
policy # improvesr in that V™ (z) > V™ (z) for all z € X. with 1 — P, using P, and ..

Population Generation:
I1l. EVOLUTIONARY POLICY ITERATION _ Qﬁ;?f k), 7 (S 6= 1,y n = 1.

A. Algorithm description

. . . ! Fig. 1. Evoluti Policy Iteration (EPI
As with all evolutionary/GA algorithms, we define tti¢h genera- 9 volutionary Policy lteration (EPY)

tion population, § = 0, 1,2, ...), denoted byA(k), which is a set of
policies inIl, andn = |[A(k)| > 2 is the population size, which we
take to be constant in each generation. Given the fixed initial statéiven a nonempty subseX of II, we define a policyr generated
probability distributions defined overkwe define thewverage value by policy switching([2]) with respect toA as
of « for § orfitness value ofr: J§ = V’i(x)(S(a:). Note that 7(z) € {argmaXV™ (z))(z)},z € X. 1)
anoptimal policyn™ satisfies for anyr € I1, J5 > JJ. We denote TEA
P, as the mutation selection probability3, the global mutation It has been shown that the policy generated by policy switching
probability, andP; the local mutation probability. We also defineimproves any policy inA (see Theorem 3 in [2]):
action sglgction distribution: as a probability distribution overt Theorem 3.1:Consider a nonempty subsat of II and the policy
suchthat ., u(a) =1andu(a) > 0forall a € A. The mutation 7 generated by policy switching with respectdogiven in (1). Then,
probability determines whether or netz) is changed (mutated) for for all z € X, V™ (z) > maxrea V™ ().
each stater, and the action selection distributignis used to change  This theorem immediately can be used to obtain the following
m(x) (see Section IlI-D for details). A high-level description of EPI igesult relevant for the EPI algorithm.
shown in Figure 1, where some steps (e.g., mutation) are described &orollary 3.1: Consider a nonempty substof IT and the policy
a conceptual level, with details provided in the following subsections.generated by policy switching with respectdogiven in (1). Then,
for any initial state distributiod, JJ > max,ea JJ.
Proof: By the definition ofw (see (1)), for any fixedr € A and

x € X, V™ (z) > V™ (x). Therefore,
The EPI algorithm’s convergence is independent of the initial - < - > . .
population A(0) (to be shown later) mainly due to thBolicy Js = Vi(z)é(x) > Vi (z)d(x) = J5,
Mutation step. We can randomly generate an initial population or weX veX
start with a set of heuristic policies. A simple example initializatiomvhich implies that/j > maxxca J5 . [
is to setA(0) such that for each policy itk (0), the same action is ~ We first generate a policy™ (k), called the elite policy with respect
prescribed for all states, but for each policy in the initial populatiot® the current populatior (&), which improves any policy in\(k)
prescribes a different action. via policy switching. Note that this is different from the elitist concept
of De Jong [4], where the elitist is a best policy in the current
population A(k). In contrast, the elite policyr* (k) may not be a
member of A(k), and it may not be a best policy in(k + 1),

One of the basic procedural steps in GA is to select members fravhere it is included unmutated. Thus, the new populafig¢k + 1)
the current population to create a “mating pool” to which “crossoveontains a policy that improves any policy in the previous population.
is applied; this step is called “parent selection”. Similarly, we camherefore, the following monotonicity property holds:
design a “policy selection” step to create a mating pool; there areLemma 3.1:For anyé and for allk > 0, J;r*“” > Jg'*(kfl).
many ways of doing this. Th@olicy Switching step includes this Proof: The proof is by induction. The base step is obvious from
selection step implicitly. the definition of7*(0) and #*(—1) by Corollary 3.1. Assume that

B. Initialization and Policy Selection

C. Policy Switching



J;’*(i) > Jg*“—l’ for all i < k. Because EPI includes*(k) in by #’, then the new policy is generated accordingRén’(z) =
A(k+1), the elite policy atc 4 1 is generated over a population thata) = u(a), for all mutated states (the actions for all other states
containsz* (k). It implies thatJ;'*“““) > J;r*(k). m remain unchanged). For example, one simplis the uniform action

We then generate—1 random subsetS; (i = 1,...,n—1) of A(k)  selection distribution, in which case the new (mutated) policy would
as follows. We first select: € {2, ...,n — 1} with equal probability randomly select a new action for each mutated state (independently)
and then selecin policies from A(k) with equal probability. By with equal probability over the entire action space.
applying policy switching, we generate— 1 policies defined as

7(8i)(z) € {argmaxV ™ (z))(z)},z € X. E. Population Generation and Stopping Rule
meSi At each kth generation, the new populatiol(k + 1) is simply

These policies will be mutated to generate a new population (see igen by the elite policy generated from(k) and n — 1 mutated
next subsection). policies from«(S;),i = 1,...,n — 1. This population generation

Because policy switching directly manipulates policies, eliminatmethod allows a policy that is poor in terms of the performance, but
ing the operation of maximization over the entire action spacgight be in the neighborhood of an optimal value located at the top
its computational time-complexity i©(m|X|), wherem = [Si|, of the very narrow hill, to be kept in the population so that a new
independent of the action space size, leadingi@m|X|) com- search region can be started from the policy. This helps EPI avoid
plexity in the Policy Switching step, and henc®(nm|X|?) overall from being caught in the region of local optima.
when including theO(] X|*) complexity for the policy evaluation Once we have a new population, we need to test whether EPI
needed to comput&’™. On the other hand, applying a single-policyshould terminate. Even if the fitness values for the two consecutive
improvement step of PI directly to each policy i(k), instead of elite policies are identical, this does not necessarily mean that the elite
generatingr(S;),i = 1,...,n — 1, is of complexityO(n| X |*|Al). policy is an optimal policy as in PI; thus, we run the EPI algorithm

Based on the above analysis, we now make a brief comparisgn more times so that these random jumps by the mutation step
of the EPI approach with Williams and Baird’s asynchronous poliayill eventually bring EPI to a neighborhood of the optimum. As the
iteration [13][14]. As noted already, the main advantage of the ER&lue of K gets larger, the probability of being in a neighborhood
approach is its independence of the size of the action space. BecaifSghe optimum increases. Therefore, the elite policy at termination
the action space is assumed to be quite large, applying the singéeoptimal with more confidence & increases.
policy improvement step over the full action space is impractical.
Thus, to apply the Williams/Baird asynchronous Pl approach, o
would have to choose a subset of the action space; furthermore, ESCOnvergence
subset may have to change from iteration to iteration. An obvious Theorem 3.2:Given P, > 0, Fi> 0, and P, > 0 and a action
advantage of the EPI algorithm is that this choice does not haveS@lection distributior. such that , p(a) = 1 and u(a) > 0
be made. On the other hand, the EPI algorithm requires the chofeg all a € A, as K — oo, V™ ¥ (z) — V™ (z),z € X with
of population size and requires solving the state space equationsHtbability one uniformly overX, regardless of\(0).
every member (policy) of the population, whereas the Williams/Baird ~ Proof: The proof is very simple. Observe first that A5— oo,
approach would only require this for a single policy, so for largé — oo. This is because EPI terminates whEn= K and if N # K,
state spaces the EPI algorithm would definitely be at a disadvantafe. value ofk increases by one.
Preserving theoretical convergence under the Pl operation over &rom the assumption, the probability of generating an optimal
changing action space subset does not appear to be straightforvicy by the Policy Mutation step is positive. To see this, let
for the Williams/Baird approach, whereas convergence of the EPg the probability of generating one of the optimal policies by local
algorithm is independent of the population size, though it does requifitation and lef3 the probability of generating one of the optimal

the mutation step described in the next section. policies by 9"3}6“ mutation. Then, -«
a > Pu(r*(z)) = (P)X!. 7 (x)) >0
D. Policy Mutation = < wu(m(x)) = (P2) xg?,'/i( ()
Policy _mutatior_1 takes a gi_ve_n policy, and _for each state, alters 3 > Pyu(r*(z)) = (P)1X] u(r* (@) > 0,
the specified action probabilistically. The main reason to generate eX vex

mutated policies is to avoid being caught in local optima, making
probabilistic convergence guarantee possible.

We distinguish between two types of mutation — “local”
.global — which are differentiated by hqw muph of the pollpy IS Therefore, the probability that\(k) does not contain an op-
likely be changed (mutated). Local mutation is intended to guide the : . . )

. ; i . : tl{nal policy (starting from an arbitraryA(0)) is at most ((1 —
algorithm in obtaining an exact optimal policy through local search 0 (n—1)k (n—1)k ;
. . ‘ a\P)) (1 =81 = Pn) , which goes to zero as
nearby” policies, whereas the global mutation allows EPI to esca% . . .
. . ; Lo — oo. By Lemma 3.1, once\(k) contains an optimal policy,
from local optima. A high mutation probability indicates that many . . :
. i “A(k + m) contains an optimal policy for anyn > 1 because the
components of the policy vector are likely to be mutated, representlp . S . g
. - Tithess value of an optimal policy is the maximum among all policies
a more global change, whereas a low mutation probability implies - .
. o X . _In I1. This proves the claim. [ |
that very little mutation is likely to occur, meaning a more localized'
perturbation. For this reason, we assume tRat< P,, with P
being very close to zero and’;, being very close to one. The
Policy Mutation step first determines whether the mutation will The EPI algorithm can be naturally parallelized and by doing so,
be global or local, with probabilityP,,. If the policy 7 is globally we can improve the running rate. Bgsically, we partition the policy
(locally) mutated, for each state m(x) is changed with probability spacell into subsets ofII;} such that , II; = IT andII; NII; = )
Py(PR,). If a mutation does occur, it is carried out according to théor all ¢ # j. We then apply EPI into eacH; in parallel and then

action selection distribution, i.e., if the mutated policy is dented once each part terminates, the best poti¢yfrom each part is taken.

Wherer* is a particular optimal policy ifdl. Therefore, the proba-
ané)ility of generating an optimal policy by thBolicy Mutation step
is positive and this probability is independent £f0).

IV. PARALLELIZATION



We apply then policy switching to the set of best policles }. We any stationary policy that uses actibrin statex is nonoptimal (see,

state a general result regarding parallelization of an algorithm tHatoposition 6.7.3 in [9]). Based on this fact, we start with a particular

solves an MDP. s statex € X and identify nonoptimal action sei(z) atz and build
Theorem 4.1:Given a partition of[I such that ,II; = II and subsetsI, , of the policy space withu € A — ¢(x). Effectively,

IT; N 1I; = ( for all 4 # 4, consider an algorithrd that generates we are building A — o(x)|-ary tree withz being a root. We then

the best policyr} for II; such that for allz € X, V™ (z) > repeat this with another staiec X at each childll, . of the tree.

maxyer; V™ (z). Then, the policys defined as We continue building a tree in this way until the number of children at
. the leaf level isN. Note that for some problems, nonoptimal actions

(z) € {argmaxV™ (z))(z)}, = € X, are directly observable. For example, for a simple multiclass deadline
i job scheduling problem of minimizing the weighted loss, if a job’s

is an optimal policy forIl. deadline is about to expire, all actions selecting a pending job from

Proof: Via policy switching, 7 improves the performance of & less important class than that of the dying job are nonoptimal. A
eachn;, i.e., V7 (z) > max,- V™ (z),z € X, implying that7 is third approach is to select some features on policies, and then use the
an optimal policy forll, since the partition covers the entire poﬁcy\‘eatures for building the decision tree to partition the policy space.
space. . . . . - V. CONCLUDING REMARKS

Note that we cannot just pick the best policy amarjgin terms of . . . L
the fitness valug/Z. The condition that/y > Jg" for 7 # 7' does Much of the work in the MDP literature considers aggregation in
not always imply tha/ ™ (z) > v (x) for all z € X even though the state space (sge, e.g., [5]) for an a.lppr.oximate solution for a given
the converse is true. In other words, we need a policy that imprm)ggjp' Our discussion on the parallelization of Pl and EPI can be

all policies?. Picking the best policy among such policies does ndf€Wed in some sense as an aggregation in the policy space, where
necessarily guarantee an optimal policy Tor the distributed version of PI can be used to generate an approximate

If the number of subsets in the partition A, the overall conver- solution of a given MDP.

gence of the algorithm! is faster by a factor ol. For example, if at In our setting, mutation of a specified action in a state is carried
stater, the action: or b can be taken, Idfl; — {x|(z) = a, 7 G’H} out using a given action selection distribution. If the action space is
’ ’ 1 — — W

and Il = {w|n(z) = b,m € II}. By using this partition, the Cﬁntmuoijhs' Ta)[Ot, 1].’ a.?tralijh(;f.OI.‘;N?I‘d Ilmplleme?t?tlon Wgutlg only ¢
convergence rate of the algorithi will be twice as fast. change the least significant digit for focal mutation an € mos

By Theorem 4.1, this idea can be applied to Pl via policy switchingség?g;c:rﬂzglglt aflocre?tlgitr)larlwunrqnut::??)rf]’silf :;iazl:n(;ibi;s o, 1] are
yielding a ‘distributed Pl. Apply Pl to eachII;; once PI for each P y 9 gits.

art terminates, combine the resulting policy for each part by poli GAs are known to work well for many continuous domain prob-
part tel ' . resuiting policy ch p Y PO s but to face difficulties of a different kind for problems where the
switching. The combined policy is an optimal policy, so that thl%

method will speed up the original Pl by a factor BFif the number ecision variables are discrete [10]. However, EPI circumvents this

of subsets in the partition i87. However, this distributed variant of problem via policy switching, an idea that has not been exploited in

) L . . . the GA literature previously.
PI requires the maximization operation over the action space in t%e P Y
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