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Abstract

Here we introduce a class of linear operators called recursive orthogonal transforms (ROTs) that allow a natural imple-
mentation on a distributed control network. We derive conditions under which ROTs can be used to represent SO(n) for
n¿4. We propose a paradigm for distributed feedback control based on plant matrix diagonalization. To �nd an ROT suit-
able for this task, we derive a gradient �ow on the appropriate underlying Lie group. A numerical example is presented.
c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Distributed control networks are rapidly emerging
as a viable and important alternative to centralized
control. In a typical distributed control network, a
number of spatially distributed nodes composed of
“smart” sensors and actuators are used to take mea-
surements and apply control inputs to some physical
plant. The nodes have embedded processors and the
ability to communicate with the other nodes via a net-
work. The challenge is to compute and implement a
feedback law for the resulting MIMO system in a dis-
tributed manner while respecting the bandwidth limi-
tations of the network.

∗ Corresponding author.
E-mail address: kantor@ri.cmu.edu (G.A. Kantor).
1 This research was supported in part by a grant from the Army

Research O�ce under the ODDR&E MURI97 Program Grant No.
DAAG55-97-1-0114 to the Center for Dynamics and Control of
Smart Structures (through Harvard University) and also by grants
from the National Science Foundation’s Engineering Research
Centers Program: NSFD CDR 8803012, and by a Learning and
Intelligent Systems Initiative Grant CMS9720334.

There is a growing body of work regarding control
networks. Many authors have investigated the prob-
lem of implementing a centralized controller where the
communication link between the sensors, actuators,
and controller is a single shared channel. Brockett has
investigated the stabilization of a network of intelli-
gent motors [2]. Wong and Brockett have studied the
problems of state estimation and feedback control for
control networks with limited communication band-
width [23,24]. Hristu [11] has addressed the problem
of �nding stabilizing feedback laws for linear systems
with limited communication. Wang and Mau [21] and
Ooi et al. [17] present results regarding systems with
feedback that is subject to a communication delay.
Walsh et al. [19,18] andWalsh et al. [20] analyzed and
provided control algorithms for single channel net-
works where some of the control is distributed among
the network nodes.
The research on shared single channel control net-

works is important because it is applicable to exist-
ing control network architectures such as CAN. How-
ever, we feel that more �exible communication archi-
tectures are necessary to take full advantage of the
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capabilities of distributed control networks. Guenther
et al. [4–6] applied learning algorithms to develop
controllers for distributed networks employing near-
est neighbor, hierarchy, multi-hierarchy, and global
communication schemes. Chou et al. [3] implemented
the discrete wavelet transform on a multi-hierarchy as
part of a distributed controller for a class of �exible
mechanical systems.
Our approach to this problem is to employ dis-

tributed signal processing in an e�ort to simplify the
control problem. Plant matrix diagonalization is one
example of this approach. To do this, we search for
basis transformations for the vector of outputs coming
from the sensors and the vector of inputs applied to
the actuators so that, in the new bases, the MIMO sys-
tem becomes a collection of decoupled SISO systems.
This formulation provides a number of advantages for
the synthesis and implementation of a feedback con-
trol law, particularly for systems where the number
of inputs and outputs is large. Of course, in order for
this idea to be feasible, the required basis transforma-
tions must have properties which allow them to be im-
plemented on a distributed control network. Namely,
they must be computed in a distributed manner which
respects the spatial distribution of the data (to reduce
communication overhead) and takes advantage of the
parallel processing capability of the network (to re-
duce computation time).
In [13] we introduced the idea of plant matrix di-

agonalization for distributed control networks using
Haar–Walsh wavelet packets. This work relied on the
work of Wickerhauser, who developed wavelet–based
algorithms for approximate principal component anal-
ysis [22]. To implement the resulting transforms in a
distributed setting, we exploited the fact that a wavelet
packet transform is implemented as an alternating se-
ries of orthogonal FIR �ltering operations and commu-
nication steps. Each communication step rearranges
the data vector and can be written as a permutation of
the identity matrix. In the case of Haar–Walsh packets,
each �ltering step can be written as a block diagonal
matrix where the diagonal blocks are constant 2 × 2
orthogonal matrices, each of which can be either the
identity matrix or a planar rotation of �=4.
In this paper, we generalize this notion to allow

each �ltering step to be a block diagonal matrix with
general orthogonal matrices along the diagonal. We
de�ne a class of transforms called recursive orthogo-
nal transforms (ROTs). Simply stated, any transform
that can be written as a product of alternating piece-
wise rotations and permutation matrices is an ROT.

We show by example how the structure of an ROT
can be chosen to allow a naturally distributed imple-
mentation on a control network. We then derive a gra-
dient �ow which can be integrated to �nd piecewise
rotations so that the ROT most nearly diagonalizes a
constant, real-valued, symmetric plant matrix. Finally,
we demonstrate this idea with a numerical example.

2. Distributed signal processing

The main objective of this paper is to develop dis-
tributed signal processing techniques to aid the design
and implementation of feedback controllers for plants
with distributed control networks. The set of orthogo-
nal transforms contains a large collection of important
signal processing tools such as wavelets and princi-
pal component analysis. Additionally, the norm pre-
serving property of orthogonal transforms makes them
nice candidates for general data transformations. For
these reasons, a distributed implementation of general
orthogonal transforms would be useful for signal pro-
cessing on a distributed control network. In this sec-
tion, we demonstrate that the ROT provides just such
an implementation.

De�nition 1. A recursive orthogonal transform
(ROT) is a linear operator of the form

�̃= P1�1P2�2 · · ·PL�L; (1)

for some L, where for each i = 1; 2; : : : ; L;

(1) The matrix �i is of the form

�i =

⎡
⎢⎢⎢⎢⎢⎢⎣

�i1 0 · · · 0

0 �i2 · · · 0

...
. . .

...

0 · · · 0 �imi

⎤
⎥⎥⎥⎥⎥⎥⎦
; (2)

where �ij ∈ SO(nij);
∑mi

j=1 nij=n; and the 0’s rep-
resent appropriately dimensioned blocks of zeros.

(2) Each Pi is a permutation of the n × n identity
matrix,

∏L
i=1 det(Pi) = 1.

The integer L is called the depth of the ROT. The struc-
ture of the ROT is de�ned by the parameters L; Pi; mi,
and nij for i=1; 2; : : : ; L; j=1; 2; : : : ; mi. These quan-
tities are collectively called the ROT con�guration.
The �i; i = 1; 2; : : : ; L, are called the ROT variables.
The set of all possible ROTs of a given con�guration,
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{�̃ | �ij ∈ SO(nij); i = 1; 2; : : : ; L; j = 1; 2; : : : ; mi}; is
called an ROT family.

Because of its block diagonal structure, each�i can
be implemented as mi parallel operations on separate
processors. The permutation matrices represent a re-
ordering of the data and can be implemented as com-
munication between the nodes. Hence, an ROT has
a natural implementation as a sequence of alternating
decentralized computation and communication steps.
This notion will be made more concrete in the follow-
ing sections.
In the de�nition, we have instituted the constraint

that
∏
i det(Pi) = 1. This is to ensure that the ROT

is a member of the special orthogonal group. In prac-
tice, this constraint is of little consequence. If we have
a collection of permutation matrices {P1; P2; : : : ; PL}
that are compatible with the communication architec-
ture of the network but do not satisfy the constraint,
we can simply add another permutation PL+1 to the
end of the product on the RHS of Eq. (1) to ensure
that the ROT has positive determinant.

2.1. ROTs for linear arrays

Here we present an ROT that is con�gured to be im-
plemented on a linear array of smart sensor=actuator
pairs using only nearest neighbor communication.
This speci�c example is intended to demonstrate the
naturally distributed implementation admitted by an
ROT. Con�guration parameters can be also chosen
to address a more general set of network connections
and communication patterns. The results in this paper
apply to general ROTs as well as the speci�c subclass
presented in this section.
Consider a transform �̃ of the form given by Eq. (1)

where L is a �xed odd integer, n is even, nij=2 for each
i = 1; 2; : : : ; L; j = 1; 2; : : : ; n=2, and the permutation
matrices are given as

Pi =

⎧⎪⎨
⎪⎩
In×n if i = 1;

Pe if i is even;

Po if i is odd; i �= 1;
where

Pe =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0

0 0 1 · · · 0
...

...
. . .

. . .
...

0 0 · · · 0 1

1 0 · · · 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
;

Po =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 · · · 1

1 0 0 · · · 0

0 1 0 · · · 0

...
...
. . .

...
...

0 0 · · · 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
:

This con�guration can be used to transform the output
vector of a distributed control network composed of a
linear array of smart sensors. The sensors, or nodes, are
indexed from left to right. The value of the ith sensor
(i.e. the ith element of the output vector) is known
only to the ith node. Each node has a communication
link to its left and right neighbors. The nth node is
the left neighbor of the �rst node. We compute the

transformation ỹ = �̃
T
y in a sequence of levels. For

convenience, we de�ne �̃ , �̃
T
and note that �̃

can be written as �̃ = �LPe · · ·�3Pe�2Po�1; where
�i =�Ti ; i = 1; 2; : : : ; L.
In the �rst level, the intermediate vector a=�1y is

computed. To accomplish this, each odd node sends
the value to the even node on its right. Since the matrix
�1 is block diagonal with 2 × 2 blocks, a can be
computed in a decentralized way on the processors on
the even nodes.
In the second level, the intermediate vector c =

�2Poa is computed. This level is composed of two
steps: communication and piecewise rotation. After
the �rst level is completed, the ith node, even i, con-
tains the quantities ai−1 and ai. To start the second
level, each even node i sends the value ai−1 to the
node on its left and it sends ai to the node on its right.
This communication step creates the intermediate vec-
tor b, which is just a right circular shift of the vec-
tor a. Hence, the communication step implements the
permutation operation b= Poa. Now each ith node, i
odd, contains the quantities bi and bi+1. Since �2 is
block diagonal, the vector c=�2b=�2Po�1y can be
computed in a decentralized way on the odd nodes.
At the end of the second level, each ith node, i odd,
contains the values ci and ci+1.
The third level also begins with a communication

step. Each ith node, i odd, passes the values ci and
ci+1 to the nodes on its left and right, respectively.
This is equivalent to a left circular shift of the vector
c, which results in the vector d=Pec. The elements of
d are distributed among the even nodes of the array,
where the intermediate vector e=�3d=�3Pe�2Po�1y
is computed in a decentralized way. This process of
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Fig. 1. Graphical description of the implementation of an ROT on a linear array of smart sensors. The raw data vector y=[y1; y2; : : : ; yn]T

starts at the bottom of the diagram and is processed in levels moving upwards.

permutations and piecewise rotations is repeated for L
levels. The transformed vector ỹ is the output of the
Lth level. This process is depicted in Fig. 1.

2.2. Plant diagonalization for control

Plant diagonalization represents one way in which
distributed signal processing with ROTs can be used to
simplify the problem of designing and implementing
feedback controllers for large distributed control net-
works. Consider a system given by the input–output
description y=H0u, where y ∈ Rn is the output vector,
u ∈ Rn is the input vector, and H0 =HT0 ∈ Rn×n is the
plant matrix. Assume for now that an ROT �̃ exactly

diagonalizes H0, i.e. H = �̃
T
H0�̃ is a diagonal ma-

trix. De�ne the transformed input and output vectors,

ỹ= �̃
T
y and ũ= �̃

T
u, respectively. Viewing the sys-

tem in these new co-ordinates, we have ỹ=Hũ. Since
H is diagonal, the problem of synthesizing a MIMO
controller is greatly simpli�ed in the new co-ordinates.
Since the co-ordinate transforms are ROTs, the result-
ing controller is easily implemented on a distributed
control network: an ROT transforms the data vector
into the new co-ordinates in a distributed manner; the
control ũ i is chosen for each element yi of the trans-
formed output vector; and another ROT transforms ũ
into the actual control vector u in a distributed man-
ner such that each element of u resides on the node
containing the actuator to which it is to be applied.
The concept of the distributed feedback control that

results from the use of ROTs for plant diagonalization

is appealing, but we do not aim to overemphasize the
importance of this idea in the context of this paper.
Clearly, systems that can be modeled as symmetric,
real-valued plant matrices are of limited interest. Still,
the results generated here are important as a “�rst step”
that can be extended to plant diagonalization for more
general systems. In fact, we have developed an ex-
tension that can be used to approximately diagonalize
a complex-valued, non-symmetric matrix and demon-
strated how it can be used to control the resonances of
�exible mechanical systems [12]. In the same work,
we also developed an ROT capable of approximate di-
agonalization of dynamic plants that possess a spatial
invariance property.

2.3. Theoretical intuition

For a �xed con�guration, the ROT family gives a set
of candidate representations of the members of SO(n).
Obviously, if the number of degrees of freedom in the
underlying variable space is less than the dimension
of SO(n), the family cannot represent all of SO(n). In
these cases, a member of SO(n) is approximated by
the “nearest” member of SO(n) which can be exactly
represented by a member of the family.
It is not obvious that an ROT con�guration family

that has a variable space with dimension greater than
or equal to that of SO(n) can be used to represent all
of SO(n). Our intuition is that it can be done for a
wisely chosen set of permutation matrices. Here we
back up this intuition with some theoretical results that
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can be used to choose ROT con�gurations capable of
representing all of SO(n).

Theorem 2. Let �̃=�1P2�2P3�3 be an (n+m)×
(n+ m) depth-3 ROT, where

�i =

[
�i1 0n×m

0m×n �i2

]
; (3)

where �i1 ∈ SO(n) and �i2 ∈ SO(m); for i ∈ {1; 2; 3};
where both m and n are greater than or equal to 2.
De�ne k⊂ so(n+ m) as

k =

{[
�1 0n×m

0m×n �2

] ∣∣∣∣∣ �1 ∈ so(n); �2 ∈ so(m)

}
:

(4)

Let p be the complement of k in so(n+m) and let a be
a maximal Abelian subalgebra of p. Let permutation
matrices P2 = PT3 be such that

a ⊂P2kPT2 : (5)

Then given any g ∈ SO(n + m); there exist �1; �2;
and �3 of the form given by Eq. (3) such that �̃=g.

To prove this theorem, we use the theory of sym-
metric subalgebras. We summarize the result we need
and state it as a theorem without proof. A complete
discussion can be found in Hermann [9].

Theorem 3. Let G be a connected, semisimple Lie
group with �nite center and Lie algebra g. Let k be
a symmetric subalgebra and let p be the complement
of k in g; i.e. [k; k]⊂ k; [k; p]⊂ p; and [p; p]⊂ k. Let
a be a maximal Abelian subalgebra of p. Then any
g ∈ G can be written
g= exp(Xk1) exp(Xa) exp(Xk2); (6)

where Xk1; Xk2 ∈ k and Xa ∈ a .

Proof of Theorem 2. We �rst note that SO(p); p=
n+m, is a semisimple Lie group with �nite center. It is
tedious but not di�cult to check the bracket conditions
listed in Theorem 3 to see that k, as de�ned in Eq. (4),
is a symmetric subalgebra of so(p). The �i reside in
the compact Lie subgroup of SO(p) whose Lie algebra
is k. The dimension of k is equal to the dimension of
so(n)⊕so(m), which is dk=(n(n−1)+m(m−1))=2:
Hence, we can write

�i = exp

⎛
⎝ dk∑
j=1

�ijAj

⎞
⎠ ;

where {Ai | i={1; 2; : : : ; dk}} forms an orthogonal ba-
sis of k. Substituting into the original expression for
�̃ we have

�̃= exp

⎛
⎝ dk∑
j=1

�1j Aj

⎞
⎠P2 exp

⎛
⎝ dk∑
j=1

�2j Aj

⎞
⎠PT2

× exp
⎛
⎝ dk∑
j=1

�3j Aj

⎞
⎠

= exp

⎛
⎝ dk∑
j=1

�1j Aj

⎞
⎠ exp

⎛
⎝ dk∑
j=1

�2j P2AjP
T
2

⎞
⎠

× exp
⎛
⎝ dk∑
j=1

�3j Aj

⎞
⎠ : (7)

We know that span{P2AjPT2 | j ∈ {1; 2; : : : ; dk}} con-
tains a maximal Abelian subalgebra a ⊂ p. So for any
Xa ∈ a , we can choose {�2j | j ∈ {1; 2; : : : ; dk}} so
that
dk∑
j=1

�2j P2AjP
T
2 = Xa:

Hence, Eq. (7) is equivalent to Eq. (6) and Theorem
3 can be invoked to �nish the proof.

In order to apply Theorem 2, it is necessary to �nd
permutation matrices such that Eq. (5) is satis�ed.
Su�cient conditions for the existence of such a P are
given by the following Lemma, which is stated here
without proof:

Lemma 4. Let k⊂ so(n+ m) be

k =

{[
�1 0n×m

0m×n �2

] ∣∣∣∣∣ �1 ∈ so(n); �2 ∈ so(m)

}
;

(8)

wherem and n are both greater than or equal to 2 and
min(m; n) is even. Let p be the complement of k in
so(n+m) and let a be a maximal Abelian subalgebra
of p. Then there exists a permutation matrix P such
that a ⊂PkPT.

Theorem 2 can be applied to show that a 4 × 4
depth-3 ROT with two-dimensional piecewise rota-
tions and 4 × 4 permutation matrices P2 = Pe and
P3 =Po =PTe as de�ned in Section 2.1 can be used to
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represent any element of SO(4). The basis vectors of
k are de�ned as

A1 ,

⎡
⎢⎢⎢⎢⎢⎣

0 −1 0 0

1 0 0 0

0 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ ; A2 ,

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0

0 0 0 0

0 0 0 −1
0 0 1 0

⎤
⎥⎥⎥⎥⎥⎦ :

(9)

Further de�ne A3 and A4 to be

A3 , PeA1PTe =

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 1

0 0 0 0

0 0 0 0

−1 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ (10)

and

A4 , PeA2PTe =

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0

0 0 −1 0

0 1 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ : (11)

It is easy to verify that a , span{A3; A4} is a maximal
Abelian subalgebra of p, so Theorem 2 can be applied.
Theorem 2 can be applied in a recursive manner

to obtain results for ROTs with more than 3 levels.
For example, we can use Theorem 2 once to get full
representation of SO(8) with an 8 × 8 depth-3 ROT
�̃= �1P1�2PT1�3 where each �i is of the form

�i =

[
�i1 04×4

04×4 �i2

]
; (12)

with �ij ∈ SO(4). Then Theorem 2 can be invoked
again to allow 4× 4 depth-3 ROTs to represent each
of the �ijs. The result in this example is that an 8× 8
depth-9 ROT with two-dimensional piecewise rota-
tions can be used to represent all of SO(8).

3. A �ow for distributed diagonalization

In the previous section we introduced and de�ned
the ROT, showed that a transform in the form of an
ROT has a natural implementation on a distributed
control network, and provided some theoretical in-
tuition arguing that ROTs can be used to represent
or approximate general orthogonal transforms. In this
section we show how to �nd an ROT to accomplish

the task of approximate plant matrix diagonalization.
Given a �xed ROT con�guration, we show how to
�nd the ROT variables that most nearly diagonalize a
given real-valued, symmetric plant matrix.
The objective of this section is stated as follows:

Given a symmetric n× n matrix H0 and con�guration
parameters for the ROT �̃=P1�1P2�2 · · ·PL�L; �nd
�1; �2; : : : ; �L such that the matrix

H = �̃
T
H0�̃; (13)

is, in some sense, most nearly diagonalized. Our �rst
step toward solving this problem is to �nd a “diag-
onalness” functional �(H). Then we search for the
(�1; �2; : : : ; �L) which minimize � by �owing along
the gradient vector �eld∇� on the con�guration space
of the �i’s. This idea is motivated by Brockett [1],
who showed that the matrix diagonalization problem
can be solved by integrating an ODE which evolves
on the orthogonal group.
Let �k; k = 1; 2; : : : ; L, be as described in Eq. (2)

Each �k is a block diagonal matrix where the blocks
on the diagonal are orthogonal matrices. Let Mk ,
SO(nk1)×SO(nk2)×· · ·×SO(nkmk ). Then�k belongs
to the Lie subgroup Mk ⊂SO(n).
The Lie algebra of SO(‘) is so(‘) = {� ∈

R‘×‘ |�T=−�}. The Lie algebra ofMk is the tangent
space at the identity e ∈ Mk ,
TeMk = so(nk1)⊕ so(nk2)⊕ · · · ⊕ so(nkmk ) (14)

and a vector in TeMk can then be written

�k =

⎡
⎢⎢⎢⎢⎢⎢⎣

!k1 0 · · · 0

0 !k2 · · · 0

...
. . .

...

0 · · · 0 !kmk

⎤
⎥⎥⎥⎥⎥⎥⎦
; (15)

where !kj ∈ so(nkj) for j = 1; 2; : : : ; mk . Hence the
tangent space to Mk at the point �k is T�kMk =
{�k�k |�k ∈ TeMk}.
De�ne � ∈ M , M1 × M2 × · · · × ML to be the

ordered L-tuple of �ks,

� = (�1; �2; : : : ; �L): (16)

Using this notation, the matrix H = �̃
T
H0�̃ is a func-

tion of � and will be written in sequel as H (�). Let
X denote a vector in T�M ,

X = (�1�1; �2�2; : : : ; �L�L): (17)
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We also de�ne two sequences of recursive orthogonal
transforms:

�̃k ,
k∏
‘=1

P‘�‘; ��k ,
n∏

‘=k+1

P‘�‘; (18)

k = 1; 2; : : : ; L. Here the product symbol
∏
denotes

multiplication with indices ascending from left to
right. Also,

∏b
k=a(·) = In×n for b¡a.

Let N be a �xed diagonal n × n matrix with dis-
tinct values along the diagonal. We can now de�ne a
cost function using the distance between H (�) and N
given by the Frobenius norm, ‖A‖2 = tr(ATA). Simple
matrix manipulation reveals

‖N − H (�)‖2 = ‖N‖2 + ‖H (�)‖2 − 2tr(NH (�)):
(19)

The norms ‖N‖2 and ‖H (�)‖2=‖�̃TH0�̃‖2 are both
constant. The Frobenius distance between H and N is
minimized when

�(�) = tr(NH (�)) (20)

is maximized. The function � : M → R can be
thought of as a measure of the “diagonalness” of
H (�).
A Riemannian metric for TM can be inherited from

the space of n× n real matrices. For each � ∈ M we
de�ne 〈·; ·〉� : T�M × T�M → R to be

〈X1; X2〉�
=〈(�1�11; : : : ; �L�1L); (�1�21; : : : ; �L�2L)〉Rn×n

=−
L∑
k=1

tr(�1k�
2
k): (21)

De�nition 5 (Projection operators). For each k = 1;
2; : : : ; L, the operator 	k : TeO(n) → Te(Mk) is de-
�ned to project from the set of skew-symmetric matri-
ces to the set of block diagonal skew-symmetric ma-
trices by setting all o�-diagonal blocks to zero.

Theorem 6. The ascent direction gradient �ow of the
diagonalness function � de�ned in Eq. (20) using the
Riemannian metric de�ned in Eq. (21) is

�̇k =−�k	k [ ��kN ��
T
k ; �̃

T
k H0�̃k ];

�k(0) =�k0;
(22)

for k = 1; 2; : : : ; L; where [·; ·] denotes the matrix Lie
bracket, [A; B] = AB− BA.

The proof of this theorem consists of the straight-
forward but tedious veri�cation that ∇�(�) =
−(�̇1; �̇2; : : : ; �̇L) has the following properties:

(1) ∇�(�) ∈ T�M ∀� ∈ M .
(2) D��(X ) = 〈∇�(�); X 〉 ∀X ∈ T�M .

For a given metric, the ∇�(�) that satis�es these
properties is the unique gradient vector �eld. The com-
plete proof can be found in [12].
From the properties of gradient �ows on compact

manifolds we know that the solution to Eq. (22) exists
for all time and converges to the set of equilibria for
the �ow. One can say more, noting that the function
de�ning the gradient �ow is analytic. In this case a
result of Lojasiewicz [14] can be used to prove that the
gradient �ow converges to a speci�c equilibrium and
not just the set. While this may be known to some as
a type of “folk theorem” [10], there does not seem to
have been a proof written down along these lines until
the work of Mahony [15,16]. The question of which
equilibrium point the �ow converges to remains open.
The numerical results we have obtained are promising,
however, as is demonstrated by the following example.

4. Numerical example

Here we show the results of applying this technique
to approximately diagonalize a 16 × 16 symmetric
matrix. This can be thought of as the plant matrix of
a linear array composed of 16 sensor=actuator pairs
where the coupling between any two pairs is equal
to the inverse of the distance between them. We use
the ROT con�guration presented in Section 2.1. The
original plant matrix is shown in Fig. 2(a), where the
intensity of the (i; j)th pixel corresponds to the value
of the (i; j)th element of H0. The approximately di-
agonalized plant matrix for an ROT with depth 11 is
shown in Fig. 2(b).
Fig. 3 plots approximation error as a function of

ROT depth. Here, the approximation error is de�ned
to be

E(�̃) =
‖QTH0Q − �̃TH0�̃‖

‖H0‖ ; (23)

where Q is a matrix whose columns are the unit eigen-
vectors of H0.
The dimension of SO(n) is n(n−1)=2. The number

of degrees of freedom in the ROTs being considered is
Ln=2, where L is the depth of the transform. Intuitively,



50 G.A. Kantor, P.S. Krishnaprasad / Systems & Control Letters 43 (2001) 43–52

Fig. 2. (a) 16×16 plant matrix, H0, corresponds to a linear array of sensor=actuator pairs with one-over-distance coupling. (b) Approximately
diagonalized matrix H = �̃

T
H0�̃, where �̃ is an ROT with depth 11.

Fig. 3. Plot of approximation error versus ROT depth.

when L=n−1 the ROT “should” have enough degrees
of freedom to represent any� in SO(n). These results
seem to support this notion since the approximation
error gets very close to zero for L= 15.
We have conducted similar numerical studies for

a variety of other symmetric matrices. Speci�c ex-
amples included plant matrices derived from �exible
cantilever beams and thin �exible membranes, as well
as symmetric matrices with random entries. In every
case, the ROT variables that resulted from integrating
the gradient �ow seemed to produce good answers.
And as the number of degrees of freedom in the ROT

approached the dimension of the corresponding or-
thogonal group, the approximation error approached
zero.

5. Conclusions

We have introduced the ROT, demonstrated that it
admits a natural implementation on a distributed con-
trol network, and derived a gradient �ow to accom-
plish approximate diagonalization of a real symmetric
matrix. We conclude the paper by discussing interest-
ing possibilities for future research.
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One problem which has already been addressed
is approximate singular value decomposition using
ROTs [12]. This extension to the work in Section 3
is motivated by the work of Helmke and Moore [7,8],
who extended Brockett’s work on symmetric matrix
diagonalization to address SVD.
Important questions remain regarding the selection

of the parameters of the ROT and the �ow. The re-
sults in this Section 2.3 provide a means of con�guring
ROTs that are guaranteed to provide representations of
the special orthogonal group. In our experience these
results are more conservative than necessary. For ex-
ample, the ROT con�guration developed for linear ar-
rays in Section 2.1 does not satisfy the conditions of
Theorem 2. However, our numerical studies seem to
show that this ROT con�guration can represent SO(n)
when the underlying variable space is high enough.
A better understanding of this relationship is required
so that the permutation matrices can be chosen intel-
ligently. Intuitively, as the dimension of the variable
space is increased by increasing the ROT depth and
the size of the diagonal blocks, approximation error
for a general member of SO(n) should get smaller. The
development of error bounds as a function of depth
and block size would be a useful tool for the design of
ROTs. The role of the diagonal matrix N used in the
cost function is another important aspect of this work
that is currently not well understood.
Techniques that improve the convergence proper-

ties of the gradient �ow need to be developed. Clever
numerical integration schemes and iterative methods
may be able to improve the rate of convergence. And
the adaptation of optimization techniques such as sim-
ulated annealing may help the gradient �ow converge
to better local maxima.
In the currently envisioned application of ROTs,

the variables are found o�-line and resulting ROT is
implemented in a manner similar to the example in
Section 2.1. An algorithm for the integration of the
ODEs given in Eq. (22) on a distributed control net-
work would enable on-line computation of the ROT
variables. This would allow the network to continu-
ously adapt to a changing environment.
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