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Abstract—Large unmanned aerial systems (UAS) pose risks
when they fly over inhabited areas. This paper presents a motion
planning approach to minimize these risks by determining risk
optimal motions for a fixed-wing UAS. This approach estimates
the crash probability distribution (CPD) of a UAS as a function
of its current state in the configuration space, which allows
for planning risk optimal UAS maneuvers. This approach also
includes several new extensions to the RRT# algorithm for
optimal motion planning, including a method for using an
initial solution within RRT# and a new method for locally
computing the connection radius which RRT# uses to connect
configurations together. A new method for handling threedimensional (3D) Dubins curves for a fixed-wing UAS is also
proposed in order to handle the risk objective considered. The
approach is tested on an example takeoff trajectory planning
problem in which a UAS must climb to a set cruising altitude
at a predetermined location and heading; the results illustrate
several trade-offs between risk and flight time that make use
of how the UAS’s CPD varies with its current state.

I. I NTRODUCTION
Operating large unmanned aerial systems (UASs) over
inhabited areas poses a risk to third parties on the ground.
For example, the MQ-4C Triton has a mass of over 14 metric
tons and a wingspan of nearly 40 meters [1]. If it loses power
and crashes in an uncontrolled dive, it can easily injure or
kill persons caught in its path. This risk is critical after the
UAS takes off and climbs towards its cruising altitude, as the
UAS’s operator or onboard crash mitigation systems may not
have enough time to respond to a failure. Thus, UAS takeoff
trajectories should be planned to minimize the risk to third
parties in the event of such an accident.
This paper presents a risk-based motion planning approach.
Although it is motivated by the problem of fixed-wing UAS
takeoff planning, it can be applied to other risk-based motion
planning settings. This approach extends the risk-based path
optimization approach introduced by Rudnick-Cohen et al.
[2], which planned a path over a discrete graph under fixed
flight conditions. Since the altitude, orientation, and speed of
the UAS affect both the feasibility of a UAS’s motions and
the location it would hit the ground if it crashed, risk-based
motion planning should consider these variables.
The risk-based motion planning approach considers two
objectives: the third-party risk posed by the UAS and the
flight time of the UAS.
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Previous work on motion planning for fixed-wing UASs
used 3D extensions to the Dubins car model, which allows
for planning using a set of time optimal motion primitives
[3], [4]. However, risk-based motion planning requires considering a larger configuration space that models the UAS’s
complete orientation, not only its heading (yaw).
This paper is organized as follows. Section II reviews
previous work of planning UAS motion while minimizing
safety. Section III formulates the risk-based motion planning
problem for a fixed-wing UAS. Section IV presents the
proposed approach to solving this motion planning problem.
Section V presents results from applying the proposed approach to an example problem. Section VI summarizes the
results presented in this paper.
II. R ELATED W ORK
Most works on safety based motion planning focus on
avoiding collisions with obstacles due to momentum and
accounting for moving obstacles. In order to model the
feasible region of the configuration space in which a vehicle
will not collide with an obstacle, the authors in [5] and
[6] introduced the concept of an inevitable collision state.
The problem of avoiding collisions with dynamically moving
obstacles via replanning was discussed in [7], [8] and [9].
When managing third party risk for UAS flight planning, the
problem being solved differs from these approaches in that
safety is the objective of the problem instead of a constraint.
Thus optimal motion planning techniques are needed, rather
than approaches that focus on preventing collisions.
Several works have explored different optimal motion
planning techniques for UAS flight planning. Choudhury
et al. [10] developed an approach for planning emergency
landings for an unmanned helicopter by extending the RRT*
algorithm to also compute alternate routes accounting for a
variety of additional planning objectives. The FMT* algorithm [11] has also been applied to the problem of fixedwing UAS motion planning in [12]. RRT* was extended
in [13] to also take advantage of CHOMP [14], a gradient
based trajectory optimization technique, to increase its rate of
convergence, with the resulting algorithm being demonstrated
in a flight planning problem for an unmanned helicopter.
Prior studies have explored the problem of risk management during UAS emergency landings and in UAS motion
planning. Risk-based A* searches have been used for twodimensional representations of the underlying path planning
problem in [15] for a multicopter and in [16] for UAS in
general. Primatesta et al. [17] considered a two-dimensional
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(2D) motion planning problem for managing UAS risk posed
to third parties. Di Donato and Atkins [18] used a 3D Dubins
curve based approach in conjunction with a path following
controller to land a fixed-wing UAS under loss of thrust
conditions.
Although RRT* has typically been used for UAS flight
planning problems, Otte and Frazzoli [19] noted that RRT*
is extremely slow to propagate cost updates when a lower
cost region is sampled for the first time, unlike methods that
update the shortest paths to every node in such situations (e.g.
RRT# [20]). Because the risk metrics measuring third-party
risk have little correlation with path length, many low cost
regions will exist, making this issue relevant for risk-based
motion planning.
The concept of using Dubins curves with sampling based
motion planning techniques dates back to early works on
RRT [21]. Most works on motion planning for fixed-wing
UAS use the 3D extension to the Dubins car model from [3]
and [4], which allows for time optimal motion primitives.
However, these approaches make two assumptions that are
problematic for the purposes of managing UAS third party
risk. First, they assume that the optimal Dubins curve in two
dimensions is still the optimal curve in three dimensions,
which may be false for an objective such as third-party
risk. Second, they assume that the optimal path for climbing
should always use the greatest possible pitch, but this may
be sub-optimal because pitch affects the CPD and thus thirdparty risk.
A. Contributions
This paper considers a motion planning problem that
requires planning a sequence of motions in configuration
space that minimizes flight time and the risk posed by a
UAS flying over inhabited areas. Unlike past work [17], this
paper considers the 3D problem that includes the dynamics
constraints for a fixed-wing UAS. Including these constraints
requires planning motions in a five-dimensional (5D) configuration space (3D plus yaw and pitch). Additionally, this
paper considers how different UAS flight states affect the
risk it poses, which allows the UAS to mitigate risk through
both flight maneuvers and avoiding populated areas. In order
to accomplish this, this paper develops a new approach for
finding 3D Dubins curves that minimize objectives other than
time. A modified version of the RRT# algorithm described by
Arslan and Tsiotras [22] was then used with this appraoch to
find solutions to the risk-based motion planning problem. The
modified RRT# algorithm included the following innovations:
a variable connection radius and a way to sample configurations from an initially computed trajectory going directly
from the starting configuration to the goal configuration.
Results are presented from applying the proposed approach
to an example problem.
III. P ROBLEM S TATEMENT
The problem of planning motions for a fixed-wing UAS
which minimize both the risk it poses and its total flight time
can be formulated as follows:

A. Notation
Let x, y, and z be the Cartesian coordinates of the UAS’s
location in 3D space. Let ψ be the UAS’s yaw (heading).
Let θ be the UAS’s pitch. Let C be the set of all feasible
configurations (the configuration space) of the UAS, where
a configuration c ∈ C consists of (x, y, z, ψ, θ) (the UAS’s
roll was treated as a motion dependent variable). Let cs be
the UAS’s initial configuration; let cf be the desired final
configuration. For c1 and c2 ∈ C, let B(c1 , c2 ) be the set of
all possible solutions to the boundary value problem (BVP)
between configurations c1 and c2 , where s ∈ B(c1 , c2 ) is
a continuous sequence of configurations from c1 to c2 that
satisfies all of the dynamics constraints.
Let v be the UAS’s speed (which is fixed). Let ft (s) be the
time needed to move along s. Let fr (s) be the risk created
by moving along s. Let wt and wr be non-negative weights
(wt + wr = 1) on ft (s) and fr (s) respectively.
B. Formulation
Given the set C, the initial and final configurations cs
and cf , and the weights wt and wr , find s ∈ B(cs , cf ) that
minimizes the total cost wt ft (s) + wr fr (s).
C. Cost Functions
1) Flight Time
To calculate the flight time ft (s) the UAS needs to travel
trajectory s, the length of trajectory s is divided by the UAS’s
speed v.
2) Third-party Risk
The risk fr (s) was determined using a UAS third party
risk measure [2]. This risk measure required a probability
distribution, called a crash probability distribution (CPD),
over the possible locations where the UAS would crash
into the ground, which is a function of the UAS’s height
above ground level, speed, and attitude at the time that it
loses power and begins gliding to the ground uncontrollably.
Section V-B describes the approach for estimating the crash
probability distribution (CPD). Several examples of these
CPDs are shown in Figure 1.
The risk measure of [2] discretizes a trajectory into a set
of legs. In this paper, a leg is treated as a curve between two
configurations (i.e. one edge in the motion planning graph
used by RRT# ), unlike the straight line paths considered in
[2]. Each leg was then discretized into a series of points
and evaluated in the same manner as in [2]. For each point
along a leg, the CPD is discretized into a set of points and
the population is evalutated at each of the CPD’s points.
These population values are multiplied by the probability of
crashing at each of the CPD’s points and the sum of these
values is combined with an estimate of the UAS’s failure rate.
The resulting quantity is an estimate of the expected number
of fatalities that would be caused by the trajectory in question.
Figure 2 visually illustrates this process for evaluating 3
points along a leg.
The number of points at which the CPD was evaluated at
was set based on the length of each leg, at a ratio of 50 points
per kilometer and with a minimum number of 2 points (the
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Fig. 1: Example crash distribution for: (a) A UAS at a high height with negative pitch. (b) A UAS at a high height with
positive roll. (c) A UAS at a high height with positive pitch. (d) A UAS at a low height in level flight. The red X denotes
the point at which the UAS experienced a failure and began crashing.

starting point and ending point of the leg). However, when determining the optimal trajectory between two configurations
(see Section IV-C), a minimum of 10 points were used when
assessing different possible trajectories. This ensured that the
minimum cost trajectory was always chosen. However, the
cost of that trajectory was still assessed normally (minimum
of 2 points instead of 10), which ensured that the risk for each
trajectory considered during motion planning was computed
to the same accuracy.
D. Dynamics Constraints
Instantaneous arbitrary changes in pitch are impossible
for a fixed-wing UAS. Thus any change in the UAS’s pitch
required a sufficiently long motion for the change to occur.
The straight line distance between nodes in the configuration
was used for determining the connection radius for RRT# ,
as using the proposed risk metric would be computationally

expensive. The straight line distance also determined the
maximum allowable pitch change along a motion, based off
the UAS’s speed and a predetermined maximum pitch rate.
The use of 3D Dubins curves constrained the dynamics of
the UAS when traveling between configurations, preventing
it from instantaneously changing its yaw and enforcing
curvature constraints on the UAS’s turning capabilities.
IV. S OLUTION A PPROACH
Several modifications were made to the RRT# algorithm
described by Arslan and Tsiotras [22], in order to make
it more efficient at solving the risk-based motion planning
problem considered.
A. Notation
Let xinit = cs be the start configuration. Let xgoal = cf be
the goal configuration. Let X = C be the configuration space.
Let pn and pb be probabilities used in the sampling routine.
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TABLE I: Modified RRT# algorithm

Fig. 2: Illustration of risk metric from [2]. The crash distribution is evaluated at the red points, which spaced along each
leg (yellow lines) of the trajectory. Areas with population
that UAS could crash in are highlighted blue, areas with
population the UAS avoids are highlighted red, green denotes
uninhabited areas.
Let N be the number of iterations. Let G = (V, E) be the
motion planning graph that the RRT# algorithm builds. Let x
be a configuration in X . Let r be the connection radius. Let
γ0 and γmin be the upper and lower bounds on the connection
radius.
B. Algorithm
Table I lists the modified RRT# algorithm. For the
M ODIFIED E XTEND algorithm, Table II lists the modified
lines and provides references to the lines unchanged from
the original E XTEND procedure (Algorithm 4 in [22]). Table
III lists the G ET L OCAL R ADIUS procedure. Table IV lists
the S AMPLE O N T RAJECTORY procedure.
The R ANDOM VALUE B ETWEEN(a, b) procedure randomly
selects a value from a uniform distribution between a and
b. The S AMPLE procedure randomly selects a configuration in X . The R ANDOM C ONFIG IN BALL(x, r) procedure
randomly selects a configuration in X within r units of
x. Subsection IV-C describes the S OLVE BVP procedure.
Other procedures not included here are equivalent to those
described by Arslan and Tsiotras [22]. The algorithm used the
third cost based vertex inclusion criteria (RRT#
3 ) proposed in
[22], by only updating the costs of configurations with lower
costs than the current cost of the goal configuration.
In each iteration, the modified RRT# algorithm randomly
selects a procedure for sampling a new configuration. The
probability that it uses S AMPLE equals pn ; the probability
that it uses R ANDOM C ONFIG IN BALL equals pb ; and the
probability that it uses S AMPLE O N T RAJECTORY equals 1−
pn − pb . Note that S AMPLE O N T RAJECTORY modifies the
RRT# graph (G) to ensure the new configuration is added to
the graph.

1: function M ODIFIED RRT # (xinit , xgoal , X , pn , pb , N )
2:
V ← {xinit , xgoal }, E ← {(xinit , xgoal )}
3:
PARENT (xgoal ) ← xinit
4:
G ← (V, E)
5:
for all k = 1 to N do
6:
xsample ← S AMPLE(k)
7:
rlocal ← G ET L OCAL R ADIUS(xsample , γ0 , γmin )
8:
vr = R ANDOM VALUE B ETWEEN(0, 1)
9:
if 0 ≤ vr < pn then
10:
xrand ← xsample
11:
end if
12:
if pn ≤ vr < pn + pb then
13:
xnearest ← N EAREST(G, xsample )
14:
xrand ← R ANDOM C ONFIG IN BALL(xnearest , rlocal )
15:
end if
16:
if pn + pb ≤ vr ≤ 1 then
17:
(xrand , G) ← S AMPLE O N T RAJECTORY(G, xinit , xgoal )
18:
end if
19:
G ← M ODIFIED E XTEND(G, xrand , rlocal )
20:
R EPLAN(G, xgoal )
21:
end for
22:
(V, E) ← G, E 0 ← ∅
23:
for all x ∈ V do
24:
E 0 ← E 0 ∪ {(PARENT(x), x}
25:
end for
26:
return T = (V, E 0 )
27: end function

TABLE II: Modified Extend Algorithm
1: function M ODIFIED E XTEND(G, x, r)
2:
(V, E) ← G, E 0 ← ∅
3:
Xnear ← N EAR(G, x, radius ← r)
4-13:
Lines 8-19 from E XTEND [22]
14: end function

configuration can be reached from existing configurations.
Because the cost function includes both time and risk, the
BVP was solved using the following method for generating
3D Dubins curves.

C. Modeling of 3D Dubins Curves for Multiple Objectives
In order to add a new configuration to the motion planning
graph, several Boundary Value Problems (BVPs) need to be
solved (S OLVE BVP) in order to determine how the new
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1) The two-dimensional Dubins curves (LSR, LRL, etc.)
are computed for going between the x, y coordinates
and headings of the start and goal configurations.
2) For each curve (LSR, LRL, etc.), let θmax be the maximum allowable pitch angle, let θmin be the minimum
pitch angle for climbing in a helix, let the length of
the curve be L and let the change in height required
to go between the start and goal configurations be h,
then the 3D equivalent of that curve will be:
a) If sin−1 (h/L) ≤ θmax then the 3D equivalent
curve is just the 2D curve with a constant increase
of L/h in height along the curve. Thus the pitch
angle for these curves is sin−1 (h/L).
b) If sin−1 (h/L) > θmax , then several different
equivalent 3D curves can exist. These curves
consist of changing either the first or second turn
in the 2D curve into a helix and then making
the curve increase in height at a constant slope
of (L + 2πrn)/h, where r is the radius of the
Dubins curves and n in the number of helix loops.
In order to consider different pitch angles for
motions, the maximum and minimum number of
helix loops are determined from θmax and θmin ,

and several different numbers of turns between
those are used to generate additional possible 3D
curves. Thus the pitch angle for these curves is
sin−1 (h/(L + 2πrn)).
3) The lowest cost curve is chosen as the optimal curve.
This process is repeated for several different radii, with
each radius corresponding to a different roll angle needed to
achieve a banked turn at that radius. While Dubins curves
may only be optimal for minimizing distance, this search
will still find curves which are low in risk and which respect
the dynamics of the UAS. Note that RRT# ’s asymptotic
optimality is unaffected by this, as Dubins curves can still
be used to represent the risk optimal trajectory given an
arbitrarily large number of configurations. For each curve,
five different radii and five different numbers of turns were
considered in order to determine the minimum cost path
between two configurations.
Figures 3, 4 and 5 show several examples of Dubins curves
generated by this approach, which go between the same start
and end point for different objectives. Figure 6 shows a time
optimal Dubins curve between the same starting point with
an end point located at a higher altitude. Note that the time
optimal cases in Figures 4 and 6 avoid needing to perform
a helix turns when going to a higher height by changing the
underlying Dubins curve being used. This is an improvement
over the approach from [3] which assumes that the optimal
2D motion is still the optimal motion in 3D and which would
thus perform a helix turn in Figure 6. While the LRL motion
used in Figure 4 is the shortest path between the two points
depicted in 2D, the RSR curve (which is longer in 2D) is
able to obtain the needed change in height without a helix
turn, due to its additional length. Thus it can be seen that it
is incorrect to assume that the same Dubins curve is optimal
in both 2D and 3D, as is done in [3]. This also means that
there are still only 6 time optimal Dubins curves in 3D, where
each curve uses the number or helix loops and pitch angle
that minimizes its length.

Fig. 4: Time optimal 3D Dubins curve, note that Figures 3
and 5 and this curve all share the same start and end points

Fig. 5: Half weight on time and half weight on risk optimal
3D Dubins curve, note that Figures 4 and 3 and this curve
all share the same start and end points

Fig. 6: Time optimal Dubins curve for end point with same
x,y locations as from Figure 4, but with higher destination
height. Note that the time optimal 3D Dubins curve has
changed from LRL to RSR.
Fig. 3: Risk optimal 3D Dubins curve, note that Figures 4
and 5 and this curve all share the same start and end points

D. Determining the Local Connection Radius
Because the total cost includes the risk metric, solving
the BVP requires evaluating the risk for a minimum 10
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points (see Section III-C2) on each trajectory considered
and the CPDs at those points need to be combined with
the population density data in order to compute the risk
metric. Additionally, the risk metric has to be recomputed
for the solution to the BVP at the specified point density
of 50 points for every kilometer of curve length. Consequently, significantly more computational time is needed to
evaluate the risk metric than to compute the time needed
to traverse a trajectory. A BVP must be solved every time
that the modified RRT# algorithm attempts to connect an
existing configuration to a new configuration, this will be
done an excessive number of times if the connection radius
is too large. However, the connection radius must still be
large enough to ensure that any new configuration can be
connected. To avoid this problem and to limit the number of
BVPs that need to be solved, the modified RRT# algorithm
dynamically determines the local connection radius using a
new procedure: G ET L OCAL R ADIUS (Table III).
G ET L OCAL R ADIUS sets the connection radius based
on the new configuration’s location relative to the existing
configurations. When the new configuration is in an unexplored region, the connection radius will be larger, which
makes it easier to connect it to the search tree. When the
new configuration is close to existing configurations, the
connection radius will be smaller to limit the number of
existing configurations that must be considered (and the
number of BVPs that must be solved). Conceptually, this can
be viewed as using the same equation that RRT* and RRT#
use to determine connection radius, but using the number
of neighboring nodes (nodes with edges going to a configuration) instead of the total number of nodes in the motion
planning graph. The number of neighboring nodes of the new
configuration is approximated using the number of neighbors
of the configuration closest to the new configuration. Because
number of neighbors of a node remains lower than the total
number of nodes in the motion planning graph, it is practical
to choose a value for d lower than that of the dimension of
the configuration space. For the risk based motion planning
problem in the 5D configuration space considered, d = 4
produced better results than using d = 5.
E. Sampling Configurations from a Given Path
Because there are no obstacles to avoid in the risk-based
motion planning problem (only high-risk areas), a minimaltime solution can be found by solving the BVP between xinit
and xgoal . When wt > 0, adding configurations from this
minimal-time solution to the search graph G should help the
modified RRT# algorithm find better solutions. To do this, it
occasionally uses the S AMPLE O N T RAJECTORY procedure
(Table IV) to get such a configuration. When a configuration
is sampled from the current solution, it is used to split an
edge in G into two edges, which necessitates the removal of
the original edge from G. S AMPLE O N T RAJECTORY always
splits the longest part of the current solution, which prevents
any bias in which configurations on the current solution are
sampled.

TABLE III: Get Local Radius Algorithm
1: function G ET L OCAL R ADIUS(x, γ0 , γmin )
2:
nnode ← F IND N EAREST N ODE(x)
3:
nN eighbors ← |N EIGHBORS(nnode)|)
4:
if nN eighbors ≤ 2 then
5:
return γ0
6:
end if
log(nN eighbors+1)
7:
rRRT ← γ0 ( nN eighbors+1 )1/d
8:
rSum ← 0
9:
count ← 0
10:
for all k ∈ N EIGHBORS(nnode) do
11:
if ||nnode − k|| ≤ rRRT then
12:
rSum ← rSum + ||nnode − k||
13:
count ← count + 1
14:
end if
15:
end for
16:
ravg ← rSum/count
17:
rdist ← 2||x − nnode||
18:
return max{γmin , min{γ0 , max{ravg , rdist }}}
19: end function

TABLE IV: Sample On Trajectory Algorithm
1: function S AMPLE O N T RAJECTORY(G, xinit , xgoal )
2:
dmax ← 0
3:
node ← xgoal
4:
nodemax ← xgoal
5:
while node =
6 xinit do
6:
if S OLVE BVP(PARENT(node), node).Length ≥ dmax then
7:
nodemax ← node
8:
dmax ← S OLVE BVP(PARENT(node), node).Length
9:
end if
10:
node ← PARENT(node)
11:
end while
12:
pathmax ← S OLVE BVP(PARENT(node), node)
13:
result ← pathmax (R ANDOM VALUE B ETWEEN(0, 1))
14:
G ← A DD E DGES(G, [(PARENT(node), result), (result, node)])
15:
G ← R EMOVE E DGE(G, (PARENT(node), node))
16:
return (result, G)
17: end function

F. Locally Biased Sampling
The modified RRT# algorithm also occasionally gets a
new configuration by sampling the region near the nearest configuration (the one that is closest to the sampled
configuration). This increases the likelihood that the newly
sampled configuration will be able to be connected to the
search tree. The radius of the ball around the nearest configuration equals the connection radius rlocal determined by
G ET L OCAL R ADIUS. The configuration is sampled using
R ANDOM C ONFIG IN BALL. See lines 10-11 in Table I.
V. E XAMPLE P ROBLEM
This section describes the example problem used to evaluate the risk-based motion planning approach.
A. Problem Instance
This problem instance included the population data for the
state of Maryland from the 2010 U.S. Census [23], which
is depicted in Figure 7. Table V lists the start and goal
configurations and the bounds on the configuration space.
The bounds constrain the UAS to operating near the mouth
of the Patuxent River in the U.S. state of Maryland. The
UAS’s flight speed was fixed at 50 m/s. The UAS takes
off near the mouth of the Patuxent River and must head
to a specified point and orientation further inland while
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TABLE V: The start and goal configurations and the bounds
on the configuration variables

Start
Goal
Min
Max

x
m
74,570
56,000
52,500
80,000

y
m
65,770
58,000
52,500
70,000

z
m
274
2,024
274
2,024

ψ
degrees
0◦
0◦
-180◦
180◦

θ
degrees
0◦
0◦
-15◦
15◦

climbing to the maximum allowable altitude in the problem.
Eleven combinations of weights were used: (wt , wr ) =
(0, 1), (0.1, 0.9), . . . , (1, 0). The modified RRT# algorithm
was run with N = 3000 iterations for each combination
of weights. For selecting a method for randomly sampling a
configuration (random configuration, local bias and sampling
on the current optimal trajectory), the selection probabilities
were pn = pb = 0.45. The initial (maximum) connection
radius γ0 = 2000, and the minimum connection radius
γmin = 200. A Cessna 182 was used as the UAS model
because its aerodynamic flight coefficients are publicly available and documented in [24].

of 441 (21 x 21) bins. The values of x, y, and ψ affect only
the position and orientation of the CPD, not the likelihood
of its bins.
Figures 1a, 1b, 1c, and 1d show some examples of these
CPDs. As shown in Figure 1b, at high altitudes, the UAS’s
pitch affects the shape of the CPD, biasing it towards the
point where the UAS began crashing in the case of negative
pitch and biasing the CPD to move further away from this
point for positive pitch. As shown in Figures 1b and 1d,
the UAS’s height above ground level strongly affects the
spread of the CPD. At low heights (Figure 1d) the CPD is
significantly smaller than at higher altitudes (Figures 1a, 1b,
1c). As shown in Figure 1c, the UAS’s roll angle affects the
shape of the CPD, biasing it in the direction which the UAS
rolls.
A k-nearest neighbors algorithm was used to estimate
the CPD for any other configuration (and the corresponding
derived roll angle). This algorithm found, from the set of 125
configurations, the six nearest design configurations (using
an inverse distance weighting [25] with exponent u = 1.5)
and combined the corresponding CPDs bins and centroids
separately to get the queried configuration’s CPD. The knearest neighbors model interpolated CPDs from nearby
neighbors, thus there were no discontinuities in the values
of the CPDs between neighboring configurations. The knearest neighbors model was chosen because it could be
evaluated within a few milliseconds, which was important as
the motion planner would typically evaluate the CPD model
several million times.
C. Results

Fig. 7: Plot of the subsection of the Maryland region in which
the problem instance is located in. Note that the region is
upside down relative to a normal map. The colorbar denotes
the natural logarithm of the population density in the region,
computed from 2010 US census block data [23]
B. Crash Distributions for a UAS Under Varying Orientations
To model how a UAS’s configuration affects the CPD,
a series of Monte Carlo simulations were conducted to
construct CPDs for 125 different configurations from the
combinations of five heights, five roll angles, and five pitch
angles. The range for the height was 274 meters to 2024
meters. The range for roll was -45◦ to 45◦ . The range for
pitch was -15◦ to 15◦ . The roll angle range was chosen to
be a reasonable range for safely performing banked turns.
The pitch angle range corresponds to the maximum angle of
attack for a Cessna 182. Each CPD was represented as a grid

Solving the problem with 11 combinations of the weights
yielded 11 solutions. Six of these were dominated on the
risk and time metrics. Figure 8 shows the risk and time
performance of the five non-dominated solutions. The extreme solutions perform very well on one metric and very
poorly on the other. The remaining solutions also show a
tradeoff between risk and time. Figure 9a and 9b shows twodimensional projections of the search trees created by the
modified RRT# algorithm. Note that the tree in Figure 9a
covers the areas which have low population density, which
correspond to lower risk, while the tree 9b simply covers the
space of configurations reachable in less time than the goal.
These differences illustrate the conflict between the risk and
time objectives seen in Figure 8, as these two search trees
cover very different regions.
Figure 10 shows the trajectory found which posed the least
risk; this trajectory reduces risk by flying over uninhabited
areas such as bodies of water. It also performs spiraling
motions to control the size of the UAS’s CPD through
changes in height, a more compact distribution can easily
avoid populated areas when population is low, whereas a
spread out distribution better distributes the risk posed when
flying directly over heavily populated areas. A large number
of manuevers are also performed over a lower risk area
near the starting point, in order to manipulate the height of
the UAS. However, many of these height change maneuvers
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Fig. 8: Plot of non-dominated solutions found for risk and
time objectives in the problem instance considered, note that
risk objective is on a log scale
require a great deal of time to execute (due to the length they
add to the flight trajectory), despite the reduction in risk they
provide. This occurs because the lowest risk solution comes
from when (wt , wr ) = (0, 1), meaning no weight is being
put on minimizing flight time.
Figure 11 shows the trajectory found with (wt , wr ) =
(0.8, 0.2); this trajectory avoids high risk areas, while avoiding the time consuming manuevers performed by the risk
optimal solution. The trajectory in Figure 11 initially follows
a path similar to the time optimal solution (which is the
initial solution used at (wt , wr ) = (0.8, 0.2)), however the
trajectory performs several maneuvers the uninhabited area
near the start in order to avoid populated areas. However,
unlike the time optimal trajectory, the trajectory in Figure 11
dives down (see Figure 12) in order to lower its height (and
reduce the size of its CPD) when flying near several inhabited
areas. The trajectory also loops over itself around this point,
which shifts the CPD towards the center of the trajectory’s
turns, keeping the CPD away from an area of high population.
The trajectory then moves out over the Patuxent River (which
is uninhabited) and climbs to its final altitude at the specified
goal configuration. These maneuvers allow the trajectory in
Figure 11 to perform significantly better on the risk objective
than the time optimal solution, while also using significantly
less flight time than the risk optimal solution.
D. Discussion
Figure 8 shows that the risk of the solution found with
(wt , wr ) = (1, 0) can be reduced by over two orders of
magnitude by increasing wr , but this increases the time
needed to get to the goal by a factor of over eight. However,
compared with the extremely long solution that minimized
risk, increasing wt yields much shorter solutions with slightly
higher risk. The trajectories found demonstrated how searching the larger configuration space (instead of merely the twodimensional path along the ground) can yield new maneuvers

for mitigating risk, such as the the turns and height changes
in Figures 10, 11 and 12.
However, the larger configuration space does still lead to
some imperfections in the trajectories found. An example of
this can be seen in the section of Figure 11 passing over the
Patuxent River, the river is uninhabited, but the trajectory
taken through it is not time optimal. This is caused by a
lack of sampled configurations at appropriate altitudes and
headings, causing the trajectory use the nearest configuration
possible, which typically requires a change in either altitude
or heading. This issue could be addressed by using a larger
number of sampled configurations, employing some form of
biased sampling, or smoothing the final trajectory using a
gradient-based trajectory optimizer.
The search trees in Figures 9a and 9b, which are appropriately dense near lower cost configurations and sparse around
higher-cost configurations, show that the variable connection
radius did not reduce solution quality despite the reduction
in computational effort it provided.
Sampling configurations from the current optimal solution
helped the modified RRT# algorithm find high-quality solutions when wt was near 1, such as the trajectory in Figure 11.
However, floating point error was able to cause the trajectory
to deviate from the time optimal trajectory by small amounts.
This occured when using Dubins curves with the minimal
turning radius (such as time optimal Dubins curves), as a
small shift in a point on these curves could make that point
unreachable by the same Dubins curve. Consequently, even
when initialized with the minimal time solution as the initial
solution, the modified RRT# was still able to deviate 5-10%
from the minimal time solution when (wt , wr ) = (1, 0).
This can be seen in the high densities of configurations
present around the start and goal configurations in Figure
9b. However, previous experiments which did not sample on
the current optimal trajectory typically found solutions over
twice this length, so this was still a significant improvement
in solution quality relative to the number of iterations which
RRT# was run for. This issue could have been prevented
if S AMPLE O N T RAJECTORY directly used segments of the
original trajectory being split, instead of re-solving the BVPs
for the two split segments.
VI. C ONCLUSIONS
This paper presented a risk-based motion planning approach that can be used to minimize the third-party risk
associated with fixed-wing UASs that takeoff near inhabited
areas. Additionally, a new approach for computing 3D Dubins
curves was presented, which was able to minimize objectives
other than time. Several modifications to the RRT# algorithm
were also presented, which made it computationally efficient
to use for the risk-based motion planning problem considered. The resulting approach was shown to be capable of
planning trajectories which trade-off between the risk they
pose to third parties on the ground and the time needed to
fly them. Unlike previous works on UAS risk management
through path and motion planning, the proposed approach
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(a)

(b)

Fig. 9: Projection of of RRT# ’s search tree into XY plane, where all weighting is put on the (a) risk objective (b) time
objective. The white circles denote the start and goal configurations, brighter colors indicate higher risk regions

Fig. 10: Trajectory of the non-dominated optimal solution
with the best performance on the risk objective, brighter
colors indicate higher risk regions

Fig. 11: Trajectory of the non-dominated optimal solution
with the third best performance on the risk objective, brighter
colors indicate higher risk regions

planned trajectories in 3D, which enabled new strategies for
mitigating the risk posed by a UAS.
The results indicate that the proposed approach can compute feasible motion plans and optimize a combination of
the time and risk metrics. Risk-based motion planning can
consider dynamics constraints and factors such the altitude
and orientation of the UAS that a two-dimensional graphbased path optimization approach (e.g [2]) cannot. The study
described in this paper did not, however, consider speed or
other state variables that could affect the CPD. However,

such variables could easily be incorporated in the proposed
approach, provided that appropriate dynamics constraints
could be defined for them. While this study did not consider
obstacles or no fly zones that a UAS would need to avoid,
sampling based motion planners such as RRT# are typically
effective at accounting for such obstacles. The proposed
approach could thus be easily extended to account for no fly
zones and obstacles, however it would likely be difficult to
provide it an initial solution in a problem where they were
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Fig. 12: Oblique view of the trajectory from Figure 11. Note
that scale of X-Y coordinates is not the same as the Z
coordinate, the slope of the trajectory appears higher than
it actually is.

present. However, the proposed approach still works when
not provided an initial solution, though it will require more
iterations to find solutions of comparable quality to those
found by starting with an initial solution.
Using RRT# with a locally determined connection radius
was largely successful, but additional work is needed to improve the approach for sampling configurations on the current
best solution. It may be possible to use local optimization to
remove loops from low-risk solutions, which would generate
new solutions that require less time and have slightly more
risk, which would generate a larger set of alternatives to the
UAS operators who are planning takeoff trajectories near or
in inhabited areas.
The results have also shown that it is possible for UAS
to mitigate the risk they pose to third parties by performing
maneuvers during a flight. Developing methods for identifying these maneuvers could provide new tools which UAS
operators could use in order to mitigate the risk posed by
UAS operations in inhabited areas.
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