ENEE244-020x
Digital Logic Design



Announcements

* HW 2 up on course webpage, due on
Wednesday, Sept. 23 @11:59pm
**Extended**,



Agenda

* Last time:

— Boolean Algebra axioms and theorems (2.3-2.4)
* This time:

— Boolean Functions and Complements (2.5)

— Simplification of Boolean Formulas via Algebraic
Manipulation (2.5)

— Canonical and Standard Forms (2.6)
— Digital Logic Gates (2.8)



A Two-Valued Boolean Algebra
.+ B =1{0,1}

Can verify that all the postulates

¢ (+) = OR; () =AND [Ch:cc:i?\:}clr;zeer;e:gl:::rl:ccjijznf;r all
. T _ 0,6 —1 possible variable settings]
OR
X X
0 1 0 1
y 0 0 1 y 0 0 0




Example:

Distributivity: x + (y-z2) = (x +y) - (x + 2)

1. Show that if the left hand side is true then
the right hand side is true

2. If the right hand side is true then the left
hand side is true.



Logic Diagrams



Equation Complementation

* For every Boolean function f there is an
associated complementary function f” in
which f'(xq, ..., x,) = 1iff f(xq, ..., x,) = 0.

 Example:

f=wxz'+wlx+y'z)
fl=wWw'xz" +wlkx+y'z))




Equation Complementatlon

* Use DeMorgan’s Law to simplify: (¢ UD’ X (ﬁ
ff=wWxz +wlx+y'z)) (XOD' X*“g

= (Wx2)' (W(x +yz))’
=w+x +z2)(w(x + yz))

=w+x"+2)(W + (x+y'2))
=w+x'"+2)(Ww +x'(y+2'))
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Theorems Specific to Two-Valued
Boolean Algebras



Shannon’s Expansion Theorem

(a)f(x y vy Xy ...,Xn) = ‘/
Xi - f(lxl, v, 1, ...,xn)+/x’i F (g, ) 0y, X))

(D) (X1, 0, Xjy e, X)) =
(x,+f (X1, 0 1, e, x0)) (x5 + (X, 00, 0,10, X))

\ 7
4(7«)“;:1 ,(\( X)H;-'O
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Example of Equation Simplification
(Using Expansion abc?ut a Variable)

f,y,2) = (x+xy)x' +y) Hyz\
3((1+1 y)(0+y) +x'(0+0-y) (I +y) +yz]
.

xy + yz
%X’U*'e}lx:ﬂ. o 0240

T

X%+X%z+%%2

K+ (K41 )y
| x99\ \

/———""‘" S

—
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Shannon’s Reduction Theorems )
)W) — / W
a) x; f(Xqy ey Xy e X)) =5 F (X1, 0, 1,0, X))
(b) x; + f(xqy, oo, Xp, oo, X)) = x; + f (X1, .0, 0, 000, X3)

|

(a)x'; - f(xqg, i, Xpy iy X)) = X1 f (X1, 00,0, .., X))
Kb) X's 4 f(xqy ey Xgy oo X)) = X'+ f(Xq, 00,1, 0, %)
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Example of Equation Simplification
(Using Shannon’s Reduction Theorems)

fw,x,y,z) =x Hx'y' + wx'(w+ 2)(y + w'z)

=xHy +ww+2z)(y+wz)
=x+y Hwz(y+ z)
=y +lx+wz(y+2)
=y Hx+w'z




Simplification In-Class Exercise



Boolean Formulas and Functions

* Example: f(x,vy,z) = (x'+y)z
e Can be specified via a truth table.

I A N A
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 1
1 0 0 0
1 0 1 0
1 1 0 0
1 1 1 1



Normal Forms

Consider the function: (X-‘ ‘3>(%4w>
fiw,x,y,z) =x"+wy +w' y'z

A literal is an occurrence of a complemented
or uncomplemented variable in a formula.

A product term is either a literal or a product
(conjunction) of literals.

Disjunctive normal form: A Boolean formula

written as a single product term or as a sum
. . OR |
(disjunction) of product terms.

0 A AVDs
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Normal Forms

e Consider the function:
fiw,x,v,2) =z(x+y)Yw+x"+y)~ NWKO(”"“QV&
e Asum term is either a literal or a sum

(disjunction) of literals.
i

* Conjunctive normal form: A Boolean formula
written as a single sum term or as a product
(conjunction) of sum terms.

AWD o8 OK's
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Canonical Formulas

* How to obtain a Boolean formula given a truth
table?

<

~ B P P O O O O
P P O O » r»r O O
r O »r O » O P+ O
o o o »r » O +—» O



Minterm Canonical Formula

<
-

X'to’&'
)\"0' 2

R B B B O O O O
P P O O » r»r O O
~ O B O r O rr O
o o o »r » O +—» O

fx,y,z2)=x'y' z+xyz+xy' z
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m-Notation

x| vz | i m
P
o

<

R B B B O O O O
P P O O » r»r O O
) O B O »r O +» O
©O O O r B O Fr O |

* f(x,y,z) can be written as f(x,y,z) = m; +
mg +my

 f(x,y,z) =2m(1,3,4)



Maxterm Canonical Formula

R =, O O +» r»r O O
R O r O +» O +» O
O O O Rk B O L O |

I—\I—\HI—‘OOOOH
I

f,v,z2)=x+y+z2)(x+y+2z2)
x+y+2)(x+y+2)(x+y+2)



M-Notation

o x v | .z | i
0 0 0 0
0 0 1 1
0 1 1 1
1 0 1 0

* f(x,y,2z) can be written as f(x,y,z) =
MoM;MsMe M7

 f(x,y,z) =1IM(0,2,5,6,7)



Table 2.3

Minterms and Maxterms for Three Binary Variables.

Minterms Maxterms
b y z Term Designation Term Designation
0 0 0 x'y'z! my xX+y+z M,
0 0 1 XV'Z my x+y+2z M,
0 1 0 x'yz’ my x+y +z2 M,
0 1 1 x'yz ms XY sz M,
1 0 0 xy'z' my X ty+.z M,
1 0 1 xy'z ms x'"+y+ 2z M;
1 1 0 XVZ M x'+y' +z M
1 1 1 XyZ my x'"+y" '+ 7 M,

Copyright © 2018, 2013, 2007 by Pearson Education, Inc.,



Canonical Forms Conversion

* Minterm to Maxterm:
- f(x,y,z) = Xm(2,5,6,7)
- f'(x,y,z) = 2m(0,1,3,4)
- f(x,y,z) =1IM(0,1,3,4)

* Maxterm to Minterm:
- f(x,y,z) =1IM(1,2,3,5,7)
- f'(x,y,z) =1IM(0,4,6)
—f(x,y,z) =Xm(0,4,6)



Gates and Combinational Networks



Digital Logic Gates

Name

AND

OR

Inverter

Buffer

NAND

NOR

Exclusive-OR
(XOR)

Exclusive-NOR
or
equivalence

Graphic
symbol

L}j

Algebraic

function
F=x-y
F=x+y
F=x'
F=x
F = (xy)
F=(x+y)

F=xy +x'y
=x®y

F=xy+x'y
=@x®y)

Truth
table

Xy
0 0
0 1
1 0
1 1
Xy
0 0
0 1
1 0
1 1

X

0

1

X

0

1
Xy
0 0
0 1
1 0
1 1
Xy
0 0
0 1
1 0
1 1
Xy
0 0
0 1
1 0
1 1
Xy
0 0
0 1
1 0
1 1
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Gates and Combinational Networks

* Synthesis Procedure

 Example: Truth table for parity function on
three variables

<

R B B B O O O O
P P O O » » O O
L O B O » O P+ O
R, O O r O L B+, O



Synthesis Procedure
x| v |z | f

<

~ B P P O O O O
P P O O » r»r O O
r O B O »r O P+ O
P O O »r O » +»r O

Minterm Canonical Form:
f,y,z)=x'y'z+x'yz' + xy'z' + xyz



Two-level Implementation

D=

L —
(a) Sum of Products (b) Product of Sums

DANF CNE
(Nmﬁ'\m\}

Standard Forms

What is the difference between canonical
and standard forms?
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