
ENEE/CMSC/MATH 456
Asynchronous Exercise—4/14/25

In this class exercise we will derive the acclaimed Chinese Remainder Theorem on our own.

Let 𝑁𝑁 = 𝑝𝑝 ⋅ 𝑞𝑞, where 𝑝𝑝, 𝑞𝑞 are positive integers greater than 1 and gcd 𝑝𝑝, 𝑞𝑞 = 1.

Consider the following mapping 𝜓𝜓:𝑍𝑍𝑁𝑁 → 𝑍𝑍𝑝𝑝 × 𝑍𝑍𝑞𝑞. I.e. 𝜓𝜓 takes an integer 𝑥𝑥 in the set 0, 1, … ,𝑁𝑁 − 1
and maps it to a pair of integers (𝑎𝑎, 𝑏𝑏), where 𝑎𝑎 ∈ 0,1, … , 𝑝𝑝 − 1 , 𝑏𝑏 ∈ 0, 1, … , 𝑞𝑞 − 1 . 𝜓𝜓 is defined 
as follows:

𝜓𝜓 𝑥𝑥 ≔ (𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝, 𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞)

FACT: 𝜓𝜓 is an isomorphism. This means that 𝜓𝜓 is a bijection that preserves the addition and 
multiplication operations. Specifically:

𝜓𝜓 𝑥𝑥 + 𝑦𝑦 = 𝜓𝜓 𝑥𝑥 ⊞𝜓𝜓 𝑦𝑦 = 𝑥𝑥 + 𝑦𝑦 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝, 𝑥𝑥 + 𝑦𝑦 𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞
𝜓𝜓 𝑥𝑥 ⋅ 𝑦𝑦 = 𝜓𝜓 𝑥𝑥 ⊡𝜓𝜓 𝑦𝑦 = 𝑥𝑥 ⋅ 𝑦𝑦 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝, 𝑥𝑥 ⋅ 𝑦𝑦 𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞

It also preserves multiplication by a scalar:
𝜓𝜓 𝑐𝑐 ⋅ 𝑥𝑥 = 𝑐𝑐 ⋅ 𝜓𝜓 𝑥𝑥

In the rest of this exercise, we will derive 𝜓𝜓−1: Zp × 𝑍𝑍𝑞𝑞 → 𝑍𝑍𝑁𝑁. Ultimately, this means that if we obtain 
a pair of congruences:

𝑎𝑎 ≡ 𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝
𝑏𝑏 ≡ 𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞

Then we can solve for the unique value 𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 𝑁𝑁 that satisfies the system by setting 𝑥𝑥 = 𝜓𝜓−1(𝑎𝑎, 𝑏𝑏).

1. Show how to derive the values of 𝜓𝜓−1 on the two basis vectors (1, 0) and (0,1). Specifically, 
𝜓𝜓−1(1,0) should map to a number in 𝑍𝑍𝑁𝑁 that is congruent to 1 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝 and 0 𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞, while 
𝜓𝜓−1(0,1) should map to a number in 𝑍𝑍𝑁𝑁 that is congruent to 0 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝 and 1 𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞.

Hint: Use the Euclidean algorithm for this step. The Euclidean algorithm tells us that there exist 
integers 𝑋𝑋,𝑌𝑌 such that 𝑋𝑋𝑋𝑋 + 𝑌𝑌𝑌𝑌 = gcd 𝑝𝑝, 𝑞𝑞 = 1. How does this help us find a number in 𝑍𝑍𝑁𝑁 that 
is congruent to 1 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝 and 0 𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞 and a number in 𝑍𝑍𝑁𝑁 that is congruent to 0 𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝 and 
1 𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞?

2. Given knowledge of 𝜓𝜓−1(1,0) and 𝜓𝜓−1 0,1 show how to find 𝜓𝜓−1 𝑎𝑎, 𝑏𝑏 for an arbitrary (𝑎𝑎, 𝑏𝑏) in 
the domain.

Hint: Use the fact that 𝑎𝑎, 𝑏𝑏 = 𝑎𝑎 ⋅ 1,0 + 𝑏𝑏 ⋅ (0,1) along with the fact that 𝜓𝜓 is an isomorphism.
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3.  Given the above, show how to find the unique number 𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 35 such that:
𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 7 = 4
𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 5 = 2

4. Given what we did in problems 1-2, extend the technique to the case that 𝑁𝑁 = 𝑝𝑝 ⋅ 𝑞𝑞 ⋅ 𝑟𝑟 and 𝑝𝑝, 𝑞𝑞, 𝑟𝑟
are all relatively prime. Specifically, define an isomorphism 𝜓𝜓:𝑍𝑍𝑁𝑁 → 𝑍𝑍𝑝𝑝 × 𝑍𝑍𝑞𝑞 × 𝑍𝑍𝑟𝑟. Derive the values 
of 𝜓𝜓−1 1, 0, 0, ,𝜓𝜓−1 0,1,0 ,𝜓𝜓−1(0,0,1) and explain how to use these values to derive the value of 
𝜓𝜓−1(𝑎𝑎, 𝑏𝑏, 𝑐𝑐) for arbitrary (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) in the domain.

5. Using problem 4, show how to find the unique number 𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 385 such that:
𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 7 = 3
𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 5 = 4
𝑥𝑥 𝑚𝑚𝑚𝑚𝑚𝑚 11 = 7
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