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Summary

The adjoint process and minimum principle for a partially observed diffu-
sion can be obtained by differentiating the statement that a control u* is op-
timal. Using stochastic flows the variation in the cost resulting from a change

in an optimal control can be computed explicitly. The technical difficulty is to
Justify the differentiation.

1. INTRODUCTION.

»

Using stochastic flews we calculate below the‘change in the cost due to a ‘strong’
variation of an optimal control. Differentiating this quantity enables us to identify the
adjoint, or co-state variable, and give a partially observed minimum principle. If the
drift coefficient is differentiable in the control variable the related result of Bensoussan
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[2] follows from our theorem. Full details will appear in {1]. The method appears simpler
than that employed in Haussman [4].
2. DYNAMICAL EQUATIONS.

Suppose the state of a stochastic system is described by the equation

déy = f(t, &, u)dt + g(t,&)dwy,
GeR), =2, O0<IST. - (21)

The control variable u will take values in a compact subset U of some Euclidean space R*.

We shall assume ) i

Ap: zg € R4 is given. ‘

Ay [:[0,T)x REx U — R? is Borel measurable, continuous in u for each (t,z),
continuously differentiable in z for each (t,u) and

(1 + Izl);llf(tvr’u)l + lfr(t'zlu)l S K.

Aa: ¢:[0,T]x R? — RIQR™ is a matrix valued function, Borel measurable, continuously
differentiable in z, and for some Kj:

lo(t, 2)| + lg=(t,2)] < K2

The observation process is defined by

dy, = h(&)dt + dv (2.2)
vi € R™, yo =0, 0<t<T.
In(2.1)and (2.2) w = (w',...,w") and v = (¥!,...,»"™) are independent Brownian

notions defined on a probability space (2, F, P).
Furthermore, we assume

A4 h: R% — R™ is Borel measurable, continuously differentiable in r and
[h(t,2)] + |h=(t,2)| £ Ks.

REMARK 2.1. These hypotheses can be weakened to those discussed by Ilauss-
man [4]. See (1].
Write P for the Wicner measure on C([0,T], R") and s for the Wiener measure on
C({0, 1), ™).
N =C(0,7], R") x C([0, T}, R™)
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and the coordinate functions in § will be denoted (2, yi). Wiener measure P on Q is
P(dz,dy) = P(dz)pu(dy).

DEFINITION 2.2. Y = (Y} will be the right continuous, complete filtration on
C([0,7], R™) generaicd by
Y=oy :s<t)..

The set of admissible control functions I will be the Y-predictable functions defined on
[0,T] x C({0,T), R™) with values in U.

For u € U and z € Y, €2 y(z) will denote the strong solution of {2.1) corresponding
to u with £}, = z.
Define

zie) =ewn (| e, ey - 5 "hes (@)ar). (23)

Note a version of Z defined for every trajectory y can be obtained by integrating the
stochastic integral in the exponential by parts.
If a new probability measure P* defined on Q by putting

dpe

o= Zg7(zo0),

under P* (€8 ,(z0), ) is a solution of the system (2:1) and (2.2). That is, under P,
€4 +(z0) remains a strong solution of (2.1) and there is an independent Brownian motion
v such that y; satisfies (2.2).

Because of hypothesis A4, for 0 < ¢ < T easy applications of Burkholder’s and
Grouwall’s inequalities show that

E{(Zg(z0))P] < 0 (2.4)

foralluelU and allp, 1 <p<oo.
COST 2.3. We shall suppose the cost is purely terminal and equals

c(§5,7(0))

where ¢ is a bounded, differentiable function. If control u € U is used the expected cost

is
J(u) = Eyle(€5r(20))]-

With respect to P, under which y, is a Brownian motion

J(u) = E[Z5 1 (20)et€5,r(z0))): (2.5)
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A control u* € [/ is optimal if
J(u*) < J(v)

for all u € U. We shall suppose there is an optimal control u®.

3. FLOWS.

For u € U and z € R consider the strong solution |

€ (2) =2+ / J(r, €%, (2), e )dr + / o(r, €8 (2))du. (3.1)

We wish to consider the behaviour of E:",(z) for each trajectory y of the observation

process. In fact the results of Bismut (3] and Kunita [6] extend and show the map
€, Rf— R

is, almost surely, a diffeomorphism for each y € C([0, T}, R™).
Write
e (zo)lle = sup 1€g,(zo)l- -
0<s <t

Then, using Gronwall’s and Jensen’s inequalities, for any p, 1 <p <

el < (1 + ol +| [ ot zaave)

almost surely, for some constant C.
Using Aa and Burkholder’s inequality

I1€Y (zo)ilr € LF for 1< p < oo
Suppose u* is an optimal control, and write
f:,t(') for E:‘(()

The Jacobian 2%‘;-* is the matrix solution C; of the equation
dCy = f(4,€) (), u")Cedl + ST 6(4, 65 (2))Crdw. (3.2)
i=1 .

with C, = I.

Here ¢V is the i*" column of ¢ and I is the n x n identity matrix. Writing |Clir =
8upgc,<( |Cs] and using Burkholder’s, Jensen’s and Gronwall’s inequalities we see ||C||r €
L, —1 ; p < oo,
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Consider the matrix valued process D defined by

D, =.I —/ U,j,(r,f:.,(:t),u:)dl'

-3 / 9O 6 N+ 3 [ D@ @) (33)

i=1 i=1 !
Then as in [5] or [6] d(D(C;) = 0 and D,C, = I so
0&; \ -1
P (R
=0 = ( Oz )

Furthermore, ||D]|; € LP, 1< p < 0.
Suppose z¢ = 2, + A¢ + )1y f“”g(lw: is a d-dimensional semimartingale, Bismut
. [3] shows one can consider the process &; ¢(2() and in fact:

Galz) =n+ [ (1)

a
+Zg"’ (r, €0 (z) up) 25 H

Qi 26”(u.,n ))dr \

e"" . ' i v aE:,r . i
/ B+ ] (590,616 + (zr)H.)dw,.M

DeriNiTION 3.1, Fors €(0,T], h> 0 such that 0< s < s+h < T, for any @i € [/, and
A €Y, consider a ‘strong’ variation 4 of u* defined by

u(t,w) if(t,w)¢[s,s+hjxA
u(t,w) =
i(t,w) il (t,w) €[s,s+ h] x A.
THEOREM 3.2. For any strong variation u of u* consider the process
a;, r( . . . .
=t [ () U0, G - € N @9
Then the process €; ,(2) is indistinguishable from & ().

PROOF. We shall substitute in (3.4), (noting H; = 0 for all §). Therefore,

€(z) =2+ / S(r,5 0 (20), 02 )dr

N / (05”( ) (% b (1)) ™ (€5 o)y we) = S5 o)

+ [ e, i,
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The solution of (3. l) is unique, so £ (z) = £F (z). Note u(t) = w* (1) ift > s+ h so
=z 0> s+ hand

E:,x(zl) = f:,l(zl+’l)
= &6, 4a(2)). (3.6)

4. THE EXPONENTIAL DENSITY.

Consider the (d + 1)-dimensional system
€hute) =2+ [ 10,6 )i+ / 005 6, =,

Zi(z,2)= 24 / 2,2 () dyr. (1)

That is, we are considering an augmented flow (€,2) in R*! in which Z* has a variable
initial condition z € R. Note:

27 (2, 2) = 22] (z).

The map (z,2) — (€7 ,(2), 23 (2, 2)) is, alnost surely, a diffeomorphism of R9+!. Clearly,

9, _ af dg
_6—2,— = 0, '5; = and 5; 0.

The Jacobian of this augmented map is represented by the matrix

C(= B
0z;, 0z,

8z Jz
In particular, from (4.1), for 1 <i <d

62. E ISk s,r
= Z/ (2, ,Z)Z ey p ({,,_(:c)) ——'—)dy’. )
We are interested in solutions of (4.1) and (4.2) only when z =1, so as above we write

Z;(z) for Z7,(z,1) etc.

LEMMA 4.1 07: ‘
7;— = Z',(z)(/ h,({, W(2))- ——J-du,\)
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where, as in (2.2), dv, = dy, — W(€] ;(z))dt.
PROOF. 1vom (4.2)

. t . )
agl-" = / (35;—""'“?«@)) + 25, (2)he (5,0 (2)
Wrile
L,a(z) = 25 ,(2) /h,
Then

Ziu@) = 1+ [ 2 @€ @)y

and the product rule gives

Loi(z) = / Ly (2)W(ES, (2))dyr

/Z () h,-

Consequently, L, ((z) is also a solution of (1.3), so by uniqueness

dy,.

LEMMA 4.2, If z; is as defined in (3.5)
Z:,,(z,) = Zou,t(z)'

PROOF.
Zl(z) =1 +/ /",.(:c W (&S L (2))dyr.

Applying (3.4) to Z; (z) we sec:

(e = 1+ / 22, (W (€5 (20

<14 [ 7, e i
by Theoremn 3.2. However, (4.4) has a unique solution so

Z:,t(’r) = Z;‘,t(”)-

Again, note that for t > s+ h

Ziu(2) = 25 (20 4n)-

9% -

)dy,.

(4.3)

(1.4)

(4.5)
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5. THE ADJOINT PROCESS.

u” will be an optimal control and u a perturbation of u* as in Definition 3.1. Again
write

z = §,,(20).

The minimum cost is
J(u") = E[Z§ 1(z0)e(€5,r(z0))]
= E(23,(20) 23 2()e(€ ()]
Also, )
J(u) = EZ5,(20) 2} 3 (2)e (€} 1 (2))]
= E[Z5,(20)2] 1(204n)c(€] 7(2041)))

by (3.6) and (4.5). Recall Z;,.(-) and ¢(€] ;(-)) are differentiable almost surely, with
continuous and uniformly integrable derivatives. Consequently, writing

8 .
(s,20) = 28,202 (2r) e € (20)) o (20)

el [ heten o) 2o (o) (Bnen) ™

for s <r<s+h, wehave

J(u) = J(u*) = E[Z5 ,(z0){Z] ((204)c(€ (&, ,(z,,,,,)) Zir(z)e ( 7(1))}}

= e[ [Tre (2 = f(’f"(’)""”dr] (5.1)

This formula describes the change in the expected cost arising from the perturbation u
of the optimal control. However, J(u) > J(u*) for all u € U so the right hand side of
(5.1) is non-negative for all h > 0. We wish to divide by h > 0 and let h — 0. This
requires some careful arguments using the uniform boundedness of the random variables
and the monotone class theorem. It can be shown that there is a set S C {0, T} of zero
Lebesgue measure such that if s ¢ S

E[I(s,2)(f (5,6, (z0)s u) = (5,€5,,(z0),u})) 1] 2 0 (5.2)
foranyue U and A€Y,.
Details of this argument can be found in [1]. Define

pi(e) = B [ec(Ei (o)) L (2)

, NP
vtz ([ netes ooy e (yav,)
where z = £ ,(z0) and E* is the expectation under P* = P¥’,

In (5.2) we have established the following: ‘

JV{T}}
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THEOREM 5.1. p,(z) is the adjoint process for the partially observed optimal control
problem. That is, if u* € [/ is optimal there is a set S C [0,T] of zero Lebesgue measure
such that fors ¢ S

E*[p,(2)f(s,z,u*) | Y,] > E*{p,(2)f(s,2,u) | V,] as. (5.3)

so the optimal control u* almost surely minimizes the conditional Hamiltonian.

If z = £ ,(z0) has a conditional density ¢,(z) under P*, and if f is differentiable
in u, (5.3) implies

k

S (wte) = wi (o) [ T(6,2) 5 (5,2, u)an(a)dz 2 0

=1

This is the result of Bensoussan [2].
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