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Relationship between Shear Force and Bending Moment

Basic Questions
@ Are V(x) and M(x) independent? No!

@ Under what conditions does a dependency relationship exist?

Strategy
@ Introduce relavant mathematics.
@ Extract a thin section from a beam and examine its
equilibrium.

@ See where the mechanics takes us!
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Test Problem for Derivation of Equations
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Derivation of Equations

Hence,

%4
C:T + w(x) = 0 < gradient of shear force equals -w(x).  (15)
X

Part 2: > M, = 0 (anticlockwise +ve)

—V(x)dx — M(x) + M(x + dx) + w(x)dx - % =0 (16)
Note:

@ The term w(x)dx is the vertical load acting on the element.

@ The term dx/2 is the distance from O to the centroid of
loading.
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Derivation of Equations

From the Taylor Series expansion:

M(x + dx) = M(x) + %dx + O(dx?) (17)

Plugging equation 17 into 16 and ignoring terms O(dx?) and
higher:

dMm
V(x) = % shear force = gradient of bending moment. (18)

Note. Equation 18 only applies when the derivatives of M(x) with
respect to x exist.
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Derivation of Equations

lllustrative Example
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Bending Moment Diagram

F' T

V(x) = C(’/—AX/’ does not apply at four points....
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Shear Force and Bending Moment

Interpretation. Consider an interval [a, b] on a beam:

dV = —w(x)dx — /b dV = — /b w(x)dx = V(b) — V(a). (19)

Key Point: Change in shear force between points a and b = total
loading within interval.

dM = V(x)dx — /b dM = /b V(x)dx = M(b) — M(a). (20)

Key Point: Change in moment between points a and b = area
under the shear force diagram.
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Shear Force and Bending Moment

Example 1.

@)
>
0]
O
=~
(93]
>
[0
<)
=
—
]
5]
o
>
o
—
5]
Il
o
oy
Il
'\
~—



Examples
00®0000000

Shear Force and Bending Moment

Check Relationship between Shear and Bending Moment:

vg):dgy):WAL—@. (22)

For a=0 and b = L we expect:

L L
/vww_%/ow_mm_mm. (23)
0 0
For a general value x:

L
1
M(X) = Wo/ (L — S)dS = WOLX — EWoX2 + A (24)
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Shear Force and Bending Moment

Apply Boundary Conditions:
wil?. (25)
Hence,

1 1 1
M(x) = wix — Swx® — Swl? = —Sw(L—x)?.  (26)

Check Moment at Boundary Conditions:
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Shear Force and Bending Moment

Physical Interpretation

For the extracted element:

Z Fy(x) =0— V(x) = wo (L —x). (27)
Similarly,
My(x) = 0= M(x) = wo (L—x) - L= (2g)
N—— 2
total load v

centroid
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Shear Force and Bending Moment Diagrams

Bending Moment (drawn on tension side of element):

_wl Incorrect: Wrong Slopel!

Shear Force:

Slope of BMD = 0
—Wok g ~¢——— Max slope of BMD
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Shear Force and Bending Moment

Example 2.

Bending Moment Diagram ~—— Axis of Symmetry
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Shear Force and Bending Moment

Bending Moment at x = L/2 (extract substructure):

/ w(x) = w,

M(L/Q)cl T 1 o

SEERE IV

Taking moments:

M(L/2) =

reaction loading centroid
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Shear Force and Bending Moment

Equation for M(x)?

We have:
@ Axis of symmetry at x = L/2.
e M(x) will have roots at x = 0 and x = L.

Hence, let M(x) = Ax (x — L), then use midpoint moment to
determine A:

M(L/2) = Aé (_2L> s A= (30)

Thus,

M(x) = —x (L —x). (31)
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Shear Force and Bending Moment

Example 3.
y M
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Bending Moment Diagram
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