DISPLACEMENT METHOD OF ANALYSIS:
SLOPE DEFLECTION EQUATIONS

General Case
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Fixed-End Forces
» Fixed-End Moments: Loads
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General Case
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Equilibrium Equations
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Matrix Formulation
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Stiffness Coefficients Derivation: Fixed-End Support
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Stiffness Coefficients Derivation: Pinned-End Support
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Fixed end moment : Point Load
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» Uniform load

Real beam

Illllllllll

I
CA A

+
i 2.2

4

TTT I I LI i1
e A

+T ZF, =0: -

Conjugate beam

2

ML —
EI
* 2FEI
wl’ wl’
24EI* *24EI
t T
ML ML 2wL3 v wi?

2Bl 2E 24EI T 12 7
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Pin-Supported End Span: Simple Case
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Pin-Supported End Span: With End Couple and Settlement
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Fixed-End Moments
» Fixed-End Moments: Loads
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Typical Problem P, W\
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D,
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Example of Beams

—
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Example 1

Draw the quantitative shear , bending moment diagrams and qualitative
deflected curve for the beam shown. E/ is constant.

10 kN 6 kN/m
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10 kN 6 kN/m
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[M] = [K][Q] + [FEM] %
0

] AEL g 2B, (10)®) (+ =M,=0: —M,, —M, =0

|
|
M, . =
A S s ° : 4EI 4EI 6)(6°
261 4 4E1 ) (10)@®) . GEL A 10+ O g
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10.6 kN-mQ
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Example 2

Draw the quantitative shear , bending moment diagrams and qualitative
deflected curve for the beam shown. E/ is constant.

10 kN 6 kKN/m
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10 kN

6 kN/m
12.19 kNem

C) 8.30 kNem
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) C
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4, =348 kN B, =652kN B, =6.65kN C, = 11.35kN
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10 kN 6 kN/m
y C

348 kN 4m _ 4m |8 6m 11.35kN
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Example 3

Draw the quantitative shear , bending moment diagrams and qualitative
deflected curve for the beam shown. E/ is constant.

10 kN 4 kN/m
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4m 4 m 6 m
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M,, =-14.18 kNem, M, = 14.18 kNem, M, =-10.91 kNem
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Example 4

Draw the quantitative shear , bending moment diagrams and qualitative
deflected curve for the beam shown. E/ is constant.

10 kKN 12 kNem 4 kN/m
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10 kN 12 kNem 4 kKN/m
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Example 5

Draw the quantitative shear, bending moment diagrams, and qualitative
deflected curve for the beam shown. Support B settles 10 mm, and EI is
constant. Take £ = 200 GPa, /=200x10° mm*.
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8 g Ut g 8 -0
M, - 2(2EI) 0.+ 4(2ED) 0.+ 6(2E1)2(O.0 D 10®) @
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10 mm

4 m 4m 6 m
M, = 4(28EI) 0, + 2(28EI) 0, + 6(2Eg)2(0.01) N ( O§(8) ()
v - 2(28151) 0 4(28EI) 0 6(2E18)2(0.01) a 0;(8) o

Substitute E/= (200x10° kPa)(200x10-°m*) = 200x200 kN* m?:

_4QED , | 20ED

M, = ; 0,+ +75+10 ———(1)
M, :2(2;51) 9A+4(2E1) 0,+75-10 ———(2)
16.5
2(2)-(1) 3(2EI) "~ - P
( S Ma == 0, +75-(75/2)-10-(10/2)~12/2 -~ ~(2a)
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4m

4 m 6m

+) M, =0: - My, - My.=0

My, (‘E’) M,

M,, = (3/4)QED6, +16.5
My = (46)(3EI)G,- 192.8

(3/4 + 2)EIf, +16.5-192.8 = 0

0, = 64.109/ EI
Substitute 0, in (1): 0, =-129.06/E1
Substitute 8, and &, in (5), (3), (4):

My, = 64.58 kNem,

My =-64.58 kN°m

M, =-146.69 kNom
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12 kNem 10kN 6 N/
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6458 kKNem . 64.58 kNem

4m 4m 6 m
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MBA = 64.58 kN'm,

M. = -64.58 KN*m
M, =-146.69 kN*m -
| ———»
18 kKN
12 kNem 10 kN .
(‘ 6458 kNOm 6458 kN'm N ;
A 1

V.

y

) 146.69 kNem

A, =11.57 kN B,=-1.57kN Br= -2921kN  C,=4721kN
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12 kNem

A

10 kN

6 kN/m

c) 146.69 kN+m

11.57 kN B
4m | 4m JA\ 6m ‘47.21kN
X ) ] g 0, =-129.06/EI
1.57+29.21 =30.78 kN _
0, = 64.109/ EI
V(kN) 11.57 157
, x (m)
22921 —\
4721
58.29 64.58
M 12 B \
(kNem) x (m)
-146.69

Deflected shape\?QL

110 mm

0, =-129.06/EI

0, = 64.109/ EI
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Example 6

For the beam shown, support A settles 10 mm downward, use the slope-deflection
method to

(a)Determine all the slopes at supports

(b)Determine all the reactions at supports

(c)Draw its quantitative shear, bending moment diagrams, and qualitative
deflected shape. (3 points)

Take £E=200 GPa, I = 50(10°) mm?.

61N/ N

:y A
E

SEI l_&l I 10 mm

le 3m e 3m N
¢ > q
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6 kN/m o N

 ——
2E1 C 1.5ET I 10 mm

le 3m Jle 3m N
< > q

6 kN/m

6(3%)
—— 2 =45
17 = 4 eleaiaiaiaiaaiaiaaia] ) #:5
C MF A
6(1.5x200x50)(0.01) _ C
32

=100 kN em - qm 4) 100 kN em
M*, g

My = 4(23E[) 6. ———(@1)

4(1.5EI)
MCA = 3

21.5ED)
A

0.+ +4.5+100 ———(2)

12
M= 2(1.;151) 0. + 4(1'§E” 6,-45+100 ———(3)

20~ ,, _3SED,  3(43) 100 12

. = ———(2
> cA 3 c 5 > > (2a)
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12 kNe
6 kN/m M m

B %
Y
2E] ¢ 15E 3 10mm

le 3m e 3m R
[ > >

My =200 ——-(

31.5ET) . 3(45) 100 12
Mo === b0t~

* Equilibrium equation:

———(2a)

Mop+M., =0

:ﬁ B+4.5El ,  3(4.5) 100 12

0.+ —=0
© 3 ) 2 2

0, = 1506 _ 460015 rad
EI

Substitute 6. 1n eq.(3)

2(1.5EI) —15.06. 4(1.5E1
_20.5ED) 1506, 41SED)
3 EI

0,= —3422  0.0034 rad
EI

12 ~45+100 ———(3)
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12 kNe
6 kN/m N o

B ﬂ
A
SEI C 15Kl 4 10 mm

3m e 3m >
[ »< "l

0, = —15.06 =-0.0015rad 6, = —34.22
El

=-0.0034 rad

_2QED, _2QED 1506 0 00 inem
3 3 El

_AQED , _AQED 215060 40 16 kv em

CB 3 3 EI
20.08 kNw( ) 40.16 kNem
B C

20.08 kN 40.16;—20.08 —90.08 kKN

18 kN

6kN/m§ 2
40_16kN,U('HCHHHHHH

M

M

12 kNem

A
8.39 kN
26.39 kN . 54



12 kNe
6 kN/m r\ m

0.=-0.0015rad B %
C
0, =-0.0034 rad 2EI L.5ET 3 10 mm

L 3m L 3m N
[« gh g
20.08 kN-mC ) 40.16 kNem
B C !
: 12 kNem

20.058 kN 20.028 kN 6kN/m P\

4().16kN°rr(¢¢ YYVYYVVVYY

C Ad
26.39 kN .39 kN

V (kN) 26.39
o) 8.39
m
o x (m)
-20.08

M{Nm) ) o 12
. —1  x(m)

-40.1 ! i

Deflected shape : 6 0. =0.0015 rad i
— —— x (m)

\j\q 6, =0.0034 rad
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Example 7

For the beam shown, support A settles 10 mm downward, use the
slope-deflection method to

(a)Determine all the slopes at supports

(b)Determine all the reactions at supports

(c)Draw its quantitative shear, bending moment diagrams, and qualitative
deflected shape.

Take E=200 GPa, / = 50(10°) mm*.

12 kNe
6 kKN/m M m
B _W_A
2EI C 1.5ET l_&l I 10 mm
L 3m L 3m K
I~ b |
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12 kNem

6 kN/m r\
B A
2EI C  LSEI 3 10mm
|‘ 3m :I< 3m =|I
) EIA, (‘
B
(’ " A, AEIA, ‘) 6(1. 5EI)A e,
6(2ENA,. 4EIA 6kN/m “
c _ c
2
3 3 45(%‘)66) 45
100
22EI) . 4EI
M, =2 3 g - Lre ——0 (I“ 6(1. 5><200><50)(0 01)
AQQEI) . 4EI _
M, = ( )gc_ Ar ———=(2) IOOkNom
3 3

M, =4 ;EI) 0.+ 202D g 4 pIn, +454100--(3)

12
M= 2(1'§E1) 0, + 4(1‘§E1) 0, +EIA, —4.5+100——(4)
20)-(4)y, _3SED B, 345 100 12 g .

2'CA3C2 2 2 2



12 kNem

6 kN/m r\
B A
2EI C  LSEI 3 10mm
e 3m l 3m N
“ e g
* Equilibrium equation: 18 IkN 12 kKNem
6 kN/m | M\
A22222L222222}
M, H Img, Mo H
A,
M., +12+18(1.5 M +39
"" (C )CB —CB) (C )CA < ( ) =
3 3
. M
CB c4
(A —-1 M. =0: M,y+M. =0 ———(1%)
¢ C l ZCy :O: (Cy)CB +(Cy)CA :O ___(2*)
(C}’)CB (Cy)(f'A
Substitute in (1*) 4.167E10,. —0.8333EIA. =—-62.15 ———(5)
Substitute in (2*) —2.5E10.+3.167EIA. =-101.75 ———(6)

From (5) and (6) 6, =-25.51/EI =—-0.00255 rad A, =-52.27/El =-5227 mm 58



12 kNem

6 kN/m N
B A
2RI C 1.5EI ¢ 10mm
P 3 m P 3 m N|
I g i
* Solve equation
0. -~ 25.51 _ —0.00255 rad Substitute §. and A in (1), (2) and (3a)

C

M, =35.68kNem

~52.27
Ap = =-5.027
T TE i M,, =1.67 kN em
Substitute 0 and A in (4) M., =-1.67TkNem
0,= =286 0.000286 rad
H 12 kN
6 kN/m 2 m

35.68 kN°m(B

_18(4.5)-12-35.68
B, =18-5.55 = -

e
—12.45 kN ' 1 Z555kN
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Oc
Ac
0,

35.68 kN-m( B

12.45 kN

V (kN)
=-0.00255 rad

=-5227 mm

=-0.000286 rad
M (KNem)

Deflected shape

2E1

3m

»!

A

12 kNe
6 kN/m r\ m

C 1.5EI

v+ 10 mm

3Im 5.55 kN

12.45

1.67

-35.68

: x (m)

| A. =5.227 mm
)

x (m)

0. =0.00255 rtad
0, =0.000286 rad
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Example of Frame: No Sidesway
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Example 6

For the frame shown, use the slope-deflection method to

(a) Determine the end moments of each member and reactions at supports

(b) Draw the quantitative bending moment diagram, and also draw the
qualitative deflected shape of the entire frame.

10 kN 12 kN/m

3m

40 kN
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10 kN \36/2 =18 12 kN/m

* Slope-Deflection Equations

2(3EI)

M = 0,+30 ———()
My, = uE2) 0, -30 —--(2)
My = 3(26EI)6’B+36+18 -—@3)

* Equilibrium equations

1%. b
3? .

10-My, =My =0 ———(1%)

Substitute (2) and (3) in (1*)
10-3E10, +30-54=0

—14  -4.667
03 = =
(BEI)  EI

Substitute 0, = ﬂin (D to (3)
EI
M ,, =2533kNem
My, =-3933kNem
My.=4933kNem
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1
-49.33

M, =2533kNem 27.7

My, = -39.33 kNem
My = 49.33 kNem

12 kN/m
C c B
49.33
ﬂ HB = -4667/EI
BN 3933 27.78 kKN

40 kN

M e Deflected curve.
A 2533



Example 7

Draw the quantitative shear, bending moment diagrams and qualitative
deflected curve for the frame shown. £ =200 GPa.

25 kN

5 kN/m

240(106) mm* 180(10°)

C

60(10%) mm*

120(10%) mm#*
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MAB
MBA
MBC
MCB

MCD

MCE

25 kN
PL/8=18.75
B

g
>l

240(10%) mm?*

120(10°) mm?*

A

3m

5 kN/m

180(10°)
6.667+3.333 (WL>/12) = 6.667

60(10%) mm*

D

4m

43—m>|<—*—>|

_4QEI) 74§+ 2(2EI) 6,
s s
_2(2EI) 7% LAQED
_ ) )
5 5
_ A(4ED) 0+ 2(4EI) 0, +18.75
6 6
_ 2(46EI) 0.+ A(4ET) 6. 1875
_3(ED) "
5
_3(3EI)

== 6.+10

My, +M,. =0

(§+%)E193 +(%)E19€ =-18.75 ———(1)

MCB+MCD+MCE =0

8 16 3 9

—)EIQ, +(—+—+—)EIB.=8.75 ———-(2

(6) B (6 5 4) c (2)
-5.29 2.86

rom (1) and (2): 6, 5 e ="
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Substitute 0, =-1.11/E1, 6, = -20.59/EI below

- 4CED 7f+ 2080, —-> My, = 423 kNem
0

202ED) 4 4Q2EI) ——> M, —-846 KNem

My, = a4t O,
5 5
-- Mye = 8.46 KN

My = 4(46EI Vg, +23ED g 11875 > M o
MCB — 2(451) 03 + 4(4E[) ec ~18.75 -—- MCB =—18.18 kNem
M, :@QC —-> Mg =172 kNem

v 23BED, g —-> M= 1644kNem




M, = -423 kNem, M,, =-8.46 kNem, M,.= 8.46 kNem, M, =-18.18 kNem,
Mg, =1.72 kNem, M, = 16.44 kNem

25 kN 20|kN
16.44 kKNem | .
2.54kNgz B 2.54 kN2 54.0.34 . C E 22 kN
8.46 kNem 18.18 kNem 22 KN
(25(3)+8.46-18.18)/6 14.12 kN (20(2)+16.44)/4 5.89 kN
=10.88 kN =14.11 kN
10.88 kN 14.12+14.11=28.23 kN
8.46 kNem 1.72 kNem
B B (1.72)/5 = 0.34 kKN

(8.46 + 4.23)/5
=2.54 kN

5m 5m
AN 2.54kN AN 0.34kN
4.23 kNem
10.88 kN 28.23 kN
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10.88

@
2.54
-5.89 ¢ 46
22.54
2 423
Shear diagram 0 23
>t

05 = —5.29/El<fyL\_— 118 m
le—>|
j
3 I 0.=286/El
1.67m
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Example of Frames: Sidesway

70



Example 8

Determine the moments at each joint of the frame and draw the quantitative
bending moment diagrams and qualitative deflected curve . The joints at 4 and
D are fixed and joint C is assumed pin-connected. £/ is constant for each member

3m
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* Overview

+

H

e Unknowns

0z and A

* Boundary Conditions
0,= 6,=0
* Equilibrium Conditions

- Joint B

EMy=0: M, +M,.=0
- Entire Frame

SF.=0: 10-4,-D, =0

———(1%

———(2%)
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3m

* Slope-Deflection Equations

5.625 0.375EIA
28D , 10(}?(1 ) GEIA
MAB: 4 B /42 42 ___(1)
5.625 0.375EIA
4ED,, 1067 | 6EIA
M,, = ( )9 2)( ) 2 —_©)
74 74
3(EI
M=o, 3
3
M, =0.375EIA —%0.375EIA —0.1875EIA

.

M,

v

"\
B
4m
DX
MBA MDC
(+ =M, =0:
Ax — (MAB ZMBA)

A, =0375E10, +0.1875EIA+1.563 ———(5)

(+ =M, =0:

M

D, =—25=0.0468EIA ———(6)
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Equilibrium Conditions:

——— (1%
———(2%)

MBA+MBC =0
10-4 -D =0

Slope-Deflection Equations:
_ 2(EI)

M —TQB +5.625+0.375EIN ———(1)
M,, 2@93 -5.625+0.375EIAN ———-(2)
3(EI
MBC :ugza -—=3)
3
M, =0.1875EIA ———(4)

Horizontal reaction at supports:

A =0.375E10, +0.1875EIA+1.563———(5)

D, =0.0468EIA ———(6)

* Solve equation

Substitute (2) and (3) in (1%*)

2E10,+0375EIA=5.625 ----(7)
Substitute (5) and (6) in (2%*)
—0.375E10, —0.235EIA =-8.437 ———(8)
From (7) and (8) can solve;
g =36 5 _448
EI EI
-5.6 44.8
Substitute 8, = and A=—— in(I)to (6
(i Z (Do (6)

M, =15.88 kNem
M,,=5.6kNem
My =-5.6 kN°m
M, =8.42 kN°m
A.=79kN

D, =2.1kN
74



5.6 ,

5.6

7.8

8.42
2.1 kN

M, = 15.88 kKNem, My, = 5.6 kNem,
M. =-5.6 KN*m, M,,. = 8.42 kNem,
A,=79KkN, D =2.1kN,

|<—A>|: 44 8/El |<—A>|:

C
B =17
Op=-56/EL | |

]

© I
f I
‘

a2
Deflected curve:

44 8/El
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Example 9

From the frame shown use the slope-deflection method to:

(a) Determine the end moments of each member and reactions at supports
(b) Draw the quantitative bending moment diagram, and also draw the
qualitative deflected shape of the entire frame.

B C_—pin
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* Overview

+

H

e Unknowns

Ozand A

* Boundary Conditions

* Equilibrium Conditions

- Joint B
B [ |
Toe

M
i

SMy=0: My +My =0 ———(1%

MBA

- Entire Frame

SF. =0: 10-4,-D, =0 ———(2%)
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* Slope-Deflection Equation

0-373EIA  (6)2.5ED(1.25A)/(5)2= 0.75EIA
B ) vy ¢
. M A= 125 A

D

6EIA/(4) 2= 0.375EIA
0.5625EIA

Jedo et

= Al A, =075A
A ¢
(1/2) 0.5625E1A

7 A/ cos 36.87° =125 A
c
Acp o
Age =Atan 36.87°=0.75 A
36.87°
A
M, =@93 +0.375EIA+5 ———(1)
M,, =4(TEI)93 +0.375EIA-5 ———(2)
M, =2ED g _00813EI8 ———(3)

M. =0375EIA ———(4)

O.75EIA>) (1/2) 0.75EIA

C’ A (6)RED(0.75A)/(4) 2= 0.5625EIA




* Horizontal reactions

B 2EI pin

A D
4 m | 3m

MAB

=

N

D = (Mp-(3/4)Mpc)/4 ---(6)

Mp
MBC/ 4 79



Equilibrium Conditions:

——— (1%
———(2%)

MBA+MBC =0
10-4 -D =0

Slope-Deflection Equation:

MAB =@93 +5+6E‘# ___(1)
4(ET 6EIA
MBAzugB_5+ 42 -—=(2)
3(2ET 3(2EI)(0.75A
v, = 32ED ,  3QEDOT5A)
4 4
3(2.5ED)(1.25A
My =2E2EJEB0

Horizontal reactions at supports:

_ (MBA+MAB_2O)

A ———(5)

——=(6)

-3

* Solve equations
Substitute (2) and (3) in (1%*)
2.5E16,+0.0938EIA-5=0
Substitute (5) and (6) in (2%*)
0.0938E16, +0.334EIA-5=0

From (7) and (8) can solve;

1.4 ~14.
g 145 1436
EI El
1.45 _—14.56

Substitute@, =——and A =
EI

M, =15.88 kNem
M,,=5.6kNem
My =-5.6 kN°m
M, =8.42 kN°m
A.=79kN
D,=2.1kN

-

-

in (1)to (6)
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2.5 El 4m

11.19 kNem
8.27 kN 1.73

5.46

Bending-moment diagram

M, =11.19 kNem
My, =191 kNem
My =-1.91 kNem
M, =5.46 KN*m
A, =828 kNem
D, = 1.72 kNem

D

Deflected shape
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Example 10

From the frame shown use the moment distribution method to:
(a) Determine all the reactions at supports, and also
(b) Draw its quantitative shear and bending moment diagrams, and
qualitative deflected curve.

20 kN/m 3m

\

»l
>




* Overview

A
A < pEY
E:: Cy*
2—» 1
=y
3m| S
—>
L, 4m
—»
v

e Unknowns

Ozand A

* Boundary Conditions
0,= 6,=0
* Equilibrium Conditions

- Joint B

EMy=0: M, +M,.=0
- Entire Frame

SF.=0: 60—A4,-D, =0

———(1%)

———(2%)

&3



* Slope-Deflection Equation

SCN JEN
B C
+~  6(2EIN)/(3)?2 3
£ = 1.333EIA )
z
= I
3m| & /
4m +
6(2EIN)/(3) 2
=1.333EIA 6(4EIN)/(4) 2
= 1.5EIA
v (1/2)(1.5EIA)
0 [FEM],, -
M, = 4(2EI%+ 2Q2E) 0, +15+1.333EIA =1.333E[0, +15+1.333EIA ---------- (1)
3 3
My, = 2(251)///& 4(23EI) 0, —15+1.333EIA =2.667EI0, —15+1333EIA -=====-- 2)
MBC:@QB =3E10, e (3)
3(4EI) )
My =22 /ﬁ +0.75EIA = 0.75EIA  ---n-nr @)
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* Horizontal reactions

60 kN

C
(+ M, =0:
4 _ My, +M 5 +60(1.5)
4 m * 3

A =1.333E10, +0.889EIA+30 ———(5)

D D, +)EM.=0:

M,
e DX=M:C:0.188E1A —_—(6)
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Equilibrium Conditions

———(1%
———(2%)

My, + My = 0

60-4. -D =0

Equation of moment

M ,, =1333E16, +15+1.333EIA

M,, =2.667TE10,—15+1.333EIA

—®)
)

M ,. =3EIb,

M . =0.75EIA

Horizontal reaction at support

A, =1.333E10, +0.889EIA +30

D, =0.188EIA ———(6)

-—-()
-

=)

* Solve equation

Substitute (2) and (3) in (1%*)

5.667EI0, +1333EIA=15 ———(7)

Substitute (5) and (6) in (2%*)

~1.333E16, -1.077EIA=-30 ———(8)

From (7) and (8), solve equations;

_ -5.51 Ao 34.67
El

El
5.51 _34.67

Substituted, = _T an

Oy

dA in (1)to (6)

M, =5387kNem
M,, =16.52 kN em
M, =—1652kNem
M,.=260kNem

A =53.48 kN

D _=6.52 kN 86



20 kKN/m

26 kNem
6.52 kN
16.52¢ #\ .
UA \ 53387
4
\V1 26

M, =5387kNem
M, =1652kNem
M,.=-16.52kNem
M,.=260kNem

A =5348kN
D,=652kN
A
S PV
B 1
1
9 I
] I
I
I
* r
A
Deflected shape =ty
D 87



