ADAPTIVE CONSTRAINT REDUCTION FOR CONVEX QUADRATIC
PROGRAMMING∗
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Abstract. We propose an adaptive, constraint-reduced, primal-dual interior-point algorithm for convex quadratic
programming with many more inequality constraints than variables. We reduce the computational effort by assembling, instead of the exact normal-equation matrix, an approximate matrix from a well chosen index set which includes
indices of constraints that seem to be most critical. Starting with a large portion of the constraints, our proposed
scheme excludes more unnecessary constraints at later iterations. We provide proofs for the global convergence and
the quadratic local convergence rate of an affine-scaling variant. Numerical experiments on random problems, on a
data-fitting problem, and on a problem in array pattern synthesis show the effectiveness of the constraint reduction
in decreasing the time per iteration without significantly affecting the number of iterations. We note that a similar
constraint-reduction approach can be applied to algorithms of Mehrotra’s predictor-corrector type, although no convergence theory is supplied.
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1. Introduction. Consider the convex quadratic programming (CQP) problem in standard
form
min f (x) :=
x

1 T
x Hx + cT x,
2

(1.1)

s.t. Ax ≥ b,
where A ∈ Rm×n , x ∈ Rn , c ∈ Rn , and b ∈ Rm , and where H ∈ Rn×n is symmetric positive
semidefinite. The associated dual problem is
1
max fD (x, λ) := − xT Hx + bT λ,
x,λ
2
s.t. Hx + c − AT λ = 0,

(1.2)

λ ≥ 0,
where λ ∈ Rm is the vector of Lagrange multipliers.
In the present paper, we are mainly concerned with the case when (1.1) has many more constraints than variables, i.e., m  n. A large portion of the constraints are not active at the
solution and thus do not contribute much to deciding the search direction of the later iterations
of an interior-point method (IPM) used to solve the problem. Since the major work in computing
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the search direction involves forming a matrix at a cost proportional to the number of constraints,
computing the matrix without irrelevant constraints reduces the computational burden.
Reducing computational cost by computing search directions using only a fraction of the constraints has been actively studied. The most prominent approach is “column generation”. Ye [30]
used this approach with a “build-down” scheme for linear programming (LP). He proposed a rule
which can safely eliminate inequality constraints that will not be active at the optimum. He applied
the rule to Karmarkar’s method [15] and the simplex method [5]. Dantzig and Ye [6] proposed a
“build-up” interior-point method of dual affine-scaling form. Starting from a strictly dual-feasible
point, it uses a subset of constraints to determine the search direction at each iteration. The direction is accepted if taking the step violates no constraint. If some constraints are violated, the
algorithm adds them to the working set and retries. Ye [32] proposed a potential reduction algorithm allowing column generation for linear feasibility problems (to which LP problems can be
converted). Starting with a polytope including the feasible domain, at every iteration, the scheme
builds a cutting plane when a violated inequality is encountered. Luo and Sun [16] proposed a
similar scheme for convex quadratic feasibility problems (to which CQP problems can be transformed). Tone [25] proposed an active set strategy for the dual potential reduction algorithm for
LP proposed by Ye [31]. The strategy finds the search direction using constraints associated with
small dual slack variables.
Den Hertog et al. proposed a “build-up” path-following method for LP [9], which follows the
central path corresponding to a fraction of constraints until the iterate violates or almost violates
some of the other constraints. After adding the constraints to the working set, the algorithm restarts
from the previous iterate. The process is continued until the iterate is close enough to an optimum.
The same authors later added “build-down” strategies to the path-following method [10].
The primal-dual LP constraint-reduction algorithms of Tits et al. [23] (affine scaling) and
Winternitz et al. [28] (Mehrotra’s predictor-corrector) choose constraints at each iteration without
building up. Convergence of these algorithms was proven, and experiments demonstrated good
performance. An attractive aspect of the constraint-reduction scheme considered in these papers
is its easy applicability to the state-of-the-art primal-dual IPMs (PDIPMs) such as variants of
Mehrotra’s predictor-corrector algorithm [17, 29, 18]. The purpose of this paper is to extend the
affine scaling algorithm and convergence results of [23] from LP to CQP.
In this paper, we present a primal-dual affine-scaling constraint-reduction algorithm for CQP
that inherits the good properties of the constraint-reduction algorithm [23] for LP and of the primaldual affine-scaling IPM [24, 1] for QP. In addition, we propose an adaptive scheme for reducing
the number of constraints involved in finding the search direction. Since it becomes more obvious
which constraints would be active as the iterate gets closer to a solution, eliminating more seemingly
inactive constraints in later iterations should not impair the quality of the search direction. In our
new scheme for CQP, the size of the constraint set is determined by how close the current point is to
the solution. Either the duality gap or a complementarity measure1 provides a good criterion. This
paper complements the results in [14], where we formulate (without convergence proof) a related
algorithm, a constraint-reduced CQP version of Mehrotra’s predictor-corrector algorithm which is
1 This

is often called the duality measure.
2

specialized to the problem of training linear and nonlinear support-vector machines. The focus in
that paper is on application-specific issues such as kernalization.
In Section 2, we present a constraint-reduction algorithm for CQP. In particular, we provide
a new interpretation for constraint reduction in Section 2.2. In Section 3, we discuss the case
when a strictly feasible starting point is not readily available. In Section 4, numerical results
are presented. Concluding remarks are provided in Section 5. Finally, a convergence analysis is
provided in Appendix A.
2. Adaptive Constraint Reduction for Convex Quadratic Programming.
2.1. Notation. Let M := {1, ..., m}, and let ai be the transpose of the ith row of A. For
an index set Q ⊆ M , let AQ be a submatrix of A constructed by deleting rows aTi for i ∈
/ Q.
The same notation vQ is applied to a column vector v ∈ Rm . For an m × m matrix B, we let
BQ2 denote a submatrix of B constructed by deleting both rows and columns indexed by i ∈
/ Q.
The complement Qc of an index set Q is defined as Qc := M \ Q. We define the feasible set
FP := {x ∈ Rn : Ax ≥ b}, the strictly feasible set FPo := {x ∈ Rn : Ax > b}, and the solution set
FP∗ := {x∗ ∈ FP : f (x∗ ) ≤ f (x), ∀x ∈ FP }. We use N (A) := {x : Ax = 0} to denote the null
space of A. We define the index set A(x) of active constraints at x ∈ FP as
A(x) := {i ∈ M : aTi x = bi }.

(2.1)

With the help of a slack vector s, the Karush-Kuhn-Tucker (KKT) conditions for (1.1) are written
as
Hx − AT λ + c = 0,

(2.2)

Ax − b − s = 0,

(2.3)

Sλ = 0,

(2.4)

s, λ ≥ 0,

(2.5)

where S := diag(s). Since the objective function is convex and the constraints are linear, the KKT
conditions are necessary and sufficient for the optimality of x and λ for (1.1) and (1.2) (see [29,
Appendix A] for a proof).
Starting with a point (x, s, λ) satisfying s > 0 and λ > 0, variants of Newton’s method
can be applied to the equalities (2.2)-(2.4), keeping s and λ inside the positive orthant. Such
methods, which involve (2.4) rather than a perturbed version thereof, are termed “affine-scaling”type methods. We define Λ := diag(λ), rc := Hx + c − AT λ, and rb := Ax − b − s.
2.2. Adaptive constraint reduction. In this section, we present a primal-feasible, adaptive
constraint-reduction method based on the constraint-reduced dual-feasible primal-dual affine-scaling
algorithm for LP proposed in [23]. Indeed the primal (1.1) with H := 0 (and b := −c, c := −b,
A := −AT ) corresponds to the dual formulation of [23].
Under primal feasibility, the primal-dual affine-scaling search direction (∆x, ∆s, ∆λ) is the
3

Newton direction for (2.2)-(2.4) with rb := 0:





rc
∆x
H AT 0





 A 0 −I   ∆λ  = −  rd  .
0

Λ

Sλ

∆s

S

(2.6)

Using two steps of block Gauss elimination it can be seen that this direction solves the normal
equation system
M∆x = −(Hx + c),

(2.7)

∆s = A∆x,

(2.8)
−1

∆λ = −λ − S

Λ∆s,

(2.9)

where
M := H + AT S−1 ΛA = H +

m
X

T
s−1
i λ i ai ai .

(2.10)

i=1

The dominant work in computing (∆x, ∆s, ∆λ) is forming M, which requires approximately mn2 /2
multiplications if A is dense.
Now suppose that we have prior knowledge of which constraints are active at the solution x∗ ,
and that the solution is unique and strictly complementary. Then if we have any set Q such that
A(x∗ ) ⊆ Q, we can find x∗ by solving the reduced minimization problem
1
min xT Hx + cT x,
x 2
s.t. AQ x ≥ bQ .

(2.11)

The affine-scaling search direction for this problem is obtained by solving the reduced normal
equations
M(Q) ∆x = −(Hx + c),

(2.12)

in place of (2.7), with
2
M(Q) := H + ATQ S−1
Q2 ΛQ AQ ,

generalizing to the CQP context the idea used in [23] in the context of linear programming.
In reality, we do not know which constraints will be active until we obtain the solution. But
recall that if the jth constraint is inactive at x∗ , then complementary slackness (2.4) implies that
the corresponding KKT multiplier λ∗j vanishes. Therefore, as we approach the solution, the term
T
s−1
j λj aj aj makes almost no contribution to M in (2.10). This suggests that approximate Newton
search directions can be found without involving constraints that are unlikely to be active at the
optimal solution, and that we can recognize such constraints by small values of λj . Similarly, we
can recognize candidates for constraints that are active at the optimal solution by small values
of sj .
4

Therefore, our strategy is to try to include in Q constraints that seem likely to be active, and
we can vary Q iteration by iteration. This reduces the cost of matrix formation from mn2 /2 to
|Q|n2 /2 multiplications. Following [23], we leave (2.8) and (2.9) as-is; the former guarantees primal
feasibility whenever identical steps are taken along ∆x and ∆s.
More formally, following [23], we choose Q to include indices of q smallest components of Ax−b,
breaking ties in an arbitrary way; i.e.,
Q ∈ Q(Ax − b, q),

(2.13)

where
Q(s, q) := {Q ⊆ M : rank([H, ATQ ]) = n and ∃Q0 ⊆ Q s.t.
|Q0 | = q and si ≤ sj , ∀i ∈ Q0 , ∀j ∈
/ Q0 , }.

(2.14)

Finding Q in Q(s, q) requires sorting (O(m log m) operations), which is negligible additional work
compared to the matrix formation. Note that rank([H, ATQ ]) = n if and only if N (H) ∩ N (AQ ) =
{0}.
To guarantee a successful iteration, we need to ensure that the matrix M(Q) is positive definite.
Lemma 2.1. (Corresponds to Lemma 2 of [23]) Let λ > 0, s > 0, and Q ⊆ M such that
rank([H, ATQ ]) = n. Then M(Q) is positive definite.
2
Proof. If [H, ATQ ] has full rank, then N (H)∩N (AQ ) = {0}. Since both H and ATQ S−1
Q2 ΛQ AQ
are positive semidefinite, it immediately follows that their sum is positive definite.
Although using a very small index set Q greatly reduces the cost of matrix assembly, it makes
it more likely that Q misses important constraints in early iterations. As a result, the quality of the
search direction could be impaired [14], resulting in an increase in the iteration count. To keep the
iteration count low, we use a large number of appropriately selected constraints in early iterations,
T
but exclude more constraints in later iterations as the complementary measure µ := smλ becomes
smaller. Specifically, based on two user-selected parameters qU (an upper bound for q) and β, with
n ≤ qU ≤ m and β ≥ 0, we set

, if µβ m ≤ n,

 n
(2.15)
q :=
dµβ me , if n < µβ m ≤ qU , .


β
qU
, if qU < µ m.
This leads to Algorithm 1, based on the algorithm from [24] with the addition of constraint
reduction and a slight modification in the specifics of the dual update (2.23) as in [1, 23]. Notice
that q is determined at each iteration.
Algorithm 1 Primal-Feasible Primal-Dual Affine-Scaling Quadratic Programming Algorithm
Parameters. η ∈ (0, 1), β ≥ 0, λmax and λ satisfying λmax > 0, λ > 0, qU ∈ {n, . . . , m}, tol > 0.
Data. x0 ∈ FPo and λ0 > 0.
Set
s0 := Ax0 − b.
5

(2.16)

for k = 0,... do
Compute µk := skT λk /m.
Terminate if
kAxk − b − sk k∞
kHxk + c − AT λk k∞
≤ tol,
≤ tol, and µk ≤ tol.
max(kAk∞ , kHk∞ , kck∞ )
max(kAk∞ , kbk∞ )

(2.17)

Step 1. Choose the index set:
Choose q such that n ≤ q ≤ qU using (2.15) and choose Q ∈ Q(Axk − b, q).
Step 2. Compute a feasible descent direction ∆xk , ∆sk , and ∆λk satisfying the reduced normal
equations (2.12) and (2.8)-(2.9).
k

Set λ̃ := λk + ∆λ and
k

λ̃− := min{λ̃, 0}.
Step 3. Updates:
Compute the largest feasible primal step length.
(
∞
ᾱk :=
si
| ∆si < 0, i ∈ M }
mini {− ∆s
i

(2.18)

if ∆s ≥ 0,
otherwise.

(2.19)

Set

k

 η ᾱ
αk :=
ᾱk − k∆xk k


1

, if ᾱk − k∆xk k ≤ η ᾱk < 1,
, if η ᾱk < ᾱk − k∆xk k < 1,

(2.20)

, otherwise.

Take the step
xk+1 := xk + αk ∆xk ,
k+1

s

k

k

k

:= s + α ∆s .

(2.21)
(2.22)

Notice sk+1 = Axk+1 − b and sk+1 > 0, since, when ∆s 6≥ 0, αk < ᾱk and s + ᾱk ∆s ≥ 0.
For i = 1, ..., m, set
k

λk+1
= min{max{min{k∆xk k2 + kλ̃− k2 , λ}, λ̃ki }, λmax }, ∀i ∈ M.
i

(2.23)

end for
For a motivation for the update rules for λk and αk , see Remark 1 in [23].
2.3. Practicalities. The success of the algorithm depends on choice of scalar parameters,
scaling for numerical stability, and choice of Q.
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2.3.1. Scalar Parameters. The most critical algorithm parameter should be qU , the upper
bound on q. However, the numerical results of Section 4 show that the performance of the algorithm
is remarkably insensitive to this choice, as long as it is at least as big as the number of constraints
active at the optimal solution. Choosing qU = 3n is a good heuristic.
We had success using the parameter β := 1/4 to control constraint reduction speed (see (2.15)),
and η := .98. Upper bound λmax on the components of λ solves a technical problem in the
convergence proof. The bound λ is unnecessary in theory (it could be set to ∞), but choosing it
small improves the performance of the algorithm. Other parameter settings might be better.
2.3.2. Scaling. Rows or columns of the coefficient matrix A are often associated with different
measurement units, making the scales quite different. This can cause the condition number of the
matrix to be unnecessarily large, creating numerical instability. We used the following heuristic to
scale the problem: we normalized every row of A to length 1, and scaled b accordingly. In other
words, we used the equivalent constraints (DA)x ≥ Db, with dii := ka1i k for i = 1, . . . , m. This
diagonal scaling has the advantage of making s−1
i λi a reasonable indicator of the term’s contribution
to (2.10).
2.3.3. Selecting Q and Assembling MQ . At each iteration, we choose Q to contain the q
smallest si values, where q is defined by (2.15). Then this Q is in Q(s, q) if rank([H, AQ ]) = n. To
determine whether this condition is satisfied, we compute the Cholesky factor of MQ , which will
have a zero row if M is rank-deficient [12, 11]. If this happens, we could repeatedly update the
factor, using the next most active constraints [28], until MQ becomes full rank. However, for ease
of implementation, we instead repeatedly doubled q until the matrix became nonsingular.
Following [23], we also enforced a “safeguard” on s, si := max(10−14 , si ), for the purpose of
assembling M(Q) . This keeps M(Q) from being too ill-conditioned. In addition, when the Cholesky
factorization routine chol failed to factor M(Q) for Q = M due to numerical difficulty, we used the
Cholesky infinity factorization cholinc(·,’inf’) instead [33].
2.3.4. Choosing a Starting Point. Choosing a good starting point is problem dependent.
Several options are illustrated in the experiments in Section 4.
2.4. Convergence of the Adaptive Constraint-Reduction Algorithm. In this section
we summarize the convergence properties of our algorithm. The proof of global convergence is in
Appendix A.1, and that for local convergence is in Appendix A.2.
Four assumptions ensure global convergence of the algorithm. The first assumption guarantees
that Q(s, q) is nonempty for all q and all x ∈ FP .
Assumption 2.1. [H, AT ] has full row rank.
In view of Lemma 2.1 and this assumption, the iteration of Algorithm 1 is well defined and constructs
an infinite sequence if the termination criteria are ignored.
To guarantee that a starting point for Algorithm 1 and a solution for the problem exist, and
that the sequence {xk } is bounded, we make the following two assumptions.
Assumption 2.2. FPo 6= ∅.
Assumption 2.3. FP∗ is nonempty and bounded.
We impose a constraint qualification.
7

Assumption 2.4. ∀x ∈ FP , {aTi : i ∈ A(x)} is a linearly independent set.
If {aTi : i ∈ A(x)} is a linearly independent set, then AA(x) has full row rank and |A(x)| ≤ n.
Accordingly, Assumption 2.4 guarantees that A(x) ⊆ Q for every Q ∈ Q(Ax − b, q) with q ≥ n and
x ∈ FP . This is a key property of Q required for the convergence proof. Under these assumptions,
we can prove convergence of the algorithm.
Theorem 2.2. {xk } converges to FP∗ .
In outline, we prove this result in several steps:
• We show in Proposition A.2 that αk > 0, sk+1 > 0, λk+1 > 0, xk+1 ∈ FPo , and ∆xk 6= 0
as long as Hxk + c 6= 0.
• Proposition A.4 establishes descent properties at step k of the algorithm when ∆xk 6= 0.
• This, in conjunction with the boundedness of the level sets (a consequence of Assumption 2.3), shows that the sequence of x iterates is bounded (Cor. A.5).
• For large k, the set Q at iteration k always contains the indices of the constraints that are
active at the optimal solution (Lemma A.6).
• A study of the limit points of the bounded sequence leads to the convergence result.
To establish a q-quadratic local convergence rate, we impose two more assumptions.
Assumption 2.5. FP∗ is a singleton.
Assumption 2.6. The Lagrange multipliers λ∗ associated with the optimal solution x∗ are
strictly complementary to s∗ := AT x∗ − b, i.e., λ∗i s∗i = 0 and λ∗i + s∗i > 0 for all i ∈ M .
Notice Assumption 2.5 implies that N (AA(x∗ ) ) ∩ N (H) = {0}, or equivalently [H, AA(x∗ ) ] spans
Rn for the optimal solution x∗ .
With these additional assumptions, we can establish a rate of convergence.
Theorem 2.3. Let λ∗ be the Lagrange multipliers associated with the optimal solution x∗ . If
∗
λi < λmax for all i ∈ M , then {(xk , λk )} converges to the primal and dual optimal solution pair
(x∗ , λ∗ ) q-quadratically, i.e., there exist a nonnegative integer k 0 and a constant c such that, for all
k ≥ k0 ,
k(xk+1 , λk+1 ) − (x∗ , λ∗ )k ≤ ck(xk , λk ) − (x∗ , λ∗ )k2 .

(2.24)

3. Extended Problems: Infeasible Starting Point. Algorithm 1 requires the availability
of a strictly feasible starting point x0 ∈ FPo . Such point is not always readily available. One
application where it is not is considered in section 4.3 below. We deal with such situations by
adding a nonnegative relaxation variable yi to each constraint and a penalty for violations, which
leads to the following extended problem:

1 T
x Hx + cT x + dT y
2
s.t. Ax + y ≥ b,

min fE (x, y) :=
x,y

y ≥ 0,

(3.1)
(3.2)
(3.3)
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where y := [y1 , . . . , ym ]T , d ∈ Rm , and d > 02 . In this problem, di drives yi to zero and Ax ≥ b to
feasibility. If each component of d is large enough (relative to the magnitude of the dual solution),
then we obtain the same optimal solution x∗ from the original and extended problem (3.1)-(3.3) [8,
Sec. 16.5]. Note that it is standard to increase, if necessary, the magnitude of d during the course
of the algorithm.
We focus in the next subsection on the very careful way the normal equations need to be formed
in order to take full advantage of constraint reduction for these problems.
3.1. Constraint Reduction for Extended Problems. We can convert the extended problem (3.1)-(3.3) to the standard form (1.1) by defining
"
#
"
#
"
#
"
#
"
#
x
b
c
A Im
H 0
z :=
, b̂ :=
, ĉ :=
, Â :=
, and Ĥ :=
,
(3.4)
y
0
d
0 Im
0 0
where Im is the m × m identity matrix, Â is 2m × (m + n) and Ĥ is (m + n) × (m + n). By
introducing slack variables s for (3.2) and w for (3.3), and defining t := [sT , wT ]T , φ := [λT , π T ]T ,
φ), we obtain the KKT
Y := diag(y), W := diag(w), Π := diag(π), T := diag(t), and Φ := diag(φ
conditions for the converted standard form (see (2.2)-(2.5))
Ĥz − ÂT φ + ĉ = 0,

(3.5)

Âz − b̂ − t = 0,

(3.6)

φ = 0,
Tφ

(3.7)

t, φ ≥ 0.

(3.8)

The corresponding normal equations, of size (m + n) × (m + n), are (see (2.7), (2.10))
(Ĥ + ÂT T−1 ΦÂ)∆z = −(Ĥz + ĉ),

(3.9)

and we compute the other variables by solving (see (2.8)-(2.9))
∆t = Â∆z,

(3.10)

φ = −φ
φ − T−1 Φ∆t.
∆φ

(3.11)

Similarly to the reduced normal equations (2.12) for the original standard form (1.1), we can
derive reduced normal equations of size (m + n) × (m + n) with an index set, for q̂ ≥ m + n,
Q̂ ∈ Q̂(Âz − b̂, q̂),

(3.12)

where
Q̂(t, q̂) := {Q̂ ⊆ {1, . . . , 2m} : rank([Ĥ, ÂTQ̂ ]) = m + n, and ∃Q̂0 ⊆ Q̂ s.t.
|Q̂0 | = q̂, and ti ≤ tj , ∀i ∈ Q̂0 , ∀j ∈
/ Q̂0 }.

(3.13)

2 Problem (3.1)-(3.3) can also be used as a relaxation to problem (1.1), when (1.1) is infeasible. Applications
include the soft margin support vector machine (SVM) [4, 3, 21, 14] and support vector regression [21, chap. 1].
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So, consistent with (2.14), Q̂ includes the indices of q̂ most nearly active constraints in (3.2) and
(3.3). We begin with the reduced normal equations obtained from (3.9):


∆z = −(Ĥz + ĉ).
(3.14)
Ĥ + ÂTQ̂ T−1
Φ
2 ÂQ̂
2
Q̂
Q̂
This system of equations is of size (m+n)×(m+n), but well structured. It would cost O(|Q̂|(m+n)2 )
multiplications to naively form the matrix on the left-hand side of (3.14) (if we do not exploit the
structure of Â), and the gain we could achieve through the constraint reduction would not be
impressive.
Next we consider how that cost can be reduced to O(|Q3 |n2 ) when the structure of Â is
considered. We define three index sets related to Q̂:
Q1 := Q̂ ∩ M,
(3.15)

Q2 := {i > 0 : m + i ∈ Q̂}, and
Q3 := Q1 ∩ Q2 .

The indices of the nearly active constraints in (3.2) are contained in Q1 . The indices of the nearly
active constraints in (3.3) are contained in Q2 . From (3.4) we see that the last m rows of Ĥ are
zero. Therefore, in order to have rank([Ĥ, ÂTQ̂ ]) = m + n as required, for each value of i we must
include in [Ĥ, ÂTQ̂ ] either the ith column of ÂT or the (i + m)th column. Therefore, for each i,
i ∈ Q1 ∪ Q2 , so Q1 ∪ Q2 = M . Therefore,
|Q3 | = |Q1 ∩ Q2 | = (|Q1 | + |Q2 |) − |Q1 ∪ Q2 | = |Q̂| − m.

(3.16)

Using this partitioning in applying a sequence of block eliminations to the Newton system
φQ̂ = −(Ĥz + ĉ − ÂTQ̂φ Q̂ ),
Ĥ∆z − ÂTQ̂ ∆φ

(3.17)

ÂQ̂ ∆z − ∆tQ̂ = 0,

(3.18)

φQ̂ + ΦQ̂2 ∆tQ̂ = −TQ̂2 φ Q̂ ,
TQ̂2 ∆φ

(3.19)

corresponding to the reduced version of (3.5)-(3.7), leads to the reduced normal equations

H + ATQ1 IQ1 Θ ITQ1 AQ1 ∆x
−1
−1
= −Hx − c + ATQ1 S−1
Λ 2 (S−1
Λ 2 + (ITQ2 WQ
dQ1 ,
2 ΠQ2 IQ2 )Q2 )
Q2 Q1
Q2 Q1
2
1
1

1

2

where Θ is a diagonal m × m matrix given by



−1
−1
−1
−1
−1
−1
T
T
Θ := IQ1 SQ2 ΛQ21 − SQ2 ΛQ21 SQ2 ΛQ21 + (IQ2 WQ2 ΠQ22 IQ2 )Q21
SQ2 ΛQ21 IQ1 .
1

1

1

2

1

Simple algebra shows that
Θ = ITQ3 SΛ−1 + WΠ−1
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−1
Q3

IQ3 ,

(3.20)

in particular, that all entries of Θ vanish except for the diagonal entries with index in Q3 . Accordingly, (3.20) reduces to


−1
H + ATQ3 SΛ−1 + WΠ−1 Q2 AQ3 ∆x
3
(3.21)
−1
−1
T
−1
2 (S 2 ΛQ2 + (I
2 IQ )Q2 )
= −Hx − c + ATQ1 S−1
Λ
W
Π
d
.
2
2
Q
Q
Q
Q2
2
1
Q
Q
Q
1
1
2
1
1

1

2

to be solved for ∆x. We then get ∆y via
−1
−1
∆y = −(ITQ1 S−1
Λ 2 I + ITQ2 WQ
(d + ITQ1 S−1
Λ 2 A ∆x),
2 ΠQ2 IQ2 )
Q2 Q1 Q1
Q2 Q1 Q1
2
1

2

(3.22)

1

in which only diagonal matrices are inverted. To obtain the other variables we simply use (3.10)
and (3.11).
Now (3.21) is uniquely solvable if and only if rank[H, ATQ3 ] = n, and the inverse in the righthand side of (3.22) is well-defined if and only if Q1 ∪ Q2 = M . In other words, ∆x and ∆y are
uniquely determined if and only if rank([Ĥ, ÂTQ̂ ]) = m + n, guaranteed by our definition of Q̂.
In terms of computational cost, without constraint reduction (i.e., Q1 = Q2 = Q3 = M ),
forming the “normal” matrix in the left-hand side of (3.21) dominates: it takes O(mn2 ) floating
point operations. Forming the right-hand side of (3.21) takes O(mn) operations, and so does
forming the right-handside of (3.22). With constraint reduction, the cost of forming the normal
matrix is reduced to O(|Q3 |n2 ) operations. Since |Q3 | can be selected as small as n − rank(H), the
savings are the same as in the “feasible” case of section 2 (see subsection 2.3.3), in spite of the fact
that at least q̂ ≥ m + n indexes must be included in Q̂.
So we can define a constraint-reduced affine-scaling primal-dual interior-point algorithm for the
extended problem (3.1)-(3.3) by using Q̂, Q1 , Q2 and Q3 as defined in (3.13) and (3.15); by solving
(3.21), (3.22), (3.10), and (3.11); and by substituting z for x, t for s, and φ for λ in Algorithm 1,
noticing that w and ∆w are always the same as y and ∆y.
Since extending Algorithm 1 is very straightforward, we only discuss how to choose Q̂. At
each iteration we choose the set as follows. If every component of d is sufficiently large, all of the
constraints (3.3) will be active at the solution, so we should define Q2 := M . We choose Q01 to
T
T
π
.
include the q smallest si values, where the definition of q exactly follows (2.15) with µ := s λ+w
2m
In addition to these basic indices required for the convergence, inspired by [14], we then choose
Q03 to contain the q largest θ¯i := (si /λi + wi /πi )−1 values to improve performance. Finally Q̂ :=
Q01 ∪ Q03 ∪ {m + 1, . . . , 2m}.
3.2. Convergence Analysis for Extended Problems. By imposing Assumptions 2.1-2.6
on the standard form converted from (3.1)-(3.3), we can extend the convergence analysis to the
algorithm for the extended problem. Assumption 2.2 is not necessary because problem (3.1)-(3.3)
is always strictly feasible.
Define
F̃P := {(x, y) ∈ Rn+m : Ax + y ≥ b and y ≥ 0},

(3.23)

F̃Po
F̃P∗

(3.24)

:= {(x, y) ∈ R
∗

∗

n+m

: Ax + y > b and y > 0}, and
∗

∗

:= {(x , y ) ∈ F̃P : fE (x , y ) ≤ fE (x, y), ∀(x, y) ∈ F̃P }.
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(3.25)

We define Â(z) ⊆ {1, . . . , 2m}, the index set of active constraints at z := [xT , yT ]T , similarly to
(2.1). We also define its byproducts
A1 (x, y) := Â(z) ∩ M,
A2 (x, y) := {i > 0 : m + i ∈ Â(z)}, and

(3.26)

A3 (x, y) := A1 (x, y) ∩ A2 (x, y).
Assumption 3.1. For all (x, y) in F̃P , {aTi : i ∈ A3 (x, y)} is a linearly independent set.
The following proposition provides the connection between Assumption 2.4 (with x, ai , A(x), FP
replaced by z, âi , Â(z), F̃P ) and Assumption 3.1. The proof is routine and therefore omitted.
Proposition 3.1. Let z := [xT , yT ]T . If {aTi : i ∈ A3 (x, y)} is a linearly independent set,
then {âTi : i ∈ Â(z)} is a linearly independent set.
Theorem 3.2. Let {(xk , yk )} (or {zk }) be the sequence constructed by Algorithm 1 applied to
the converted standard form. Under Assumptions 2.1, 2.3 (with FP∗ replaced by F̃P∗ ) and 3.1, the
sequence (xk , yk ) converges to F̃P∗ .
Proof. Assumption 2.1 implies that [Ĥ, ÂT ] has full row rank. F̃Po is trivially nonempty.
Due to Proposition 3.1, Assumption 3.1 implies that for all z ∈ F̃P , {âTi : i ∈ Â(z)} is a linearly
independent set. Hence Assumptions 2.1-2.4 hold with H, A, ai , x, A(x), FP , FPo , and FP∗ replaced
by Ĥ, Â, âi , z, Â(z), F̃P , F̃Po , and F̃P∗ . Since the set of index sets Q̂(Âz − b̂, q̂) is consistent with
Q(Ax − b, q), the claim follows from Theorem 2.2.
Assumption 3.2. (Corresponds to Assumption 2.6) Strict complementarity holds at the optimal solution (x∗ , y∗ ).
Theorem 3.3. Let {(xk , yk )} (or {zk }) be the sequence constructed by Algorithm 1 applied to
the converted standard form. Suppose that Assumptions 2.1, 2.3 (with FP∗ replaced by F̃P∗ ), 3.1,
2.5 (with FP∗ replaced by F̃P∗ ), and 3.2 hold. If λi < φmax and πi < φmax for all i ∈ M , then the
sequence {(xk , yk , λk , π k )} (or {(zk , φk )}) converges to the primal-dual solution pair (x∗ , y∗ , λ∗ , π ∗ )
(or (z∗ , φ ∗ )) q-quadratically.
Proof. Assumptions 2.1-2.6 hold with H, A, ai , b, x, A(x), FP , FPo , FP∗ , λ∗ , s∗ , x∗ , and M
replaced by Ĥ, Â, âi , b̂, z, Â(z), F̃P , F̃Po , F̃P∗ , φ ∗ , t∗ , z∗ , and {1, . . . , 2m}. Then the claim follows
directly from Theorem 2.3.
It is possible to extend the convergence results to problems that also include an `2 penalty term
in the objective function. A term yT diag(g)y would then be added in the objective function (3.1),
where g ∈ Rm , d ≥ 0, g ≥ 0, and d + g > 0. The same index set choice as defined in (3.13) can
be used. By following the same steps, a constraint reduced algorithm can be devised. Problems of
this type include support vector machine training with `2 penalty [21, 7].
4. Numerical Results. We implemented Algorithm 1 and its extended version in MATLAB
R2009a with a dense direct solver for the normal equations in order to concentrate on the action of
the reduction. The algorithms were tested on a machine with an AMD Atholon 64 X2 4600+(2.4
GHz) dual core processor with 2×64 KB L1 cache, 2×512 KB L2 cache, and 2.5 GB DDR2-400MHz
configured as dual channel. The machine ran Windows 7 64 bit edition.
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Fig. 4.1: Adaptive reduction is compared with nonadaptive reduction on the fully random problem
(4.2). The rightmost red circle corresponds to (unreduced) affine scaling.

We set the algorithms to terminate when either convergence was detected or more than 200
iterations were performed. We set λ := 10−10 , λmax := 1030 , η := .98, and tol := 10−8 . We set the
adaptation parameter β (see (2.15)) to 1/4. We also tested a non-adaptive version of our scheme
by setting β to zero, resulting in q = qU . When qU = m, the latter becomes the “unreduced” affine
scaling algorithm of [1]. We varied qU to see how our algorithm would behave depending on it.
We discuss our results on three types of problems: random, data fitting, and semi-infinite
quadratic optimization problems.
4.1. Random Problems. We compared the adaptive reduction with the nonadaptive reduction on random problems of size m = 50000 and n = 100. We generated A and c by taking random
numbers drawn from a N (0, 1) distribution. Diagonal components of H are taken from U (0, 1),
uniformly distributed random numbers in (0, 1). We set s0 by taking numbers from U (1, 2) and x0
from U (0, 1). We set b := Ax0 − s0 . This is a slight modification of the random problem in [23],
which uses different ranges of initial s0 .
Timing and iteration counts are presented in Figure 4.1 with the horizontal axis in log scale.
When qU is very small (less than or equal to 10−1 m), adaptive shrinking of q takes place only for
a few of the final iterations after the iterate is close enough to the solution. This prevents the
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adaptive reduction scheme from showing advantages for small qU . It is noticeable that, for a wide
range of qU , the iteration count of both adaptive and nonadaptive reduction is near constant. In the
same range of qU , the timing of the adaptive reduction is near constant, while that of nonadaptive
reduction decreases as qU decreases.
4.2. Data Fitting. Data fitting is a problem of finding a model approximating time series
data b̄1 , . . . , b̄m̄ measured at times t̄1 , . . . , t̄m̄ . We build a model with a set of basis functions
ψ1 (t̄), . . . , ψn̄ (t̄):
u(t̄) :=

n̄
X

x̄j ψj (t̄).

j=1

To find good coefficients x̄1 , . . . , x̄n , we can use Chebyshev approximation, minimizing the maximal
error of the model [2, 27]. Let Ā be the m̄ × n̄ matrix with entries ākj = ψj (t̄k ). If we form a
vector b̄ from the values b̄k and a vector x̄ from the coefficients x̄j , then the maximal error, to be
minimized over all choices of x̄, can be written as
max
k∈{1,...,m̄}

b̄k − u(t̄k ) = b̄ − Āx̄

∞

.

The solution to this min-max problem can be very sensitive to noise in the measurements. To
reduce the sensitivity, we use a regularization method, first introduced by Tikhonov; see, e.g., [22].
We instead solve the regularized min-max problem
1
min kb̄ − Āx̄k∞ + αkx̄k2H̄ ,
x̄
2
where H̄ is an n̄ × n̄ symmetric positive semidefinite matrix, kx̄kH̄ :=
value. This can be written as

(4.1)
√

x̄T H̄x̄ and α is a positive

1
min t̄ + αkx̄k2H̄
2
x̄,t̄
s.t. Āx̄ − b̄ ≥ −t̄e

(4.2)

−Āx̄ + b̄ ≥ −t̄e,
which is an instance of the standard form (1.1), with x := [x̄T , t̄]T , b := [b̄T , −b̄T ]T , c :=
[0, . . . , 0, 1]T , m := 2m̄, n := n̄ + 1,
"
#
"
#
Ā e
αH̄ 0
A :=
and H :=
.
−Ā e
0
0
We used the problem setting of [28]. For convenience, we restate it here. For basis functions,
we used cosine and sine functions:
ψi (t̄) = cos(2(i − 1)π t̄) for i = 1, . . . , n̄ + 1, and
ψi (t̄) = sin(2(i − n̄ − 1)π t̄), for i = n̄ + 2, . . . , 2n̄ + 1.
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Fig. 4.2: Measured signal fit by various methods.

The sampling points were, for i = 1, . . . , m̄, t̄i := (i − 1)/m̄. For observed data, we used the signal
function
g(t̄) := sin(10t̄) cos(25t̄2 ),
and set
b̄i := g(t̄i ) + i , for i = 1, . . . , m̄,
where i ∼ N (0, .09) denotes independent random noise following a normal distribution with 0
mean and 0.09 variance.
Figure 4.2 compares models obtained from linear programming ((4.2) using α := 0), the regularized min-max ((4.2) with α := 10−6 and H̄ defined below), and least squares ((4.1) with α = 0 and
2-norm instead of infinity norm) problems. Without the regularization term, the model obtained
from (4.2) tends to be too oscillatory as seen in Figure 4.2a. This tendency is caused by giving
too much weight to basis functions with high frequency. To suppress high frequency components,
in the CQP model (4.2) (Figure 4.2b), we used a penalty weight proportional to the frequency of
the basis functions. We let H̄ be a diagonal matrix with h̄jj := 2(j − 1)π for j = 1, . . . , n̄ + 1, and
h̄jj := 2(j − n̄ − 1)π for j = n̄ + 2, . . . , 2n̄ + 1. Further, we set α := 10−6 and n̄ := 99, resulting in
n = 200.
For the numerical testing of our adaptive reduction and nonadaptive reduction schemes, we set
m̄ := 20000 (m = 40000). For a strictly feasible initial point, we used x̄0 := 0 and t̄0 := kb̄k∞ + 1,
and we used that same α and H̄ as above. Timing and iteration counts on varying qU are presented
in Figure 4.3. The nonadaptive algorithm with qU := m corresponds to a standard PDAS IPM
algorithm. When qU is small (less than 10−1 m), adaptive shrinking of q does not take place until
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Fig. 4.3: Adaptive reduction is compared with nonadaptive reduction on the data-fitting problem
(4.2). The rightmost red circle corresponds to (unreduced) affine scaling.

µ becomes sufficiently small. Up to this point, both algorithms compute the same primal-dual
iterates. Once µ becomes sufficiently small, implying the iterate is close to the solution, shrinking
the index set size does not affect the search direction as much as it does in early iterations, because
the normal matrix is dominated by the diverging λi /si . On the other hand, when qU is large, the
adaptive algorithm may use fewer constraints than the nonadaptive even in early iterations. This
affects the search direction at early iterations and may result in a different iteration count.
4.3. Semi-infinite Quadratic Optimization: Array Pattern Synthesis. In this section
we experiment with the array pattern synthesis problem discussed in [19]. In this problem, m̂
sensors are evenly distributed around a circle. We want to minimize the sidelobe energy of the
array response by adjusting the weights w̃k for the sensors in the array. The problem is formulated
as
1 T
w̃ Qw̃,
2
a (ϕ, θ)w̃ ≤ σ(ϕ), for ϕ ∈ Φs := [ϕs , 2π − ϕs ] and θ ∈ [0, 2π),

(4.4)

Pw̃ = p,

(4.5)

min
w̃
T
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(4.3)

where
"
Q=2

R

0

0

R

#
,

(4.6)

rkl = J0 (4πf0 rc sin ((k − l)π/m̂)) for k, l = 0, . . . , m̂ − 1, and J0 is the Bessel function of the first
kind and of order zero. The scalar parameter f0 is the frequency of the wave, r is the radius of
sensor array circle, and c is the speed of wave propagation. The parameter ϕs ∈ [0, π] is the sidelobe
angle.
The constraints are specified by


a(ϕ, θ) = Re eiθ d̃(ϕ) ,
(4.7)
"
#
d(ϕ)
d̃(ϕ) =
,
(4.8)
−id(ϕ)
√
T
where i = −1 and each component of d(ϕ) is defined as dm (ϕ) := e−ik rm for m = 0, . . . , m̂ − 1.
2πm
0
The vectors k and rm are defined as kT = −2πf
[cos ϕ, sin ϕ] and rTm := r[cos 2πm
c
m̂ , sin m̂ ] for
T
m = 0, . . . , m̂ − 1. Finally, p := [1, 0] and
"
#
Re(d̃T (0))
P :=
(4.9)
Im(d̃T (0))
To solve this problem, we discretize the functional constraint (4.4) for ϕ and θ. Then the
inequality constraints (4.4) become
Aw̃ ≤ σe.

(4.10)

Since our algorithm does not support equality constraints, we eliminate constraints (4.5). To
do this, we first find w̃0 satisfying Pw̃0 = p. (In the numerical tests, we used the least squares
solution.) Secondly we find an orthonormal basis Z for the nullspace of P using QR factorization.
Then all w̃ that satisfy Pw̃ = p are of the form w̃ = w̃0 + Zv, where v is unconstrained. The
inequality constraints (4.10) become
AZv ≤ σe − Aw̃0 .

(4.11)

In terms of v the objective function (4.3) becomes
1
1 T T
v Z QZv + (w̃0T QZ)v + w̃0T Qw̃0 ,
2
2
where the last constant term can be omitted.
After this modification, we make each row of AZ have length 1 with the right hand side scaled
accordingly. So indeed, we solve
1 T
v Q̃v + cT v,
2
Ãv ≥ b,
min
v
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(4.12)
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Fig. 4.4: Adaptive reduction is compared with nonadaptive reduction on the array pattern synthesis
problem. The rightmost red circle corresponds to (unreduced) affine scaling.

where Q̃ := ZT QZ, c := w̃0T QZ, Ã is the normalized version of −AZ, and b is the negated right
hand side of (4.11) scaled accordingly to the normalization.
Following [19], we set m̂ = 20, ϕs = 30◦ , r = 1, f0 = 50, c = 100, and σ = 10−17.5/20 (i.e.,
−17.5dB). We discretized ϕ and θ at one degree intervals, i.e., ϕj = 30◦ , 31◦ , 32◦ , . . . , 330◦ and
θk = 0, 1◦ , 2◦ , . . . , 359◦ . Then each row of A becomes aT360(j−1)+k = a(ϕj , θk )T . Originally, the
problem with this setting has 301 × 360 = 108360 inequality and 2 equality constraints with 40
variables. After the removal of the equality constraints, the number of variables reduces to 38.
Because no feasible initial point is readily available, we use the extension described in Section 3.
The initial point for this problem is set as v0 := [0, . . . , 0] and y0 := max{b, 0} + e. We set
d := [100, . . . , 100]T , π0 := y0 , and λ0 := Ãv0 − b + y0 .
The results are shown in Figure 4.4. It is worth noting that, in overall, the iteration count
steadily decreases as qU decreases.
4.4. Summary of Numerical Results. Figure 4.5 summarizes our results, comparing the
time for the adaptive constraint-reduced algorithm, the algorithm without reduction, and MATLAB’s quadprog. The scalar parameter qU is set to m. Our algorithm has proved to be efficient
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Fig. 4.5: Adaptive constraint-reduced algorithm is compared with non-reduced algorithm and MATLAB’s quadprog (which uses an active set algorithm). The scalar parameter qU is set to m, corresponding to the rightmost point in Figures 4.1, 4.3 and 4.4. quadprog failed to solve the data
fitting and array pattern synthesis problems; the large-scale option in quadprog is not available for
the problems we tested.

and reliable.
5. Conclusions. We proposed an affine-scaling algorithm which significantly reduces computational effort in solving convex quadratic programming problems having many more constraints
than variables. We established global convergence and a quadratic local convergence rate, and proposed an extension to handle the case when a strictly feasible initial point is not readily available.
We demonstrated algorithms’ effectiveness when a direct solver is used for the normal equations.
The constraint reduction also reduces computational time required for matrix-vector products in
solving the normal equations, which would benefit iterative solvers such as the preconditioned conjugate gradient method [20, 26]. Thus the algorithm of [23] has been effectively extended from LP to
CQP. We also demonstrated how the addition of adaptiveness to the constraint reduction can save
computational time while keeping the algorithm quite stable (in solution time and convergence)
over a wide range of the scalar parameter qU .
We established global convergence and a quadratic local convergence rate. We showed how the
method can be applied to the extended problems that explicitly include nonnegative slack variables
such as the training of support vector machines with soft margins. In addition, we deduced the
convergence properties of the algorithm for the extended problems from those of the standard one,
thus simplifying the extension of other convergence-proven and possibly constraint-reduced IPMs
to the extended problems.
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Applying constraint reduction to competing IPM algorithms such as Mehrotra’s predictorcorrector variants for general CQP with many inequality constraints is also possible. Introducing the
reduction scheme to those competitors can also notably save computational time as demonstrated
in [23, 28] and [14]. Establishing convergence properties of such algorithms is a topic for future
research.
A. Convergence Proof for the Constraint-Reduced Affine-Scaling PDIPM. The following proofs for global convergence and the local rate of convergence are adapted from the proofs
provided in [24] and [23]. Many parts are identical to [23] except for the action of the Hessian
matrix.
A.1. Global Convergence Proof. Throughout this section, we use a superscript ∗ to denote
a limit point of a sequence, not necessarily the solution to (1.1). We will need the reduced Newton
system, analogous to (2.6), that is satisfied by the components (∆x, ∆sQ , ∆λQ ) of the affine-scaling
search direction (and from which the reduced normal equations are defined):
H∆x − ATQ ∆λQ = −(Hx + c − ATQ λQ ),

(A.1)

AQ ∆x − ∆sQ = 0,

(A.2)

SQ2 ∆λQ + ΛQ2 ∆sQ = −SQ2 λQ ,

(A.3)

and the Jacobian J and augmented Jacobian Ja matrices associated with the unreduced system (2.2)-(2.5)


H

0

−AT


J(A, s, λ) :=  A

−I

0

0

Λ

S



"


 , and Ja (A, s, λ) :=

H

−AT

ΛA

S

#
.

(A.4)

Lemma A.1. (Corresponds to Lemma 1 of [23]) For s, λ ≥ 0, J(A, s, λ) is nonsingular if and
only if
(i) ∀i ∈ M : si + λi > 0,
(ii) Rows of A{i:si =0} are linearly independent,
(iii) rank([H, A{i:λi 6=0} ]) = n, i.e.,
{x : A{i:λi 6=0} x = 0} ∩ {x : Hx = 0} = {0}.

(A.5)

Proof. See the proof of Lemma B.1 in [13].
For the following propositions, lemmas, corollaries, and theorems, unless explicitly stated, it is
assumed that Assumptions 2.1, 2.2, 2.3, and 2.4 hold, although some of the earlier results do not
require all of them.
Proposition A.2. (Corresponds to Proposition 3 of [23]) The points generated by the iteration
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of Algorithm 1 satisfy:
(i) ∆xk 6= 0 iff Hxk + c 6= 0,
(ii) αk > 0,
(iii) sk+1 = Axk+1 − b > 0 and xk+1 ∈ FPo ,
(iv) λk+1 > 0.

Proof. The first claim is a direct consequence of Lemma 2.1 and (2.12). The second and the third
claims are true due to (2.8), (2.20), (2.21), and (2.22). The fourth is true due to (2.23); specifically,
k

k

k∆xk k2 + kλ̃− k2 > 0, λ > 0, λmax > 0, and λ̃ki is taken only when 0 < min{k∆xk k2 + kλ̃− k2 , λ} ≤
λ̃ki ≤ λmax .
From the initial point, which is strictly primal feasible with λ positive, the algorithm generates
the next point which is also strictly primal feasible with λ positive. Hence the iteration can be
repeated. In other words, the sequence generated by Algorithm 1 is well defined and valid so
that the interior-point method generates an infinite sequence of points unless a point xk such that
Hxk + c = 0 is found, in which case xk is the solution of the unconstrained problem and also in FPo .
In the sequel it is assumed that Algorithm 1 generates an infinite sequence of primal-dual points.
Lemma A.3. For any x ∈ FPo , q ≥ n, Q ∈ Q(Ax − b, q) and for every λ̃ and ∆x generated by
T

T

Algorithm 1, λ̃Q AQ ∆x ≤ 0, where the equality holds only when λ̃Q = 0 and AQ ∆x = 0.
Proof. From the definition of λ̃ and (2.8), we know that
T

T

λ̃Q AQ ∆x = λ̃Q ∆sQ .
From (2.9),
T

T

T

−1
2
λ̃Q ∆sQ = −λ̃Q SQ2 Λ−1
Q2 (λQ + ∆λQ ) = −λ̃Q SQ ΛQ2 λ̃Q ≤ 0.

since SQ2 and ΛQ2 are diagonal and positive definite. Since ΛQ2 and SQ2 are nonsingular, the
equality holds only if λ̃Q = 0. In view of (2.9), ∆sQ = 0 if and only if λ̃Q = 0. Therefore, from
(2.8), we conclude that AQ ∆x = 0 if and only if λ̃Q = 0.
As a first step in the proof of global convergence, we show that the objective function decreases
monotonically on the sequence of points generated by Algorithm 1.
Proposition A.4. (Corresponds to Lemma 4 of [23]) If ∆x 6= 0, then
(i) f (x + α∆x) < f (x) for all α ∈ (0, 2),
d
(ii) dα
f (x + α∆x) < 0 for all 0 ≤ α < 1,
(iii) f (x + α∆x) < f (x + α∆x) for all α and α such that 0 ≤ α < α ≤ 1.
Proof. Since f is quadratic, f (x + α∆x) can be exactly expressed by the second order Taylor
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expansion
1
f (x + α∆x) = f (x) + α∇f (x)T ∆x + α2 ∆xT H∆x
2
1
T
= f (x) + α∆x (Hx + c) + α2 ∆xT H∆x
2

 1
T
= f (x) + α∆x −H∆x + ATQ λ̃Q + α2 ∆xT H∆x (by (A.1))
2
1
T
T T
= f (x) − α(1 − α)∆x H∆x + α∆x AQ λ̃Q .
2

(A.6)

By Lemma A.3, ∆xT ATQ λ̃Q is nonpositive and, since H is positive semidefinite, so is −∆xT H∆x.
By Assumption 2.1 and Lemma A.3, they cannot be zero at the same time unless ∆x = 0. Since
α and 1 − α2 are both positive when α ∈ (0, 2), the first claim holds.
Now let us consider the second claim. From (A.6) we derive
T
d
f (x + α∆x) = −(1 − α)∆xT H∆x + λ̃Q AQ ∆x.
dα

(A.7)

Since −(1 − α) < 0 for all 0 ≤ α < 1, the claim does hold.
d
f (x + α∆x) < 0 for 0 ≤ α < 1, f (x + α∆x) strictly
Let us consider the third claim. Since dα
decreases with respect to α ∈ [0, 1]. Then the claim immediately follows.
Corollary A.5. (Corresponds to Corollary of Proposition 3.1 [24]) The sequence {xk } is
bounded.
Proof. Since, in view of Assumption 2.3, FP∗ is bounded, the level set {x ∈ FP : f (x) < f (x0 )}
is bounded [13]. By Proposition A.4, f (xk ) decreases monotonically, so the claim holds.
A point x is said to be stationary for (1.1) if it satisfies the KKT conditions without nonnegativity constraints on λ, i.e.,
Hx + c − AT λ = 0,

(A.8)

Ax − b − s = 0,

(A.9)

Sλ = 0,

(A.10)

s ≥ 0.

(A.11)

A stationary point x is a solution to (1.1) if all the components of its associated multiplier vector
λ are nonnegative.
We proceed by showing that the sequence generated by Algorithm 1 approaches the set of
stationary points. In the following lemma, it will be shown that, if the sequence converges to some
point, the limit point is stationary and the sequence of modified Newton steps {∆xk } converges
to 0.
Lemma A.6. (Corresponds to Lemma 3.5 of [28]) Suppose that {xk } → x∗ on an infinite index
set K and q k ≥ n. Then there exists k 0 such that A(x∗ ) ⊆ Q for all Q ∈ Q(Axk − b, q k ) for all
k ∈ K and k > k 0 .
Proof. Under Assumption 2.4, it follows that |A(x∗ )| ≤ n. Since q k ≥ n and {xk } → x∗ on K,
the claim does hold by the definition of Q(Axk − b, q k ) (2.14).
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In Step 2 of Algorithm 1, by replacing ∆s in (2.9) with (2.8), we can rewrite (2.9) as
k

λ̃ = −(Sk )−1 Λk A∆xk ,

(A.12)

or equivalently
λ̃ki = −

λki T
a ∆xk .
ski i

(A.13)

We use this modified form in the following lemmas.
Lemma A.7. (Corresponds to Lemma 6 of [23]) Suppose {xk } converges to some point x∗ on
k

an infinite index set K. If {∆xk } converges to zero on K, then x∗ is stationary and {λ̃ } converges
on K to λ∗ , which is the unique multiplier associated with x∗ .
Proof. Suppose {∆xk } → 0 as k → ∞, k ∈ K. Since {λk } is bounded by construction of
Algorithm 1 and {ski } is bounded away from 0 for i ∈
/ A(x∗ ), it follows from (A.13) that
c

∀i ∈ A(x∗ ) ,

{λ̃ki } → 0, as k → ∞, k ∈ K.

(A.14)

We have shown the convergence of λkA(x∗ )c on K so far.
Now we need to show the convergence of λA(x∗ ) . At iteration k, the system of equations (A.1)
can be written as
k

Hxk + c − ATQk λ̃Qk = −H∆xk .

(A.15)

By Lemma A.6, there exists k 0 such that A(x∗ ) ⊆ Qk for k > k 0 and k ∈ K. Then, since {xk }
converges to x∗ on K and {∆xk } converges to zero on K (by assumption), the equations (A.14)
and (A.15) yield
k

Hxk + c − ATA(x∗ ) λ̃A(x∗ ) → 0 as k → ∞, k ∈ K.

(A.16)

Since the rows of AA(x∗ ) are linearly independent by Assumption 2.4, in view of (A.14), there exists
k

a unique λ∗ to which {λ̃ } converges on K. By taking limits in (A.12), (A.14), and (A.16) and by
using boundedness of {λk } due to construction of Algorithm 1, it follows that
Hx∗ + c − AT λ∗ = 0,
∗ ∗

S λ = 0.

(A.17)
(A.18)

This implies that x∗ is stationary with the unique associated multiplier vector λ∗ .
Lemma A.8. (Corresponds to Lemma 7 of [23]) Let K be an infinite index set such that
k−1

inf{k∆xk−1 k2 + kλ̃− k2 : k ∈ K} > 0.
Then {∆xk } → 0 as k → ∞, k ∈ K.
Proof. By contradiction. Suppose not. First, by (2.23) and by the condition that inf{k∆xk−1 k2 +
k−1

kλ̃− k2 : k ∈ K} is greater than 0 (by the assumption on K), λki (i ∈ M ) is bounded away from
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zero on K. Since {xk } (by Corollary A.5) and {λk } (by construction) are bounded, we may conclude that there is a convergent subsequence {xk } and {λk }. So there exists some infinite index set
K 0 ⊆ K, a point (x∗ , λ∗ ), and an index set Q∗ such that
inf k∆xk k > 0,

k∈K 0

{xk } → x∗ as k → ∞, k ∈ K 0 ,

(A.19)

{λk } → λ∗ > 0 as k → ∞, k ∈ K 0 ,
and
Qk = Q∗ , ∀k ∈ K 0 .

By Assumptions 2.1 and 2.4 and the fact that λ∗ > 0, Lemma A.1 tells us that J(AQ∗ , s∗Q∗ , λ∗Q∗ )
is nonsingular. It then follows from (A.1)-(A.3) and continuity of J(AQ∗ , sQ∗ , λQ∗ ) with respect to
∗
sQ∗ and λQ∗ that, for some ∆x∗ 6= 0 and λ̃ ,
{∆xk } → ∆x∗ , as k → ∞, k ∈ K 0 ,
k
{λ̃Q∗ }

→

∗
λ̃Q∗ ,

(A.20)

as k → ∞, k ∈ K 0 .

(A.21)

Define s∗ := Ax∗ − b. Since sk = Axk − b and {xk } → x∗ on K 0 , we know that {sk } → s∗ on K 0
and s∗ ≥ 0 by construction of Algorithm 1. In addition, since Q∗ = Qk ∈ Q(Axk − b, q k ) for all
k ∈ K 0 with q k ≥ n, it follows from Lemma A.6 that A(x∗ ) ⊆ Q∗ . Therefore ski is bounded away
from zero for k ∈ K 0 , i ∈
/ Q∗ .
Therefore, since {∆xk } → ∆x∗ as k → ∞ and since ski is bounded away from zero for i ∈
/ Q∗
0
on K , we know from (A.13) that
∀i ∈
/ Q∗ ,

{λ̃ki } → λ̃∗i as k → ∞, k ∈ K 0 .

(A.22)

It then immediately follows from (A.21) and (A.22) that
∗

k

{λ̃ } → λ̃ as k → ∞, k ∈ K 0 ,

(A.23)

k

implying {λ̃ } is bounded on K 0 .
k

∗

Up to this point we have shown that {∆xk } → ∆x∗ and {λ̃ } → λ̃ as k → ∞ on K 0 . With
these facts, we will show that f (xk ) → ∞ as k → ∞ on K 0 , contradicting Corollary A.5. For this
we will first show that αk is bounded below on K 0 . Indeed, using (A.13), we can restate (2.19) as

 ∞
if λ̃ ≤ 0,
n
o
k
k
ᾱk =
(A.24)
 mini − si k = λik s.t. λ̃i > 0, i ∈ M
otherwise.
∆s
λ̃
i

i

k

Since {λ̃ } is bounded, and each {λki } is bounded away from zero for k ∈ K 0 , it follows that ᾱk is
bounded away from zero on K 0 and, since αk ≥ η ᾱk by (2.20), so is αk . That is, there exists α > 0
such that αk > α ∀k ∈ K 0 .
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We now combine the lower bound on α with the monotonicity of the objective function we
showed in Proposition A.4. From the second and third claim of Proposition A.4 (and the expansion
of f (xk + α∆xk ) similar to (A.6)) it immediately follows, since αk > α > 0 and αk ≤ 1 on K 0 , that
f (xk + αk ∆xk ) < f (xk + α∆xk )
kT
1
= f (xk ) − α(1 − α)∆xkT H∆xk + αλ̃Qk AQk ∆xk .
2

(A.25)

kT

Our focus from now is showing that α(1 − 12 α)∆xkT H∆xk − αλ̃Qk AQk ∆xk is bounded below
on K 0 , which immediately implies that f (xk ) → −∞ on K 0 , since by Proposition A.4 {f (xk )} is
monotonically decreasing. Taking limits in (A.2)-(A.3) on K 0 yields
∗

S∗Q∗ 2 λ̃Q∗ = −Λ∗Q∗ 2 AQ∗ ∆x∗ as k → ∞, k ∈ K 0 .

(A.26)

∗

So, since λ∗ > 0 by (A.19) and s∗ ≥ 0, we know that S∗Q2 λ̃Q∗ ≥ 0 and AQ∗ ∆x∗ ≤ 0. So, for i ∈ Q∗ ,
P
∗T
it follows that aTi ∆x∗ < 0 if aTi ∆x∗ 6= 0. Thus we know that λ̃Q∗ AQ∗ ∆x∗ = i∈Q∗ λ̃∗i aTi ∆x∗ < 0
if AQ∗ ∆x∗ 6= 0. From this, since N (AQ∗ ) ∩ N (H) = {0} under Assumption 2.1 and H is positive
∗T

semidefinite, we conclude that ∆x∗T H∆x∗ > 0 or −λ̃Q∗ AQ∗ ∆x∗ > 0 , similarly to Lemma A.3.
kT

∗T

So, since ∆xkT H∆xk → ∆x∗T H∆x∗ and −λ̃Qk AQk ∆xk → −λ̃Q∗ AQ∗ ∆x∗ as k → ∞ on K 0 and
0 < α < 1, there exists δ > 0 such that, for large enough k ∈ K 0 ,
kT
1
α(1 − α)∆xkT H∆xk − αλ̃Q∗ AQ∗ ∆xk > δ.
2

(A.27)

Since f (xk ) is monotonic decreasing by Proposition A.4, (A.25) yields that for some large k 0
f (xk+1 ) < f (xk ) − δ, ∀k ≥ k 0 and k ∈ K 0 ,

(A.28)

which implies that f (xk ) → −∞ as k → ∞. This contradicts the boundedness of {xk }.
The remainder of the analysis is a direct transposition from [24] and [23] to the present setting.
We omit the details (which can be found in [13]). First, using Corollary A.5, Lemma A.7 and
Lemma A.8, the following lemma can be readily proven.
Lemma A.9. (Corresponds to Lemma 8 of [23]) Suppose {xk } is bounded away from FP∗ on
some infinite index set K. Then {∆xk } goes to 0 on K.
This fact, together with Corollary A.5 and Lemma A.7, leads to the following lemma.
Lemma A.10. (Corresponds to Lemma 9 of [23]) {xk } approaches the set of stationary points
of (1.1), i.e., for any  > 0 there exists k 0 so that xk is -close to a stationary point for k > k 0 .
As a result of this and of Lemma A.9, when the sequence {xk } is bounded away from FP∗ , it follows
that the set of all limit points of the sequence,
L := {x : x is a limit point of {xk }},
is connected as the following lemma establishes.
Lemma A.11. (Corresponds to Lemma A.5 under Lemma 3.6 of [24]) If {xk } is bounded away
from FP∗ , then L is connected.
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In addition, from Lemma A.10 it can be shown that the line going through any two points x, x0 ∈ L
associated with the same active constraints is parallel to the null space of H as claimed in the
following lemma.
Lemma A.12. (Corresponds to Lemma A.3 under Lemma 3.6 of [24]) Let x, x0 ∈ L be such
that A(x) = A(x0 ). Then H(x − x0 ) = 0.
This result, together with Lemma A.11, implies that, when the sequence {xk } is bounded away
from FP∗ , the smallest affine space containing L is parallel to the null space of H as the following
lemma shows.
Lemma A.13. (Corresponds to Lemma A.4 under Lemma 3.6 of [24]) If {xk } is bounded away
from FP∗ , then for all x, x0 ∈ L, H(x0 − x) = 0.
Proof. Since there are only finitely many possible combinations of binding constraints, in view
of Lemma A.12, L is a finite union of affine sets of the form L ∩ (x + N (H)) with x ∈ L.
Suppose that there are N such distinct affine sets Ai which are in the form L ∩ (x + N (H))
with x ∈ L. Then L = ∪N
i=1 Ai . Notice each Ai is a subset of an affine subspace `i + N (H) for
`i ∈ Ai . So, for any distinct i, j ∈ {1, . . . , N }, Ai and Aj lie on either the same affine subspace
(`i + N (H) = `j + N (H)) or parallel affine subspaces (`i + N (H) 6= `j + N (H)). However, since L
is connected in view of Lemma A.11 and there are finitely many Ai ’s, they can not lie on distinct
parallel affine subspaces. Therefore all Ai ’s lie on the same affine subspace which is parallel to
N (H). This proves the claim.
From this and Lemmas A.10, A.11 and A.12, we can conclude the following.
Lemma A.14. (Corresponds to Lemma 3.6 of [24]) Suppose {xk } is bounded away from FP∗ .
0
0
0
Let x∗ , x ∗ ∈ L. Let λ and λ be the associated multiplier vectors. Then λ = λ .
With Lemmas A.7, A.9,A.10 and A.14 and Proposition A.4 in hand, the proof of Theorem 2.2 can
be completed along the lines of the global convergence analysis in [23, Theorem 12]. See [13] for
full details and proofs not provided in this paper.
A.2. Local Rate of Convergence. In this section, we will show that, under Assumptions 2.12.6, {xk , λk } converges to the primal-dual solution {x∗ , λ∗ } q-quadratically. For this result, suppose
Assumptions 2.1-2.6 hold.
Lemma A.15. (Corresponds to Lemma 1 of [23]) Ja (A, s, λ) in (A.4) is nonsingular if and
only if J(A, s, λ) is nonsingular.
Proof. Assume that Ja (A, s, λ) is singular. Then there exists a nonzero vector [uT , wT ]T 6= 0
such that
Hu − AT w = 0,

(A.29)

ΛAu + Sw = 0.

(A.30)

Now letting v := Au, it immediately follows from (A.30) that
Λv + Sw = 0,
which implies that J(A, s, λ) is also singular since [uT , vT , wT ] 6= 0.
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(A.31)

Now assume that J(A, s, λ) is singular. Then there exists a nonzero vector [uT , vT , wT ]T 6= 0
such that
Hu − AT w = 0,

(A.32)

Au − v = 0,

(A.33)

Λv + Sw = 0.

(A.34)

Then u and w naturally satisfy (A.29) and (A.30). If u = 0 and w = 0 at the same time, then v
is also a zero vector, a contradiction. Thus Ja (A, s, λ) is also singular.
From here on, we denote by x∗ the optimal solution to (1.1) (By Assumption 2.5, it exists and
is unique) and by λ∗ its associated Lagrange multiplier. We define s∗ := Ax∗ − b.
Lemma A.16. (Corresponds to Lemma 13 of [23]) If A(x∗ ) ⊆ Q then J(AQ , s∗Q , λ∗Q ) and
Ja (AQ , s∗Q , λ∗Q ) are nonsingular.
Proof. Let us verify the assumptions of Lemma A.1. First, s∗Q + λ∗Q > 0 due to strict complementarity Assumption 2.6. Second, the rows of AA(x∗ ) are linearly independent by Assumption 2.4,
/ A(x∗ ). Third, AA(x∗ ) and H share the trivial
and s∗i = 0 for i ∈ A(x∗ ) ⊆ Q and s∗i > 0 for i ∈
nullspace due to Assumptions 2.5 and 2.6 which implies that {j : λ∗j 6= 0} = A(x∗ ). Thus the
conclusion follows from Lemmas A.1 and A.15.
Lemma A.17. (Corresponds to Lemma 14 of [23]) Under our assumptions,
(i) {∆xk } → 0,
k

(ii) {λ̃ } → λ∗ ,
(iii) If λ∗i ≤ λmax for all i ∈ M , then {λk } → λ∗ .
Proof. Since {xk } → x∗ (Theorem 2.2), the first claim immediately follows. The second claim
follows by Lemma A.7 and the third claim by (2.23).
The q-quadratic convergence will be shown using the following property of Newton’s method,
which is adapted from Proposition 3.10 of [24].
Proposition A.18. (Corresponds to Proposition 3.10 of [24]) Let Ψ : Rn → Rn be twice
continuously differentiable and let t∗ ∈ Rn be a zero of Ψ, i.e., Ψ(t∗ ) = 0. Suppose there exists
∗
N
 > 0 such that ∂Ψ
∂t (t) is nonsingular for all t ∈ B(ŝ, ) := {t : kt − t k ≤ }. Define ∆ t to be the
∂Ψ
−1
N
Newton increment at t, i.e., ∆ t := −( ∂t (t)) Ψ(t). Then, given any c > 0, for all t ∈ B(t∗ , ),
if t+ ∈ Rn satisfies, for each i ∈ {1, . . . , n}, either
∗
N 2
(i) |t+
i − ti | ≤ ck∆ tk
or
N
N 2
(ii) |t+
i − (ti + ∆ ti )| ≤ ck∆ tk ,
then there exists ν > 0 such that
kt+ − t∗ k ≤ νkt − t∗ k2 .

(A.35)

Proof. See [24].
To use this proposition, we write the first three conditions of the KKT system (2.2)-(2.4) (µ = 0)
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as Ψ(x, λ) = 0, where
"
Ψ(x, λ) :=

Hx − AT λ + c

#

Λ(Ax − b)

.

(A.36)

Then
"

H

−AT

ΛA

S

#"

∆x
∆λ

#

"
=

−rc
−Sλ + σµe − Λrb

∆s = A∆x + rb .

#
,

(A.37)
(A.38)

is equivalent to the Newton direction for the solution of Ψ(x, λ) = 0, and Ja (A, Ax − b, λ) is the
Jacobian of Ψ(x, λ). We use t to denote the vector containing both x and λ, i.e., tk = [xkT , λkT ]T .
Also, we define a strictly feasible set E o for Ψ:
E o := {t : x ∈ FPo , λ > 0}.

(A.39)

Hence, E o ∩ B(t∗ , ) denotes the set of strictly feasible points in a ball around t∗ . Given t ∈ E o
and Q ∈ Q(Ax − b, q), ∆t := [∆xT , ∆λT ]T denotes the composite direction at t generated by
Algorithm 1.
The direction generated by Algorithm 1 is not the same as the Newton direction for Ψ. The
following lemma relates the two directions.
Lemma A.19. (Corresponds to Lemma 16 of [23].) Let  be such that, for all t ∈ E o ∩ B(t∗ , )
and for all Q ∈ Q(Ax − b, q), Ja (AQ , AQ x − b, λQ ) is nonsingular and AQc x > bQc . Then there
exists a positive constant ξ such that, for all t ∈ E o ∩ B(t∗ , ) and for any Q ∈ Q(Ax − b, q),
k∆t − ∆N tk ≤ ξkt − t∗ kk∆N tk.

Again, with this result, Proposition A.18, and Lemmas A.15 and A.17 and with the help of [24],
the proof of Theorem 2.3 can be completed by inserting the Hessian H in appropriate places of [23].
See [13] for full details and proofs not provided in this paper.
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