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February 20, 2019

Abstract A constraint-reduced Mehrotra–Predictor–Corrector algorithm for
convex quadratic programming is proposed. (At each iteration, such algorithms
use only a subset of the inequality constraints in constructing the search di-
rection, resulting in CPU savings.) The proposed algorithm makes use of a
regularization scheme to cater to cases where the reduced constraint matrix is
rank deficient. Global and local convergence properties are established under
arbitrary working-set selection rules subject to satisfaction of a general condi-
tion. A modified active-set identification scheme that fulfills this condition is
introduced. Numerical tests show great promise for the proposed algorithm, in
particular for its active-set identification scheme. While the focus of the present
paper is on dense systems, application of the main ideas to large sparse systems
is briefly discussed.

This manuscript has been authored, in part, by UT-Battelle, LLC, under Contract No.
DE-AC0500OR22725 with the U.S. Department of Energy. The United States Government
retains and the publisher, by accepting the article for publication, acknowledges that the
United States Government retains a non-exclusive, paid-up, irrevocable, world-wide license
to publish or reproduce the published form of this manuscript, or allow others to do so,
for the United States Government purposes. The Department of Energy will provide public
access to these results of federally sponsored research in accordance with the DOE Public
Access Plan (http://energy.gov/downloads/doe-public-access-plan).

M. Paul Laiu
Computational and Applied Mathematics Group, Computer Science and Mathematics Di-
vision, Oak Ridge National Laboratory, Oak Ridge, TN 37831 USA
E-mail: laiump@ornl.gov
This author’s research was sponsored by the Office of Advanced Scientific Computing Re-
search and performed at the Oak Ridge National Laboratory, which is managed by UT-
Battelle, LLC under Contract No. DE-AC05-00OR22725.
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1 Introduction1

Consider a strictly feasible convex quadratic program (CQP) in standard in-2

equality form,13

minimize
x∈Rn

f(x) :=
1

2
xTHx + cTx subject toAx ≥ b , (P)

where x ∈ Rn is the vector of optimization variables, f : Rn → R is the objec-4

tive function with c ∈ Rn and H ∈ Rn×n a symmetric positive semi-definite5

matrix, A ∈ Rm×n and b ∈ Rm, with m > 0, define the m linear inequal-6

ity constraints, and (here and elsewhere) all inequalities (≥ or ≤) are meant7

component-wise. H, A, and c are not all zero. The dual problem associated to8

(P) is9

maximize
x∈Rn,λ∈Rm

−1

2
xTHx + bTλ subject toHx + c−ATλ = 0, λ ≥ 0 , (D)

where λ ∈ Rm is the vector of multipliers. Since the objective function f is10

convex and the constraints are linear, solving (P)–(D) is equivalent to solving11

the Karush-Kuhn-Tucker (KKT) system12

Hx−ATλ+ c = 0, Ax− b− s = 0, Sλ = 0, s,λ ≥ 0 , (1)

where s ∈ Rn is a vector of slack variables associated to the inequality con-13

straints in (P), and S = diag(s).14

Primal–dual interior–point methods (PDIPM) solve (P)–(D) by iteratively15

applying a Newton-like iteration to the three equations in (1). Especially pop-16

ular for its numerical behavior is S. Mehrotra’s predictor–corrector (MPC)17

variant, which was introduced in [21] for the case of linear optimization (i.e.,18

H = 0) with straightforward extension to CQP (e.g., [22, Section 16.6]). (Ex-19

tension to linear complementarity problems was studied in [39].)20

A number of authors have paid special attention to “imbalanced” problems,21

in which the number of active constraints at the solution is small compared22

to the total number of constraints (in particular, cases in which m � n). In23

solving such problems, while most constraints are in a sense redundant, tradi-24

tional IPMs devote much effort per iteration to solving large systems of linear25

equations that involve all m constraints. In the 1990s, work toward reducing26

the computational burden by using only a small portion (“working set”) of the27

constraints in the search direction computation focused mainly on linear opti-28

mization [6,15,31,38]. This was also the case for [28], which may have been the29

first to consider such “constraint-reduction” schemes in the context of PDIPMs30

(vs. purely dual interior–point methods), and for its extensions [14,34,35]. Ex-31

ceptions include the works of Jung et al. [17, 18] and of Park et al. [23, 24]; in32

the former, an extension to CQP was considered, with an affine-scaling variant33

used as the “base” algorithm; in the latter, a constraint-reduced PDIPM for34

1 See end of Sections 2.3 and 2.5 below for a brief discussion of how linear equality con-
straints can be incorporated.



A Constraint-Reduced MPC Algorithm for Convex Quadratic Programming 3

semi-definite optimization (which includes CQP as a special case) was pro-35

posed, for which polynomial complexity was proved. Another exception is the36

“QP-free” algorithm for inequality-constrained (smooth) nonlinear program-37

ming of Chen et al. [5]. There, a constraint-reduction approach is used where38

working sets are selected by means of the Facchinei–Fischer–Kanzow active39

set identification technique [8].40

In the linear-optimization case, the size of the working set is usually kept41

above (or no lower than) the number n of variables in (P). It is indeed known42

that, in that case, if the set of solutions to (P) is nonempty and bounded, then43

a solution exists at which at least n constraints are active. Further if fewer than44

n constraints are included in the linear system that defines the search direction,45

then the default (Newton-KKT) system matrix is structurally singular.46

When H 6= 0 though, the number of active constraints at solutions may47

be much less than n and, at strictly feasible iterates, the Newton-KKT matrix48

is non-singular whenever the subspace spanned by the columns of H and the49

working-set columns of AT has (full) dimension n. (In particular, of course, if50

H is non-singular (i.e., is positive definite) the Newton-KKT matrix is non-51

singular even when the working set is empty—in which case the unconstrained52

Newton direction is obtained.) Hence, when solving a CQP, forcing the working53

set to have size at least n is usually wasteful.54

The present paper proposes a constraint-reduced MPC algorithm for CQP.55

The work borrows from [18] (affine-scaling, convex quadratic programming)56

and is significantly inspired from [34] (MPC, linear optimization), but improves57

on both in a number of ways—even for the case of linear optimization (i.e.,58

when H = 0). Specifically,59

– in contrast with [18, 34] (and [5]), it does not involve a (CPU-expensive)60

rank estimation combined with an increase of the size of the working set61

when a rank condition fails; rather, it makes use of a regularization scheme62

adapted from [35];63

– a general condition (Condition CSR) to be satisfied by the constraint-64

selection rule is proposed which, when satisfied, guarantees global and65

local quadratic convergence of the overall algorithm (under appropriate66

assumptions);67

– a specific constraint-selection rule is introduced which, like in [5] (but un-68

like in [18]), does not impose any a priori lower bound on the size of the69

working set; this rule involves a modified active set identification scheme70

that builds on results from [8]; numerical comparison shows that the new71

rule outperforms previously used rules.72

Other improvements over [18,34] include (i) a modified stopping criterion and73

a proof of termination of the algorithm (in [18, 34], termination is only guar-74

anteed under uniqueness of primal-dual solution and strict complementarity),75

(ii) a potentially larger value of the “mixing parameter” in the definition of the76

primal search direction (see footnote 2(iii)), and (iii) an improved update for-77

mula (compared to that used in [35]) for the regularization parameter, which78

fosters a smooth evolution of the regularized Hessian W from an initial (ma-79
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trix) value H + R, where R is specified by the user, at a rate no faster than80

that required for local q-quadratic convergence.81

In Section 2 below, we introduce the proposed algorithm (Algorithm CR-82

MPC) and a general condition (Condition CSR) to be satisfied by the constraint-83

selection rule, and we state global and local quadratic convergence results for84

Algorithm CR-MPC, subject to Condition CSR. We conclude the section by85

proposing a specific rule (Rule R), and proving that it satisfies Condition CSR.86

Numerical results are reported in Section 3. While the focus of the present pa-87

per is on dense systems, application of the main ideas to large sparse systems88

is briefly discussed in the Conclusion (Section 4), which also includes other89

concluding remarks. Convergence proofs are given in two appendices.90

The following notation is used throughout the paper. To the number m91

of inequality constraints, we associate the index set m := {1, 2, . . . ,m}. The92

primal feasible and primal strictly feasible sets are93

FP := {x ∈ Rn : Ax ≥ b} and FoP := {x ∈ Rn : Ax > b},
and the primal and primal-dual solution sets are94

F∗P := {x ∈ FP : f(x) ≤ f(x̃), ∀x̃ ∈ FP } and F∗ := {(x,λ) : (1) holds} .
Of course, x∗ ∈ F∗P if and only if, for some λ∗ ∈ Rm, (x∗,λ∗) ∈ F∗ Also, we95

term stationary a point x̂ ∈ FP for which there exists λ̂ ∈ Rm such that (x̂, λ̂)96

satisfies (1) except possibly for non-negativity of the components of λ̂. Next,97

for x ∈ FP , the (primal) active-constraint set at x is98

A(x) := {i ∈m : aTi x = bi} ,
where ai is the transpose of the i-th row of A. Given a subset Q ⊆ m, Qc

99

indicates its complement in m and |Q| its cardinality; for a vector v ∈ Rm, vQ100

is a sub-vector consisting of those entries with index in Q, and for an m × n101

matrix L, LQ is a |Q| × n sub-matrix of L consisting of those rows with index102

in Q. An exception to this rule, which should not create any confusion, is that103

for an m×m diagonal matrix V = diag(v), VQ is diag(vQ), a |Q|×|Q| diagonal104

sub-matrix of V . For symmetric matrices W and H, W � H (resp. W � H)105

means that W − H is positive semi-definite (resp. positive definite). Finally,106

given a vector v, [v]+ and [v]− denote the positive and negative parts of v,107

i.e., vectors with components respectively given by max{vi, 0} and min{vi, 0},108

1 is a vector of all ones, and given a Euclidean space Rp, the ball centered at109

v∗ ∈ Rp with radius ρ > 0 is denoted by B(v∗, ρ) := {v ∈ Rp : ‖v−v∗‖ ≤ ρ}.110

2 A Regularized, Constraint-Reduced MPC Iteration111

2.1 A Modified MPC Algorithm112

In [34], a constraint-reduced MPC algorithm was proposed for linear optimiza-113

tion problems, as a constraint-reduced extension of a globally and locally su-114

perlinearly convergent variant of Mehrotra’s original algorithm [21,36]. Trans-115

posed to the CQP context, that variant proceeds as follows.116



A Constraint-Reduced MPC Algorithm for Convex Quadratic Programming 5

In a first step (following the basic MPC paradigm), given (x, λ, s) with λ >117

0, s > 0, it computes the primal–dual affine-scaling direction (∆xa, ∆λa, ∆sa)118

at (x,λ, s), viz., the Newton direction for the solution of the equations portion119

of (1). Thus, it solves120

J(H,A, s,λ)

∆xa

∆λa

∆sa

 =

−∇f(x) +ATλ
0
−Sλ

 , (2)

where, given a symmetric matrix W � 0, we define

J(W,A, s,λ) :=

W −AT 0
A 0 −I
0 S Λ

 ,
with Λ = diag(λ). Conditions for unique solvability of system (2) are given in121

the following standard result (invoked in its full form later in this paper); see,122

e.g., [16, Lemma B.1].123

Lemma 1 Suppose si, λi ≥ 0 for all i and W � 0. Then J(W,A, s,λ) is124

invertible if and only if the following three conditions hold:125

(i) si + λi > 0 for all i;126

(ii) A{i:si=0} has full row rank; and127

(iii)
[
W

(
A{i:λi 6=0}

)T ]
has full row rank.128

In particular, with λ > 0 and s > 0, J(H,A, s,λ) is invertible if and only if129

[H AT ] has full row rank. By means of two steps of block Gaussian elimination,130

system (2) reduces to the normal system131

M∆xa = −∇f(x),

∆sa = A∆xa,

∆λa = −λ− S−1Λ∆sa ,

(3)

where M is given by132

M := H +ATS−1ΛA = H +

m∑
i=1

λi
si

aia
T
i . (4)

Given positive definite S and Λ, M is invertible whenever J(H,A, s,λ) is.133

In a second step, MPC algorithms construct a centering/corrector direc-134

tion, which in the CQP case (e.g., [22, Section 16.6]) is the solution (∆xc, ∆λc, ∆sc)135

to (same coefficient matrix as in (2))136

J(H,A, s,λ)

∆xc

∆λc

∆sc

 =

 0
0

σµ1−∆Sa∆λa

 , (5)
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where µ := sTλ/m is the “duality measure” and σ := (1−αa)3 is the centering
parameter, with

αa := argmax{α ∈ [0, 1] | s + α∆sa ≥ 0, λ+ α∆λa ≥ 0} .

While most MPC algorithms use as search direction the sum of the affine-137

scaling and centering/corrector directions, to force global convergence, we bor-138

row from [34]2 and define139

(∆x, ∆λ, ∆s) = (∆xa, ∆λa, ∆sa) + γ(∆xc, ∆λc, ∆sc), (6)

where the “mixing” parameter γ ∈ [0, 1] is one when ∆xc = 0 and otherwise140

γ := min

{
γ1, τ

‖∆xa‖
‖∆xc‖

, τ
‖∆xa‖
σµ

}
, (7)

where τ ∈ [0, 1) and141

γ1 := argmax {γ̃ ∈ [0, 1] | f(x)− f(x +∆xa + γ̃∆xc) ≥ ω(f(x)− f(x +∆xa))} ,
(8)

with ω ∈ (0, 1). The first term in (7) guarantees that the search direction is a142

direction of significant descent for the objective function (which in our context143

is central to forcing global convergence) while the other two terms ensures that144

the magnitude of the centering/corrector direction is not too large compared145

to the magnitude of the affine-scaling direction.146

As for the line search, we again borrow from [34], where specific safeguards
are imposed to guarantee global and local q-quadratic convergence. We set

ᾱp := argmax{α : s + α∆s ≥ 0}, αp := min{1, max{κᾱp, ᾱp − ‖∆x‖}},
ᾱd := argmax{α : λ+ α∆λ ≥ 0}, αd := min{1, max{κᾱd, ᾱd − ‖∆x‖}} ,

with κ ∈ (0, 1), then

(x+, s+) := (x, s) + αp(∆x, ∆s) .

and finally147

λ+
i := min{λmax, max{λi + αd∆λi, min{λ, χ}}}, i = 1, . . . ,m , (9)

where λmax > 0 and λ ∈ (0, λmax) are algorithm parameters, and

χ := ‖∆xa‖ν + ‖[λ+∆λa]−‖ν ,

with ν ≥ 2.148

We verified via numerical tests that for the problems considered in Sec-149

tion 3, the modified MPC algorithm outlined in this section is at least as150

efficient as the MPC algorithm for CQPs given in [22, Algorithm 16.4].151

2 We however do not fully follow [34]: (i) Equation (8) generalizes (22) of [34] to CQP; (ii)
In (9) we explicitly bound λ+ (x+ in [34]), by λmax; in the linear case, such boundedness is
guaranteed (Lemma 3.3 in [34]); as a side-effect, in (7), we could drop the penultimate term
in (24) of [34] (invoked in proving convergence of the x sequence in the proof of Lemma 3.4
of [34]); (iii) We do not restrict the primal step size as done in (25) of [34] (dual step size
in the context of [34]), at the expense of a slightly more involved convergence proof: see our
Proposition 3 below, to be compared to [34, Lemma 3.7].
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2.2 A Regularized Constraint-Reduced MPC Algorithm152

In the modified MPC algorithm described in Section 2.1, the main computa-153

tional cost is incurred in forming the normal matrix M (see (4)), which re-154

quires approximately mn2/2 multiplications (at each iteration) if A is dense,155

regardless of how many of the m inequality constraints in (P) are active at156

the solution. This may be wasteful when few of these constraints are active at157

the solution, in particular (generically) when m � n (imbalanced problems).158

The constraint-reduction mechanism introduced in [28] and used in [18] in the159

context of an affine-scaling algorithm for the solution of CQPs modifies M by160

limiting the sum in (4) to a wisely selected small subset of terms, indexed by161

an index set Q ⊆m referred to as the working set.162

Given a working set Q, the constraint-reduction technique produces an ap-163

proximate affine-scaling direction by solving a “reduced” version of the Newton164

system (2), viz.165

J(H,AQ, sQ,λQ)

 ∆xa

∆λa
Q

∆sa
Q

 =

−∇f(x) + (AQ)TλQ
0

−SQλQ

 . (10)

Just like the full system, when sQ > 0, the reduced system (10) is equivalent166

to the reduced normal system167

M̃(Q)∆xa = −∇f(x) ,

∆sa
Q = AQ∆xa ,

∆λa
Q = −λQ − S−1

Q ΛQ∆sa
Q ,

(11)

where the “reduced” M̃(Q) (still of size n× n) is given by

M̃(Q) := H + (AQ)TS−1
Q ΛQAQ = H +

∑
i∈Q

λi
si

aia
T
i .

When A is dense, the cost of forming M̃(Q) is approximately qn2/2, where168

q := |Q|, leading to significant savings when q � m.169

One difficulty that may arise, when substituting AQ for A in the Newton-170

KKT matrix, is that the resulting linear system might no longer be uniquely171

solvable. Indeed, even when [H AT ] has full row rank, [H (AQ)T ] may be rank-172

deficient, so the third condition in Lemma 1 would not hold. A possible remedy173

is to regularize the linear system. In the context of linear optimization, such174

regularization was implemented in [9] and explored in [25] by effectively adding175

a fixed scalar multiple of identity matrix into the normal matrix to improve nu-176

merical stability of the Cholesky factorization. A more general regularization177

was proposed in [1] where diagonal matrices that are adjusted dynamically178

based on the pivot values in the Cholesky factorization were used for regu-179

larization. On the other hand, quadratic regularization was applied to obtain180

better preconditioners in [4], where a hybrid scheme of the Cholesky factor-181

ization and a preconditioned conjugate gradient method is used to solve linear182
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systems arising in primal block-angular problems. In [4], the regularization183

dies out when optimality is approached.184

Applying regularization to address rank-deficiency of the normal matrix185

due to constraint reduction was first considered in [35], in the context of linear186

optimization. There a similar regularization as in [9, 25] is applied, while the187

scheme lets the regularization die out as a solution to the optimization problem188

is approached, to preserve fast local convergence. Adapting such approach to189

the present context, we replace J(H,AQ, sQ,λQ) by J(W,AQ, sQ,λQ) and190

M̃(Q) by191

M(Q) := W + (AQ)TS−1
Q ΛQAQ , (12)

with W := H + %R, where % ∈ (0, 1] is a regularization parameter that is192

updated at each iteration and R � 0 a constant symmetric matrix such that193

H + R � 0. Thus the inequality W � H is enforced, ensuring f(x + ∆xa) <194

f(x) (see Proposition 2 below), which in our context is critical for global195

convergence. In the proposed algorithm, the modified coefficient matrix is used196

in the computation of both a modified affine-scaling direction and a modified197

centering/corrector direction, which thus solves198

J(W,AQ, sQ,λQ)

 ∆xc

∆λc
Q

∆sc
Q

 =

 0
0

σµ(Q)1−∆Sa
Q∆λ

a
Q

 . (13)

In the bottom block of the right-hand side of (13) (compared to (5)) we have199

substituted ∆Sa
Q and ∆λa

Q for ∆Sa and ∆λa, and replaced µ with200

µ(Q) :=

{
sTQλQ/q , if q 6= 0

0 , otherwise
, (14)

the duality measure for the “reduced” problem. The corresponding normal201

equation system is given by202

M(Q)∆xc = (AQ)TS−1
Q (σµ(Q)1−∆Sa

Q∆λ
a
Q),

∆sc
Q = AQ∆xc,

∆λc
Q = S−1

Q (−ΛQ∆sc
Q + σµ(Q)1−∆Sa

Q∆λ
a
Q) .

(15)

A partial search direction for the constraint-reduced MPC algorithm at (x, λ, s)203

is then given by (see (6))204

(∆x, ∆λQ, ∆sQ) = (∆xa, ∆λa
Q, ∆sa

Q) + γ(∆xc, ∆λc
Q, ∆sc

Q), (16)

where γ is given by (7)–(8), with µ(Q) replacing µ.3205

Algorithm CR-MPC, including a stopping criterion, a simple update rule206

for %, and update rules (adapted from [34]) for the components λi of the207

dual variable with i ∈ Qc, but with the constraint-selection rule (in Step 2)208

3 In the case that q = 0 (Q is empty), γ is chosen to be zero. Note that, in such case,
there is no corrector direction, as the right-hand side of (13) vanishes.
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left unspecified, is formally stated below.4 Its core, Iteration CR-MPC, takes209

as input the current iterates x, s > 0, λ > 0, λ̃, and produces the next210

iterates x+, s+ > 0, λ+ > 0, λ̃
+

, used as input to the next iteration. Here211

λ̃, with possibly λ̃ 6≥ 0, is asymptotically slightly closer to optimality than212

λ, and is used in the stopping criterion. While dual feasibility of (x,λ) is not213

enforced along the sequence of iterates, a primal strictly feasible starting point214

x ∈ FoP is required, and primal feasibility of subsequent iterates is enforced,215

as it allows for monotone descent of f , which in the present context is key216

to global convergence. (An extension of Algorithm CR-MPC that allows for217

infeasible starting points is discussed in Section 2.3 below.) Algorithm CR-218

MPC makes use (in its stopping criterion and % update) of an “error” function219

E : Rn × Rm → R (also used in the constraint-selection Rule R in Section 2.6220

below) given by221

E(x,λ) := ‖(‖v(x,λ)‖, ‖w(x,λ)‖)‖ , (17)

where222

v(x,λ) := Hx + c−ATλ, wi(x,λ) := min{|si|, |λi|}, i = 1, . . . ,m, (18)

with s := Ax− b, and where the norms are arbitrary. Here E measures both223

dual feasibility (via v) and complementary slackness (via w). Note that, for224

x ∈ FP and λ ≥ 0, E(x,λ) = 0 if and only if (x,λ) solves (P)–(D).225

Algorithm CR-MPC: A Constraint-Reduced variant of MPC Algorithm for CQP226

Parameters: ε ≥ 0, τ ∈ [0, 1), ω ∈ (0, 1), κ ∈ (0, 1), ν ≥ 2, λmax > 0, λ ∈ (0, λmax),227

and Ē > 0.5 A symmetric n× n matrix R � 0 such that H +R � 0.228

Initialization: x ∈ FoP ,6 λ > 0, s := Ax− b > 0, λ̃ := λ.229

Iteration CR-MPC:230

Step 1. Terminate if either (i) ∇f(x) = 0, in which case (x,0) is optimal for (P)–(D),231

or (ii)232

min
{
E(x,λ), E(x, [λ̃]+)

}
< ε, (19)

in which case (x, [λ̃]+) is declared ε-optimal for (P)–(D) if E(x,λ) ≥ E(x, [λ̃]+), and233

(x,λ) is otherwise.234

Step 2. Select a working set Q. Set q := |Q|. Set % := min{1, E(x,λ)

Ē
}. Set W := H+%R.235

Step 3. Compute approximate normal matrix M(Q) := W +
∑
i∈Q

λi
si

aia
T
i .236

Step 4. Solve237

M(Q)∆xa = −∇f(x) , (20)

and set238

∆sa := A∆xa , ∆λa
Q := −λQ − S−1

Q ΛQ∆sa
Q . (21)

Step 5. Compute the affine-scaling step239

αa := argmax{α ∈ [0, 1] | s + α∆sa ≥ 0, λQ + α∆λa
Q ≥ 0} . (22)

4 The “modified MPC algorithm” outlined in Section 2.1 is recovered as a special case by
setting %+ = 0 and Q = {1, . . . ,m} in Step 2 of Algorithm CR-MPC.

5 For scaling reasons, it may be advisable to set the value of Ē to the initial value of
E(x,λ) (so that, in Step 2 of the initial iteration, % is set to 1, and W to H +R). This was
done in the numerical tests reported in Section 3.

6 Here it is implicitly assumed that FoP is nonempty. This assumption is subsumed by
Assumption 1 below.
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Step 6. Set µ(Q) as in (14). Compute centering parameter σ := (1− αa)3.240

Step 7. Solve (13) for the corrector direction (∆xc, ∆λc
Q, ∆sc

Q), and set ∆sc := A∆xc.241

Step 8. If q = 0, set γ := 0. Otherwise, compute γ as in (7)–(8), with µ(Q) replacing µ.242

Compute the search direction243

(∆x, ∆λQ, ∆s) := (∆xa, ∆λa
Q, ∆sa) + γ(∆xc, ∆λc

Q, ∆sc) . (23)

Set λ̃+
i = λi +∆λi, ∀i ∈ Q, and λ̃+

i = 0, ∀i ∈ Qc.244

Step 9. Compute the primal and dual steps αp and αd by245

ᾱp := argmax{α : s + α∆s ≥ 0}, αp := min{1, max{κᾱp, ᾱp − ‖∆x‖}},
ᾱd := argmax{α : λQ + α∆λQ ≥ 0}, αd := min{1, max{κᾱd, ᾱd − ‖∆x‖}} .

(24)

Step 10. Updates:246

(x+, s+) := (x, s) + (αp∆x, αp∆s) . (25)

Set χ := ‖∆xa‖ν + ‖[λQ +∆λa
Q]−‖ν . Set247

λ+
i := max{min{λi + αd∆λi, λ

max}, min{χ, λ}}, ∀i ∈ Q . (26)

Set µ+
(Q)

:= (s+
Q)T (λ+

Q)/q if q 6= 0, otherwise set µ+
(Q)

:= 0. Set248

λ+
i := max{min{µ+

(Q)
/s+i , λ

max}, min{χ, λ}}, ∀i ∈ Qc . (27)

249

A few more comments are in order concerning Algorithm CR-MPC. First,250

the stopping criterion is a variation on that of [18, 34], involving both λ and251

[λ̃]+ instead of only λ; in fact the latter will fail when the parameter λmax
252

(see (26)–(27)) is not large enough and may fail when second order sufficient253

conditions are not satisfied, while we prove below (Theorem 1(iv)) that the254

new criterion is eventually satisfied indeed, in that the iterate (x,λ) converges255

to a solution (even if it is not unique), be it on a mere subsequence. Second, our256

update formula for the regularization parameter % in Step 2 improves on that257

in [35] (%+ = min{χ, χmax} in the notation of this paper, where χmax is a user-258

defined constant) as it fosters a “smooth” evolution of W from the initial value259

of H +R, with R specified by the user, at a rate no faster than that required260

for local q-quadratic convergence. And third, R � 0 should be selected to261

compensate for possible ill-conditioning of H—so as to mitigate possible early262

ill-conditioning of M(Q). (Note that a nonzero R may be beneficial even when263

H is non-singular.)264

It is readily established that, starting from a strictly feasible point, regard-265

less of the choice made for Q in Step 2, Algorithm CR-MPC either stops at266

Step 1 after finitely many iterations, or generates infinite sequences {Ek}∞k=0,267

{xk}∞k=0, {λk}∞k=0, {λ̃
k
}∞k=0, {sk}∞k=0, {χk}∞k=0, {Qk}∞k=0, {%k}∞k=0, and {Wk}∞k=0,268

with sk = Axk − b > 0 and λk > 0 for all k. (E0, χ0, %0, and W0 correspond269

to the values of Ek, χk, %k, and Wk computed in the initial iteration, while270

the other initial values are provided in the “Initialization” step.) Indeed, if271

the algorithm does not terminate at Step 1, then ∇f(x) 6= 0, i.e., ∆xa 6= 0272

(from (20), since M(Q) is invertible); it follows that ∆x 6= 0 (if ∆xc 6= 0, since273

τ ∈ [0, 1), (7) yields γ < ‖∆xa‖/‖∆xc‖) and, since ∆xa 6= 0 implies χ > 0,274

(24), (23), (25), (26), and (27) imply that s+ = Ax+ − b > 0 and λ+ > 0.275

From now on, we assume that infinite sequences are generated.276
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2.3 Extensions: Infeasible Starting Point, Equality Constraints277

Because, in our constraint-reduction context, convergence is achieved by en-278

forcing descent of the objective function at every iteration, infeasible starts279

cannot be accommodated as, e.g., in S. Mehrotra’s original paper [21]. The280

penalty-function approach proposed and analyzed in [13, Chapter 3] in the281

context of constraint-reduced affine scaling for CQP (adapted from a scheme282

introduced in [27] for a nonlinear optimization context) fits right in however.283

(Also see [14] for the linear optimization case.) Translated to the notation of284

the present paper, it substitutes for (P)–(D) the primal-dual pair7
285

minimize
x∈Rn, z∈Rm

f(x) + ϕ1T z s.t. Ax + z ≥ b , z ≥ 0 , (Pϕ)

286

maximize
x∈Rn,λ∈Rm

−1

2
xTHx + bTλ s.t. Hx + c−ATλ = 0 , 0 ≤ λ ≤ 1 , (Dϕ)

with ϕ > 0 a scalar penalty parameter, for which primal-strictly-feasible points287

(x, z) are readily available. Hence, given ϕ, this problem can be handled by288

Algorithm CR-MPC.8 Such `1 penalty function is known to be exact, i.e.,289

for some unknown, sufficiently large (but still moderate) value of ϕ, solutions290

(x∗, z∗) to (Pϕ) are such that x∗ solves (P); further ( [13,14]), z∗ = 0. In [13,291

14], an adaptive scheme is proposed for increasing ϕ to such value. Applying292

this scheme on (Pϕ)–(Dϕ) allows Algorithm CR-MPC to handle infeasible293

starting points for (P)–(D). We refer the reader to [13, Chapter 3] for details.294

Linear equality constraints of course can be handled by first projecting295

the problem on the associated affine space, and then run Algorithm CR-MPC296

on that affine space. A weakness of this approach though is that it does not297

adequately extend to the case of sparse problems (discussed in the Conclusion298

section (Section 4) of this paper), as projection may destroy sparsity. An al-299

ternative approach is, again, via augmentation: Given the constraints Cx = d,300

with d ∈ Rp, solve the problem301

minimize
x∈Rn,y∈Rp

f(x) + ϕ1Ty s.t. Cx + y ≥ d , Cx− y ≤ d . (28)

(Note that, taken together, the two constraints imply y ≥ 0.) Again, given302

ϕ > 0 and using the same adaptive scheme from [13, 14], this problem can be303

tackled by Algorithm CR-MPC.304

2.4 A Class of Constraint-Selection Rules305

Of course, the quality of the search directions is highly dependent on the choice306

of the working set Q. Several constraint-selection rules have been proposed307

7 An `∞ penalty function can be substituted for this `1 penalty function with minor
adjustments: see [13,14] for details.

8 It is readily checked that, given the simple form in which z enters the constraints, for
dense problems, the cost of forming M(Q) still dominates and is still approximately |Q|n2/2,
with still, typically, |Q| � m.
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for constraint-reduced algorithms on various classes of optimization problems,308

such as linear optimization [28,34,35], convex quadratic optimization [17,18],309

semi-definite optimization [23,24], and nonlinear optimization [5]. In [28,34,35],310

the cardinality q of Q is constant and decided at the outset. Because in the311

non-degenerate case the set of active constraints at the solution of (P) with312

H = 0 is at least equal to the number n of primal variables, q ≥ n is usually313

enforced in that context. In [18], which like this paper deals with quadratic314

problems, q was allowed to vary from iteration from iteration, but q ≥ n was315

still enforced throughout (owing to the fact that, in the regular case, there are316

no more than n active constraints at the solution). Here we propose to again317

allow q to vary, but in addition to not a priori impose a positive lower bound318

on q.319

The convergence results stated in Section 2.5 below are valid with any320

constraint-selection rule that satisfies the following condition.321

Condition CSR Let {(xk,λk)} be the sequence constructed by Algorithm CR-322

MPC with the constraint-selection rule under consideration, and let Qk be the323

working set generated by the constraint-selection rule at iteration k. Then the324

following holds: (i) if {(xk,λk)} is bounded away from F∗, then, for all limit325

points x′ such that {xk} → x′ on some infinite index set K, A(x′) ⊆ Qk for326

all large enough k ∈ K; and (ii) if (P)–(D) has a unique solution (x∗,λ∗) and327

strict complementarity holds at x∗, and if {xk} → x∗, then A(x∗) ⊆ Qk for328

all k large enough.329

Condition CSR(i) aims at preventing convergence to non-optimal primal point,330

and hence (given a bounded sequence of iterates) forcing convergence to solu-331

tion points. Condition CSR(ii) is important for fast local convergence to set332

in. A specific rule that satisfies Condition CSR, Rule R, used in our numerical333

experiments, is presented in Section 2.6 below.334

2.5 Convergence Properties335

The following standard assumptions are used in portions of the analysis.336

Assumption 1 FoP is nonempty and F∗P is nonempty and bounded. 9
337

Assumption 2 10 At every stationary point x, AA(x) has full row rank.338

Assumption 3 There exists a (unique) x∗ where the second-order sufficient339

condition of optimality with strict complementarity holds, with (unique) λ∗.340

9 Nonemptiness and boundedness of F∗P are equivalent to dual strict feasibility (e.g., [7,
Theorem 2.1]).
10 Equivalently (under the sole assumption that F∗P is nonempty) AA(x) has full row rank

at all x ∈ FP . In fact, while we were not able to carry out the analysis without such (strong)
assumption (the difficulty being to rule out convergence to non-optimal stationary points),
numerical experimentation suggests that the assumption is immaterial.
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Assumption 3, mostly used in the local analysis, subsumes Assumption 1.341

Theorem 1, proved in Appendix A, addresses global convergence.342

Theorem 1 Suppose that the constraint-selection rule invoked in Step 2 of343

Algorithm CR-MPC satisfies Condition CSR. First suppose that ε = 0, that344

the iteration never stops, and that Assumptions 1 and 2 hold. Then (i) the345

infinite sequence {xk} it constructs converges to the primal solution set F∗P ; if346

in addition, Assumption 3 holds, then (ii) {(xk, λ̃
k
)} converges to the unique347

primal–dual solution (x∗,λ∗) and {(xk,λk)} converges to (x∗, ξ∗), with ξ∗i :=348

min{λi, λmax} for all i ∈ m, and (iii) for sufficiently large k, the working set349

Qk contains A(x∗).350

Finally, suppose again that Assumptions 1 and 2 hold. Then (iv) if ε > 0,351

Algorithm CR-MPC stops (in Step 1) after finitely many iterations.352

Fast local convergence is addressed next; Theorem 2 is proved in Appendix B.353

Theorem 2 Suppose that Assumption 3 holds, that ε = 0, that the iteration354

never stops, and that λ∗i < λmax for all i ∈ m. Then there exist ρ > 0 and355

C > 0 such that, if ‖(x− x∗,λ− λ∗)‖ < ρ and Q ⊇ A(x∗), then356

‖(x+ − x∗, λ̃
+
− λ∗)‖ ≤ C‖(x− x∗,λ− λ∗)‖2. (29)

When the constraint-selection rule satisfies Condition CSR(ii), local q-quadratic357

convergence is an immediate consequence of Theorems 1 and 2.358

Corollary 1 Suppose that Assumptions 1–3 hold, that ε = 0, that the itera-
tion never stops, and that λ∗i < λmax for all i ∈ m. Further suppose that the
constraint-selection rule invoked in Step 2 satisfies Condition CSR. Then Al-
gorithm CR-MPC is locally q-quadratically convergent. Specifically, there exists
C > 0 such that, given any initial point (x0,λ0), for some k′ > 0,

A(x∗) ⊆ Qk and ‖(xk+1−x∗,λk+1−λ∗)‖ ≤ C‖(xk−x∗,λk−λ∗)‖2, ∀k > k′.

The foregoing theorems and corollary (essentially) extend to the case of359

infeasible starting point discussed in Section 2.3. The proof follows the lines360

of that in [13, Theorem 3.2]. While Assumptions 1 and 3 remain unchanged,361

Assumption 2 must be tightened to: For every x ∈ Rn, {ai : aTi x ≤ bi}362

is a linearly independent set.11 (While this assumption appears to be rather363

restrictive—a milder condition is used in [13, Theorem 3.2] and [14], but we364

believe it is insufficient—footnote 10 applies here as well.)365

Subject to such tightening of Assumption 2, Theorem 1 still holds. Further,366

Theorem 2 and Corollary 1 (local quadratic convergence) also hold, but for the367

augmented set of primal–dual variables, (x, z,λ). While proving the results for368

(x,λ) might turn out to be possible, an immediate consequence of q-quadratic369

convergence for (x, z,λ) is r-quadratic convergence for (x,λ).370

11 In fact, given any known upper bound z to {zk}, this assumption can be relaxed to
merely requiring linear independence of the set {ai : bi − z ≤ aTi x ≤ bi}, which tends to
the set of active constraints when z goes to zero. This can be done, e.g., with z = c‖z0‖∞,
with any c > 1, if the constraint z ≤ z1 is added to the augmented problem.
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Under the same assumptions, Theorems 1 and 2 and Corollary 1 still hold371

in the presence of equality constraints Cx = d via transforming the problem372

to (28), provided {ai : aTi x ≤ bi}∪ {ci : i = 1, . . . , p} is a linearly independent373

set for every x ∈ Rn, with ci the ith row of C. Note that it may be beneficial374

to choose x0 to lie on the affine space defined by Cx = d, in which case the375

components of y0 can be chosen quite small, and to include the constraint376

y ≤ cy0 for some c > 1 as suggested in footnote 11.377

2.6 A New Constraint-Selection Rule378

The proposed Rule R, stated below, first computes a threshold value based379

on the amount of decrease of the error Ek := E(xk,λk), and then selects380

the working set by including all constraints with slack values less than the381

computed threshold.382

Rule R Proposed Constraint-Selection Rule

Parameters: δ̄ > 0, 0 < β < θ < 1.
Input: Iteration: k, Slack variable: sk, Error: Emin (when k > 0), Ek := E(xk,λk),
Threshold: δk−1.
Output: Working set: Qk, Threshold: δk, Error: Emin.

1: if k = 0 then
2: δk := δ̄
3: Emin := Ek
4: else if Ek ≤ βEmin then
5: δk := θδk−1

6: Emin := Ek
7: else
8: δk := δk−1

9: end if
10: Select Qk := {i ∈m | ski ≤ δk}.

A property of E that plays a key role in proving that Rule R satisfies Con-383

dition CSR is stated next; it does not require strict complementarity. It was384

established in [8], within the proof of Theorem 3.12 (equation (3.13)); also385

see [12, Theorem 1], [37, Theorem A.1], as well as [3, Lemma 2, with the “vec-386

tor of perturbations” set to zero] for an equivalent, yet global inequality in the387

case of linear optimization (H = 0), under an additional dual (primal in the388

context of [3]) feasibility assumption ((Hx)−ATλ+ c = 0). A self-contained389

proof in the case of CQP is given here for the sake of completeness and ease390

of reference.391

Lemma 2 Suppose (x∗,λ∗) solves (P)–(D), let I := {i ∈ m : λ∗i > 0}, and392

suppose that (i) AA(x∗) and (ii) [H (AI)T ] have full row rank. Then there393

exists c > 0 and some neighborhood V of the origin such that394

E(x,λ) ≥ c‖(x− x∗,λ− λ∗)‖ whenever (x− x∗,λ− λ∗) ∈ V.
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Proof Let z∗ := (x∗,λ∗) ∈ Rn+m, let s := Ax − b, s∗ := Ax∗ − b, and let395

Ψ : Rn+m → R be given by Ψ(ζ) := E(z∗ + ζ). We show that, restricted to an396

appropriate punctured convex neighborhood of the origin, Ψ is strictly positive397

and absolutely homogeneous, so that the convex hull Ψ̂ of such restriction398

generates a norm on Rn+m, proving the claim (with c = 1 for the norm399

generated by Ψ̂). To proceed, let ζx ∈ Rn and ζλ ∈ Rm denote respectively400

the first n and last m components of ζ, and let ζs := Aζx.401

First, since v(z∗) = 0, v(z∗ + ζ) = Hζx −AT ζλ is linear in ζ, making its402

norm absolutely homogeneous in ζ; and since si = s∗i + ζsi and λi = λ∗i + ζλi ,403

complementarity slackness (s∗i λ
∗
i = 0) implies that ‖w(x∗ + ζx,λ∗ + ζλ)‖ is404

absolutely homogeneous in ζ as well, in some neighborhood V1 of the origin.405

Hence Ψ is indeed absolutely homogeneous in V1.406

Next, turning to strict positiveness and proceeding by contradiction, sup-407

pose that for every δ > 0 there exists ζ 6= 0, with ‖ζ‖ < δ, such that Ψ(ζ) = 0,408

i.e., v(z∗+ζ) = 0 and w(z∗+ζ) = 0. In view of (i), which implies uniqueness409

(over all of Rm) of the KKT multiplier vector associated to x∗, and given410

that ζ 6= 0, we must have ζx 6= 0. In view of (ii), this implies that Hζx and411

ζsI = AIζ
x cannot vanish concurrently. On the other hand, for i ∈ I and for412

small enough δ, wi(z
∗+ζ) = 0 implies ζsi = 0. Hence, Hζx cannot vanish, and413

it must hold that (ζx)THζx > 0. Since v(z∗+ζ) = Hζx−AT ζλ, we conclude414

from v(z∗+ζ) = 0 that (ζx)TAT ζλ > 0, i.e., (ζs)T ζλ > 0. Now, the argument415

that shows that ζsi = 0 when λ∗i > 0 also shows that ζλi = 0 when s∗i > 0.416

Hence our inequality reduces to
∑
{i:s∗i =λ∗i =0} ζ

s
i ζ
λ
i > 0, in contradiction with417

w(z∗+ ζ) = 0. Taking V to be a convex neighborhood of the origin contained418

in V1 ∩ {ζ : ‖ζ‖ < δ} completes the proof. 2419

Proposition 1 Algorithm CR-MPC with Rule R satisfies Condition CSR.420

Proof To prove that Condition CSR(i) holds, let {(xk,λk)} be bounded away
from F∗, let x′ be a limit point of {xk}, and let K be an infinite subsequence
such that {xk} → x′ on K. By (17)–(18), {Ek} is bounded away from zero so
that, under Rule R, there exists δ′ > 0 such that δk > δ′ for all k. Now, with
s′ := Ax′ − b and sk := Axk − b for all k, since s′A(x′) = 0, we have that, for

all i ∈ A(x′), ski < δ′ for all large enough k ∈ K. Hence, for all large enough
k ∈ K,

ski < δ′ < δk , ∀i ∈ A(x′) .

Since Rule R chooses the working set Qk := {i ∈ m | ski ≤ δk} for all k, we421

conclude that A(x′) ⊆ Qk for all large enough k ∈ K, which proves Claim (i).422

Turning now to Condition CSR (ii), suppose that (P)–(D) has a unique423

solution (x∗,λ∗), that strict complementarity holds at x∗, and that {xk} → x∗.424

If δk is reduced no more than finitely many times, then of course it is bounded425

away from zero, and the proof concludes as for Condition CSR(i); thus suppose426

{δk} → 0. Let K := {k ≥ 1 : δk = θδk−1} (an infinite index set) and, for given427

k, let `(k) be the cardinality of {k′ ≤ k : k′ ∈ K}. Then we have δk = δ̄θ`(k)
428

for all k and Ek ≤ β`(k)E0 for all k ∈ K. Since β < θ (see Rule R), this429

implies that {Ek

δk
}k∈K → 0. And from the definition of Ek and uniqueness of430
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the solution to (P)–(D), it follows that {λk} → λ∗ as k →∞, k ∈ K. We use431

these two facts to prove that, for all i ∈ A(x∗) and some k0,432

ski ≤ δk ∀k ≥ k0; (30)

in view of Rule R, this will complete the proof of Claim (ii). From Lemma 2,433

there exist C > 0 and η > 0 such that434

‖(x− x∗,ψ − λ∗)‖ ≤ CE(x,ψ)

for all (x,ψ) satisfying ‖(x − x∗,ψ − λ∗)‖ < η. Since {Ek

δk
}k∈K → 0 and435

{λk − λ∗}k∈K → 0, and since ‖sk − s∗‖ ≤ ‖A‖‖xk − x∗‖ (since sk − s∗ =436

A(xk − x∗)), there exists k0 such that, for all i ∈ A(x∗),437

ski ≤ ‖A‖‖(xk − x∗,λk − λ∗)‖ ≤ ‖A‖CEk ≤ δk, ∀k ∈ K, k ≥ k0, (31)

establishing (30) for k ∈ K. It remains to show that (30) does hold for all k438

large enough. Let ρ and C be as in Theorem 2 and without loss of generality439

suppose Cρ ≤ θ. Since {(xk − x∗,λk − λ∗)}k∈K → 0, there exists k ∈ K440

(w.l.o.g. k ≥ k0), such that ‖(xk − x∗,λk − λ∗)‖ < ρ. Theorem 2 together441

with (31) then imply that442

‖(xk+1−x∗,λk+1−λ∗)‖ ≤ C‖(xk−x∗,λk−λ∗)‖2 < θ‖(xk−x∗,λk−λ∗)‖ ≤ θδk/‖A‖.

(When A = 0, Proposition 1 holds trivially.) Hence, ‖(xk+1−x∗,λk+1−λ∗)‖ <443

ρ and since (in view of Rule R) δk+1 is equal to either δk or θδk and θ ∈ (0, 1),444

we get, for all i ∈ A(x∗),445

sk+1
i ≤ ‖A‖‖(xk+1 − x∗,λk+1 − λ∗)‖ ≤ δk+1,

so that A(x∗) ⊆ Qk+1. Theorem 2 can be applied recursively, yielding A(x∗) ⊆446

Qk for all k large enough, concluding the proof of Claim (ii). 2447

Note that if a constraint-selection rule satisfies Condition CSR, rules de-448

rived from it by replacing Qk by a superset of it also satisfy Condition CSR449

so that our convergence results still hold. Such augmentation of Qk is often450

helpful; e.g., see Section 5.3 in [34]. Note however that the following corollary451

to Theorems 1–2 and Proposition 1, proved in Appendix A, of course does not452

apply when Rule R is thus augmented.453

Corollary 2 Suppose that Rule R is used in Step 2 of Algorithm CR-MPC,454

ε = 0, and that Assumptions 1–3 hold. Let (x∗,λ∗) be the unique primal–dual455

solution. Further suppose that λ∗i < λmax for all i ∈ m. Then, for sufficiently456

large k, Rule R gives Qk = A(x∗).12
457

12 In particular, if x∗ is an unconstrained minimizer, the working set Q is eventually empty,
and Algorithm CR-MPC reverts to a simple regularized Newton method (and terminates in
one additional iteration if H � 0 and R = 0).
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3 Numerical Experiments458

We report computational results obtained with Algorithm CR-MPC on ran-459

domly generated problems and on data-fitting problems of various sizes.13
460

Comparisons are made across different constraint-selection rules, including the461

unreduced case (Q = m).14
462

3.1 Other Constraint-Selection Rules463

As noted, the convergence properties of Algorithm CR-MPC that are given464

in Section 2.5 hold with any working-set selection rule that satisfies Condi-465

tion CSR. The rules used in the numerical tests are our Rule R, Rule JOT466

of [18], Rule FFK–CWH of [5, 8], and Rule All (Q = m, i.e., no reduction).467

The details of Rule JOT and Rule FFK–CWH are stated below.468

Rule JOT
Parameters: κ > 0, qU ∈ [n,m] (integer).
Input: Iteration: k, Slack variable: sk, Duality measure: µ := (λk)T sk/m.
Output: Working set: Qk.
Set q := min{max{n, dµκme}, qU}, and let η be the q-th smallest slack value.
Select Qk := {i ∈m | ski ≤ η}.

469

Rule FFK–CWH
Parameter: 0 < r < 1.
Input: Iteration: k, Slack variable: sk, Error: Ek := E(xk,λk) (see (17)).
Output: Working set: Qk.
Select Qk := {i ∈m | ski ≤ (Ek)r}.

470

471

Note that the thresholds in Rule R and Rule FFK–CWH depend on both the472

duality measure µ and dual feasibility (see (17)) and these two rules impose473

no restriction on |Q|. On the other hand, the threshold in Rule JOT involves474

only µ, while it is required that |Q| ≥ n . In addition, it is readily verified that475

Rule FFK–CWH satisfies Condition CSR, and that so does Rule JOT under476

Assumption 2.477

It is worth noting that Rule R, Rule FFK–CWH, and Rule JOT all se-478

lect constraints by comparing the values of primal slack variables si to some479

threshold values (independent of i), while the associated dual variables λi are480

not taken into account individually. Of course, variations with respect to such481

choice are possible. In fact, it was shown in [8] (also see an implementation482

13 In addition, a preliminary version of the proposed algorithm (with a modified version
of Rule JOT, see [19] for details) was successfully tested in [20] on CQPs arising from a
positivity-preserving numerical scheme for solving linear kinetic transport equations.
14 We also ran comparison tests with the constraint-reduced algorithm of [23], for which

polynomial complexity was established (as was superlinear convergence) for general semi-
definite optimization problems. As was expected, that algorithm could not compete (orders
of magnitude slower) with algorithms specifically targeting CQP.
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in [5]) that the strongly active constraint set {i ∈m : λ∗i > 0} can be (asymp-483

totically) identified at iteration k by the set {i ∈m : λki ≥ δk} with a properly484

chosen threshold δk. Modifying the constraint selection rules considered in the485

present paper to include such information might improve the efficiency of the486

rules, especially when the constraints are poorly scaled. (Such modification487

does not affect the convergence properties of Algorithm CR-MPC as long as488

the modified rules still satisfy Condition CSR.) Numerical tests were carried489

out with an “augmented” Rule R that also includes {i ∈ m : λki ≥ δk} (with490

the same δk as in the original Rule R). The results suggest that, on the class491

of imbalanced problems considered in this section, while introducing some492

overhead, such augmentation (with the same δk) brings no benefit.493

3.2 Implementation Details494

All numerical tests were run with a Matlab implementation of Algorithm CR-495

MPC on a machine with Intel(R) Core(TM) i5-4200 CPU(3.1GHz), 4GB496

RAM, Windows 7 Enterprise, and Matlab 7.12.0(R2011a). In the implemen-497

tation, E(x,λ) (see (17)–(18)) is normalized via division by the factor of498

max{‖A‖∞, ‖H‖∞, ‖c‖∞}, and 2-norms are used in (17) and Steps 9 and 10.499

In addition, for scaling purposes (see, for example, [18]), we used the normal-500

ized constraints (DA)x ≥ Db, where D = diag (1/‖ai‖2).501

To highlight the significance of constraint-selection rules, a dense direct502

Cholesky solver was used to solve normal equations (20) and (15). Follow-503

ing [28] and [18], we set si := max{si, 10−14} for all i when computing M(Q)504

in (12). Such safeguard prevents M(Q) from being too ill-conditioned and mit-505

igates numerical difficulties in solving (20) and (15). When the Cholesky fac-506

torization of the modified M(Q) failed, we then doubled the regularization507

parameter % and recomputed M(Q) in (12), and repeated this process until508

M(Q) was successfully factored.15
509

In the implementation, Algorithm CR-MPC is set to terminate as soon510

as either the stopping criterion (19) is satisfied or the iteration count reaches511

200. The algorithm parameter values used in the tests were ε = 10−8, τ = 0.5,512

ω = 0.9, κ = 0.98, ν = 3, λmax = 1030, λ = 10−6, R = In×n (the n×n identity513

matrix), and Ē = E(x0,λ0), as suggested in footnote 5. The parameters in514

Rule R were given values β = 0.4, θ = 0.5, and δ̄ = the 2n-th smallest initial515

slack value. In Rule JOT, κ = 0.25 is used as in [18], and qU = m was selected516

(although qU = 3n is suggested as a “good heuristic” in [18]) to protect against517

a possible very large number of active constraints at the solution; the numerical518

results in [18] suggest that there is no significant downside in using qU = m.519

In Rule FFK–CWH, r = 0.5 is used as in [5, 8].520

15 An alternative approach to take care of ill-conditioned M(Q) is to apply a variant of the
Cholesky factorization that handles positive semi-definite matrices, such as the Cholesky-
infinity factorization (i.e., cholinc(X,'inf') in Matlab) or the diagonal pivoting strategy
discussed in [36, Chapter 11]. Either implementation does not make notable difference in
the numerical results reported in this paper, since the Cholesky factorization fails in fewer
than 1% of the tested problems.
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3.3 Randomly Generated Problems521

We first applied Algorithm CR-MPC on imbalanced (m � n) randomly gen-522

erated problems; we used m := 10 000 and n ranging from 10 to 500. Problems523

of the form (P) were generated in a similar way as those used in [18,28,34]. The524

entries of A and c were taken from a standard normal distribution N (0, 1),525

those of x0 and s0 from uniform distributions U(0, 1) and U(1, 2), respectively,526

and we set b := Ax0 − s0, which guarantees that x0 is strictly feasible. We527

considered two sub-classes of problems: (i) strongly convex, with H diagonal528

and positive, with random diagonal entries from U(0, 1), and (ii) linear, with529

H = 0. We solved 50 randomly generated problems for each sub-class of H and530

for each problem size, and report the results averaged over the 50 problems.531

There was no instance of failure on these problems. Figure 1 shows the results.532

(We also ran tests with H rank-deficient but nonzero, with similar results.)533
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(a) Strongly convex QP: H � 0
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(b) linear optimization: H = 0

Fig. 1: Randomly generated problems with m = 10 000 constraints– Numerical results
on two types of randomly generated problems. In each figure, the x-axis is the number of
variables (n) and the y-axis is iteration count, average size of working set, or computation
time, all averaged over the 50 problem instances and plotted in logarithmic scale. The
results of Rule All, Rule FFK–CWH, Rule JOT, and Rule R are plotted as blue triangles,
red circles, yellow squares, and purple crosses, respectively.

It is clear from the plots that, in terms of computation time, Rule R out-534

performs other constraint-selection rules for the randomly generated problems535
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we tested.16 When the number of variables (n) is 1% ∼ 5% of the number536

of constraints (m) (i.e, n=100 to 500), Algorithm CR-MPC with Rule R is537

two to five times faster than with the second best rule, or 20 to 50 times538

faster than the unreduced algorithm (Rule All). When n is lowered to less539

than 1% of m (i.e., n < 100), the time advantage of using Rule R further540

doubles. Note that, as n decreases, Rule R is asymptotically more restrictive541

than Rule FFK–CWH and Rule JOT. We believe this may be the key reason542

that Rule R outperforms other rules, especially on problems with small n.543

3.4 Data-Fitting Problems544

We also applied Algorithm CR-MPC on CQPs arising from two instances of a
data-fitting problem: trigonometric curve fitting to noisy observed data points.
This problem was formulated in [28] as a linear optimization problem, and then
in [18] reformulated as a CQP by imposing a regularization term. The CQP
formulation of this problem, taken from [18], is as follows. Let g : [0, 1] → R
be a given function of time, and let b̄ := [b̄1, . . . , b̄m̄]T ∈ Rm̄ be a vector that
collects noisy observations of g at sample time t = t1, . . . , tm̄. The problem
aims at finding a trigonometric expansion u(t) from the noisy data b̄ that best
approximates g. Here u(t) :=

∑n̄
j=1 x̄jψj(t), with the trigonometric basis

ψj(t) :=

{
cos(2(j − 1)πt) , j = 1, . . . , d n̄2 e
sin(2(j − d n̄2 e)πt) j = d n̄2 e+ 1, . . . , n̄

.

Equivalently, u(t) = Āx̄, where x̄ := [x̄1, . . . , x̄n̄]T and Ā is a m̄×n̄ matrix with
entries āij = ψj(ti). Based on a regularized minimax approach, the problem
is then formulated as

minimize
x̄∈Rn̄

‖Āx̄− b̄‖∞ +
1

2
ᾱx̄T H̄x̄ ,

where H̄ � 0 is a symmetric n̄ × n̄ matrix, ᾱ is a regularization parameter,
and x̄T H̄x̄ is a regularization term that helps resist over-fitting. This problem
can be rewritten as

minimize
x̄∈Rn̄v∈R

v +
1

2
ᾱx̄T H̄x̄

subject to Āx̄− b̄ ≥ −v1 ,
−Āx̄ + b̄ ≥ −v1 ,

which is a CQP in the form of (P) with number of variables n = n̄ + 1 and545

number of constraints m = 2m̄.546

Following [18], we tested Algorithm CR-MPC on this problem with two
target functions

g(t) = sin(10t) cos(25t2) and g(t) = sin(5t3) cos2(10t) .

16 Interestingly, on strongly convex problems, most rules (and especially Rule R) need a
smaller number of iterations than Rule All (except for n = 500)!
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In each case, as in [18], we sampled the data uniformly in time and set547

b̄i := g( i−1
m̄ ) + εi, where εi is an independent and identically distributed noise548

that takes values from N (0, 0.09),17 for i = 1, . . . , m̄ and, as in [18], the regu-549

larization parameters were chosen as ᾱ := 10−6 and H̄ = diag(h̄), with h̄1 := 0550

and h̄j = h̄j+d n̄2 e−1 := 2(j − 1)π, for j = 2, . . . , d n̄2 e, and h̄n̄ := 2(b n̄2 c)π.551

Figure 2 reports our numerical results. Since these problems involve noise,552

we solved the problem 50 times for each target function and report the av-553

erage results. (The average is not reported—the corresponding symbol is not554

plotted—for problems on which one or more of the 50 runs failed, i.e., did not555

converge when iteration count reaches 200.) The sizes of the tested problems556

are m := 10 000 and n ranging from 10 to 500.557
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(a) g(t) = sin(10t) cos(25t2)
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(b) g(t) = sin(5t3) cos2(10t)

Fig. 2: Data-fitting problems with m = 10 000 constraints – Numerical results on two data-
fitting problems. In each figure, the x-axis is the number of variables (n) and the y-axis
is iteration count, average size of working set, or computation time, all averaged over the
50 problem instances and plotted in logarithmic scale. The results of Rule All, Rule FFK–
CWH, Rule JOT, and Rule R are plotted as blue triangles, red circles, yellow squares, and
purple crosses, respectively.

The results show that Rule R still outperforms other constraint-selection558

rules in terms of computation time, especially on problems with relatively559

small n. In general, Rule R is two to ten times faster than the second best560

17 We also ran the tests without noise and with noise of variance between 0 and 1, and the
results were very similar to the ones reported here.
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rule. We observe in Figure 2 that Rule JOT and Rule All failed to converge561

within 200 iterations in a few instances on problems with relatively large n.562

Numerical results suggest that these failures are due to ill-conditioning of563

MQ apparently producing poor search directions. Thus, we conjecture that564

accurate identification of active constraints not only reduces computation time,565

but also alleviates the ill-conditioning issue of MQ near optimal points.566

3.5 Comparison with Broadly Used, Mature Code18
567

With a view toward calibrating the performance of Algorithm CR-MPC re-568

ported in Sections 3.3 and 3.4, we carried out a numerical comparison with569

two widely used solvers, SDPT3 [30, 32] and SeDuMi [26].19 The tests were570

performed on the problems considered in Sections 3.3 and 3.4 with sizes571

m = 10 000 and n = 10, 20, 50, 100, 200, 500. For CR-MPC, the exact same572

implementation, including starting points and stopping criterion, as outlined573

in Section 3.2 was used. As for the SDPT3 and SeDuMi solvers, we set the574

solver precision to 10−8 and let the solvers decide the starting points.575

Table 1 reports the iteration counts and computation time of SDPT3,576

SeDuMi, and Algorithm CR-MPC with Rule All and Rule R, on each type of577

tested problems. The numbers in Table 1 are average values over 50 runs and578

over all six tested values of n. These results show that, for such significantly579

imbalanced problems, constraint reduction brings a clear edge. In particular,580

for such problems, Algorithm CR-MPC with Rule R shows a significantly581

better time-performance than two mature solvers.582

Randomly generated problems Data fitting problems

Algorithm H � 0 H = 0 sin(10t) cos(25t2) sin(5t3) cos2(10t)

iteration time iteration time iteration time iteration time
SDPT3 23.6 35.8 21.2 22.3 26.2 46.1 26.7 48.7
SeDuMi 22.0 4.0 16.3 4.4 26.9 5.1 26.1 5.5
Rule All 14.1 16.5 14.7 18.7 48.8 94.3 54.3 119.4
Rule R 13.2 0.3 14.3 0.4 38.7 1.4 43.8 1.6

Table 1: Comparison of Algorithm CR-MPC with popular codes – This table reports the
iteration count and computation time (sec) for each of the compared algorithms on each
type of tested problems, averaged over 50 runs. Every reported number is also averaged over
various problems sizes: m = 10 000 and n = 10, 20, 50, 100, 200, 500.

18 It may also be worth pointing out that a short decade ago, in [33], the performance of an
early version of a constraint-reduced MPC algorithm (with a more elementary constraint-
selection rule than Rule JOT) was compared, on imbalanced filter-design applications (linear
optimization), to the “revised primal simplex with partial pricing” algorithm discussed
in [2], with encouraging results: on the tested problems, the constraint-reduced code proved
competitive with the simplex code on some such problems and superior on others.
19 While these two solvers have a broader scope (second-order cone optimization, semidef-

inite optimization) than Algorithm CR-MPC, they allow a close comparison with our code,
as Matlab implementations are freely available within the CVX Matlab package [10,11].
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4 Conclusion583

Convergence properties of the constraint-reduced algorithm proposed in this584

paper, which includes a number of novelties, were proved independently of585

the choice of the working-set selection rule, provided the rule satisfies Condi-586

tion CSR. Under a specific such rule, based on a modified active-set identifi-587

cation scheme, the algorithm performs remarkably well in practice, both on588

randomly generated problems (CQPs as well as linear optimization problems)589

as well as data-fitting problems.590

Of course, while the focus of the present paper was on dense problems,591

the concept of constraint reduction also applies to imbalanced large, sparse592

problems. Indeed, whichever technique is used for solving the Newton-KKT593

system, solving instead a reduced Newton-KKT system, of like sparsity but594

of drastically reduced size, is bound to bring in major computational savings595

when the total number of inequality constraints is much larger than the number596

of inequality constraints that are active at the solution—at least when the597

number of variables is reasonably small compared to the number of inequality598

constraints. In the case of sparse problems, the main computation cost in an599

IPM iteration would be that of a (sparse) Cholesky factorization or, in an600

iterative approach to solving the linear system, would be linked to the number601

of necessary iterations for reaching needed accuracy. In both cases, a major602

reduction in the dimension of the Newton-KKT system is bound to reduce the603

computation time, and like savings as in the dense case should be expected.604

Appendix605

606

The following results are used in the proofs in Appendices A and B. Here we assume that607

Q ⊆m and W is symmetric, with W � H � 0. First, from (10) and (13), the approximate608

MPC search direction (∆x,∆λQ,∆sQ) defined in (16) solves609

J(W,AQ, sQ,λQ)

 ∆x
∆λQ
∆sQ

 =

 −∇f(x) + (AQ)TλQ
0

−SQλQ + γσµ(Q)1− γ∆Sa
Q∆λa

Q

 , (32)

and equivalently, when sQ > 0, from (20), (21) and (15),610

M(Q)∆x = −∇f(x) + (AQ)TS−1
Q (γσµ(Q)1− γ∆Sa

Q∆λa
Q),

∆sQ = AQ∆x,

∆λQ = −λQ + S−1
Q (−ΛQ∆sQ + γσµ(Q)1− γ∆Sa

Q∆λa
Q) .

(33)

Next, with λ̃
+

and λ̃
a,+

given by611

λ̃+
i :=

{
λi +∆λi i ∈ Q,
0 i ∈ Qc,

and λ̃a,+
i :=

{
λi +∆λa

i i ∈ Q,
0 i ∈ Qc,

(34)

from the last equation of (33) and from (21), we have612

λ̃
+
Q = S−1

Q (−ΛQ∆sQ + γσµ(Q)1− γ∆Sa
Q∆λa

Q) , (35)
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613

λ̃
a,+
Q = −S−1

Q ΛQ∆sa
Q = −S−1

Q ΛQAQ∆xa
Q , (36)

and hence614

(∆xa)T (AQ)T λ̃
a,+
Q = −(∆xa)T (AQ)TS−1

Q ΛQAQ∆xa ≤ 0 , (37)

so that, when in addition λ > 0, (∆xa)T (AQ)T λ̃
a,+

= 0 if and only if AQ∆xa = 0. Also,615

(20) yields616

∇f(x)T∆xa = −(∆xa)TM(Q)∆xa = −(∆xa)TW∆xa − (∆xa)T (AQ)TS−1
Q ΛQAQ∆xa .

(38)
Since W � H, it follows from (37) that,617

∇f(x)T∆xa + (∆xa)TH∆xa ≤ 0 . (39)

In addition, when SQ � 0, ΛQ � 0 and since W � 0, the right-hand side of (38) is strictly618

negative as long as W∆xa and AQ∆xa are not both zero. In particular, when [W (AQ)T ]619

has full row rank,620

∇f(x)T∆xa < 0 if ∆xa 6= 0 . (40)

Finally, we state and prove two technical lemmas.621

Lemma 3 Given an infinite index set K, {∆xk} → 0 as k → ∞, k ∈ K if and only if622

{∆xa,k} → 0 as k →∞, k ∈ K.623

Proof We show that ‖∆xk‖ is sandwiched between constant multiples of ‖∆xa,k‖. We have624

from the search direction given in (16) that, for all k, ‖∆xk − ∆xa,k‖ = ‖γ∆xc,k‖ ≤625

τ‖∆xa,k‖, where τ ∈ (0, 1) and the inequality follows from (7). Apply triangle inequality626

leads to (1− τ)‖∆xa,k‖ ≤ ‖∆xk‖ ≤ (1 + τ)‖∆xa,k‖ for all k, proving the claim. 2627

Lemma 4 Suppose Assumption 1 holds. Let Q ⊂m, A ⊆ Q, x ∈ FoP , s := Ax− b (> 0),628

and λ > 0 enjoy the following property: With ∆λQ, ∆λa
Q, ∆s, and ∆sa produced by629

Iteration CR-MPC, λi +∆λi > 0 for all i ∈ A and si +∆si > 0 for all i ∈ Q \ A. Then630

ᾱd ≥ min

{
1, min
i∈Q\A

{
si

|si +∆sai |

}
, min
i∈Q\A

{
si − |∆sai |
|si +∆si|

}}
(41)

and631

ᾱp ≥ min

{
1, min
i∈A

{
λi

|λi +∆λa
i |

}
, min
i∈A

{
λi − |∆λa

i |
|λi +∆λi|

}}
. (42)

Proof If ᾱd ≥ 1, (41) holds trivially, hence suppose ᾱd < 1. Then, from the definition of ᾱd632

in (24), we know that there exists some index i0 ∈ Q such that633

∆λi0 < −λi0 < 0 and ᾱd =
λi0
|∆λi0 |

. (43)

Since λi +∆λi > 0 for all i ∈ A, we have i0 ∈ Q \ A. Now we consider two cases: |∆λa
i0
| ≥

|∆λi0 | and |∆λa
i0
| < |∆λi0 |. If |∆λa

i0
| ≥ |∆λi0 |, then, since the second equation in (21) is

equivalently written as λisi + si∆λ
a
i + λi∆s

a
i = 0 for all i ∈ Q and since λssi > 0 for all

i ∈m, it follows from (43) that

ᾱd =
λi0
|∆λi0 |

≥
λi0
|∆λa

i0
|

=
si0

|si0 +∆sai0 |
,

proving (41). To conclude, suppose now that |∆λa
i0
| < |∆λi0 |. Since (i) si + ∆si > 0 for

i ∈ Q \ A; (ii) γ, σ, and µ(Q) in (35) are non-negative; and (iii) ∆λi0 < 0 (from (43)),
(34)–(35) yield

λi0 (si0 +∆si0 ) ≥ si0 |∆λi0 | − γ|∆s
a
i0
||∆λa

i0
| .

Applying this inequality to (43) leads to

ᾱd =
λi0
|∆λi0 |

≥
si0

|si0 +∆si0 |
−

γ|∆λa
i0
||∆sai0 |

|si0 +∆si0 ||∆λi0 |
≥
si0 − |∆sai0 |
|si0 +∆si0 |

,

where the last inequality holds since γ ≤ 1 and |∆λa
i0
| < |∆λi0 |. Following a very similar634

argument that flips the roles of s and λ, one can prove that (42) also holds. 2635
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A Proof of Theorem 1 and Corollary 2636

Parts of this proof are inspired from [29], [18], [16], [34], and [35]. Throughout, we assume637

that the constraint-selection rule used by the algorithm is such that Condition CSR is638

satisfied and (except in the proof of Lemma 13) we let ε = 0 and assume that the iteration639

never stops.640

A central feature of Algorithm CR-MPC, which plays a key role in the convergence641

proofs, is that it forces descent with respect of the primal objective function. The next642

proposition establishes some related facts.643

Proposition 2 Suppose λ > 0 and s > 0, and W satisfies W � 0 and W � H. If
∆xa 6= 0, then the following inequalities hold:

f(x + α∆xa) < f(x) , ∀α ∈ (0, 2) , (44)

∂

∂α
f(x + α∆xa) < 0 , ∀α ∈ [0, 1] , (45)

f(x)− f(x + α∆x) ≥
ω

2
(f(x)− f(x + α∆xa)) , ∀α ∈ [0, 1] , (46)

f(x + α∆x) < f(x) , ∀α ∈ (0, 1] . (47)

Proof When f(x +α∆xa) is linear in α, i.e., when (∆xa)TH∆xa = 0, then in view of (40),644

(44)–(45) hold trivially. When, on the other hand, (∆xa)TH∆xa > 0, f(x + α∆xa) is645

quadratic and strictly convex in α and is minimized at646

α̂ = −
∇f(x)T∆xa

(∆xa)TH∆xa
= 1 +

(∆xa)T
(
W −H + (AQ)TS−1

Q ΛQAQ

)
∆xa

(∆xa)TH∆xa
≥ 1,

where we have used (38), (37), and the fact that W � H, and (44)–(45) again follow. Next,
note that, since ω > 0,

ψ(θ) := ω(f(x)− f(x +∆xa))− (f(x)− f(x +∆xa + θ∆xc))

is quadratic and convex. Now, since γ1 satisfies the constraints in its definition (8), we see
that ψ(γ1) ≤ 0, and since ω ≤ 1, it follows from (44) that ψ(0) = (ω−1)(f(x)−f(x+∆xa)) ≤
0. Since γ ∈ [0, γ1] (see (7)), it follows that ψ(γ) ≤ 0, i.e., since from (16) ∆x = ∆xa+γ∆xc,

f(x)− f(x +∆x) ≥ ω(f(x)− f(x +∆xa)) ,

i.e.,647

−∇f(x)T∆x−
1

2
∆xTH∆x ≥ ω

(
−∇f(x)T∆xa −

1

2
(∆xa)TH∆xa

)
. (48)

Now, for all α ∈ [0, 1], invoking (48), (39), and the fact that H � 0, we can write648

f(x)− f(x + α∆x) = −α∇f(x)T∆x−
α2

2
∆xTH∆x ≥ α

(
−∇f(x)T∆x− 1

2
∆xTH∆x

)
≥ ωα

(
−∇f(x)T∆xa −

1

2
(∆xa)TH∆xa

)
=
ωα

2

(
−∇f(x)T∆xa −

(
∇f(x)T∆xa + (∆xa)TH∆xa

))
≥ αω

2

(
−∇f(x)T∆xa

)
≥
αω

2

(
−∇f(x)T∆xa −

α

2
(∆xa)TH∆xa

)
= ω

2
(f(x)− f(x + α∆xa)) ,

proving (46). Finally, since ω > 0, (47) is a direct consequence of (46) and (44). 2649

In particular, in view of (23)–(24), {f(xk)} is monotonic decreasing. Since the iterates are650

primal–feasible, an immediate consequence of Proposition 2, stated next, is that, under651

Assumption 1, the primal sequence is bounded.652
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Lemma 5 Suppose Assumption 1 holds. Then {xk} is bounded.653

We are now ready to prove a key result, relating two successive iterates, that plays a central654

role in the remainder of the proof of Theorem 1.655

Proposition 3 Suppose Assumptions 1 and 2 hold, and either {(xk,λk)} is bounded away656

from F∗, or Assumption 3 also holds and {xk} converges to the unique primal solution x∗.657

Let K be an infinite index set such that658 (
inf
k∈K
{χk−1} =

)
inf
{
‖∆xa,k−1‖ν + ‖[λ̃a,k

Qk−1
]−‖ν : k ∈ K

}
> 0 . (49)

Then {∆xk} → 0 as k →∞, k ∈ K.659

Proof From Lemma 5, {xk} is bounded, and hence so is {sk}; by construction, sk and λk

have positive components for all k, and {λk} ((26)–(27)) and {Wk} are bounded. Further,
for any infinite index set K′ such that (49) holds, (26) and (27) imply that all components
of {λk} are bounded away from zero on K′. Since, in addition, Qk can take no more than

finitely many different (set) values, it follows that there exist x̂, λ̂ > 0, Ŵ � 0, an index

set Q̂ ⊆m, and some infinite index set K̂ ⊆ K′ such that

{xk} → x̂ as k →∞ , k ∈ K̂ ,

{sk} → ŝ := {Ax̂− b} ≥ 0 as k →∞ , k ∈ K̂ . (50)

{λk} → λ̂ > 0 as k →∞ , k ∈ K̂ , (51)

{Wk} → Ŵ as k →∞ , k ∈ K̂ ,

Qk = Q̂ , ∀k ∈ K̂ . (52)

Next, under the stated assumptions, J(Ŵ ,AQ̂, ŝQ̂, λ̂Q̂) is non-singular. Indeed, if {(xk,λk)}
is bounded away from F∗, then E(xk,λk) is bounded away from zero and since H+R � 0,

Wk = H + %kR = H + min

{
1,
E(xk,λk)

Ē

}
R is bounded away from singularity and the

claim follows from Assumption 2 and Lemma 1. On the other hand, if Assumption 3 also
holds and {xk} → x∗, then the claim follows from Condition CSR(ii) and Lemma 1. As a
consequence of this claim, and by continuity of J , it follows from Newton-KKT systems (10)
and (32) that there exist ∆x̂a, ∆x̂, λ̄

a
Q̂, λ̄Q̂ such that

{∆xa,k} → ∆x̂a as k →∞ , k ∈ K̂ , (53)

{∆xk} → ∆x̂ as k →∞ , k ∈ K̂ ,

{∆sk} → ∆ŝ := A∆x̂ as k →∞ , k ∈ K̂ , (54)

{λ̃a,k+1

Q̂
} → λ̄

a
Q̂ as k →∞ , k ∈ K̂ , (55)

{λ̃k+1

Q̂ } → λ̄Q̂ as k →∞ , k ∈ K̂ , (56)

The remainder of the proof proceeds by contradiction. Thus suppose that, for the infinite660

index set K in the statement of this lemma, {∆xk} 6→ 0 as k → ∞, k ∈ K, i.e., for some661

K′′ ⊆ K, ‖∆xk‖ is bounded away from zero on K′′. Use K′′ as our K′ above, so that (since662

K̂ ⊆ K′), ‖∆xk‖ is bounded away from zero on K̂. Then, in view of Lemma 3 (w.l.o.g.),663

inf
k∈K̂

‖∆xa,k‖ > 0 . (57)

In addition, we have A(x̂) ⊆ Q̂, an implication of Condition CSR(i) when {(xk,λk)} is664

bounded away from F∗ and of Condition CSR(ii) when Assumption 3 holds and {xk}665
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converges to x∗. With these facts in hand, we next show that the sequence of primal step666

sizes {αkp} is bounded away from zero for k ∈ K̂. To this end, let us define667

λ̃
′,k+1

:= −(Sk)−1Λk∆sk , ∀k , (58)

so that, for all i ∈ m and all k, λ̃′,k+1
i > 0 if and only if ∆ski < 0, and the primal portion

of (24) can be written as

ᾱkp :=

∞ if λ̃
′,k+1 ≤ 0 ,

mini

{
λk
i

λ̃
′,k+1
i

: λ̃′,k+1
i > 0

}
otherwise.

αkp := min
{

1, max{κᾱp, ᾱp − ‖∆xk‖}
}
.

Clearly, it is now sufficient to show that, for all i, {λ̃′,k+1
i } is bounded above on K̂. On the

one hand, this is clearly so for i 6∈ Q̂ (whence i 6∈ A(x̂)), in view of (58) and (54), since

{λk} is bounded and {ski } is bounded away from zero on K̂ for i 6∈ A(x̂) (from (50)). On

the other hand, in view of (52), subtracting (58) from (35) yields, for all k ∈ K̂,

λ̃
′k+1

Q̂ = λ̃
k+1

Q̂ − γkσkµk(Q̂)
(Sk
Q̂

)−11 + γk(Sk
Q̂

)−1∆Sa,k

Q̂
∆λa,k

Q̂
.

From (56), {λ̃k+1

Q̂ } is bounded on K̂, and clearly the second term in the right-hand side

of the above equation is non-positive component-wise. As for the third term, the second

equation in (21) gives (SkQk
)−1∆Sa,k

Qk
= (ΛkQk

)−1Λ̃a,k+1
Qk

, so that we have

γk(Sk
Q̂

)−1∆Sa,k

Q̂
∆λa,k

Q̂
= γk(Λk

Q̂
)−1Λ̃a,k+1

Q̂
∆λa,k

Q̂
, ∀k ∈ K̂ ,

which is bounded on K̂ since, from (51), (55), and the definition (34) of {λ̃a,+}, both668

{Λ̃a,k+1

Q̂
} and {∆λa,k

Q̂
} are bounded, and from (51), {λk

Q̂
} is bounded away from zero on K̂.669

Therefore, {λ̃′,k+1
i } is bounded above on K̂ for i ∈ Q̂ as well, proving that {αkp} is bounded670

away from zero on K̂, i.e., that there exists α > 0 such that αkp > α, for all k ∈ K̂, as671

claimed. Without loss of generality, choose α in (0, 1).672

Finally, we show that {f(xk)} → −∞ as k →∞ on K̂, which contradicts boundedness

of {xk} (Lemma 5). For all k ∈ K̂, since ∆xa,k 6= 0 (by (57)) and αkp ∈ (α, 1], Proposition 2

implies that {f(xk)} is monotonically decreasing and that, for all k ∈ K̂,

f(xk + αkp∆xa,k) < f(xk + α∆xa,k) .

Expanding the right-hand side yields

f(xk + α∆xa,k) = f(xk) + α∇f(xk)T∆xa,k +
α2

2
(∆xa,k)TH∆xa,k

= f(xk) + α
(
∇f(xk)T∆xa,k + (∆xa,k)TH∆xa,k

)
−
(
α−

α2

2

)
(∆xa,k)TH∆xa,k ,

where the sum of the last two terms tends to a strictly negative limit as k → ∞, k ∈ K̂.673

Indeed, in view of (39), the second term is non-positive and (i) if (∆x̂a)TH∆x̂a > 0,674

since α > α2/2, from (53) and (57), the third term tends to a negative limit, and (ii)675

if (∆x̂a)TH∆x̂a = 0 then the sum of the last two terms tends to α∇f(x̂)T∆x̂a which676

is also strictly negative in view of (40), since we either have Ŵ � 0 (in the case that677

{(xk,λk)} bounded away from F∗) or at least [Ŵ (AQ̂)T ] full row rank (in the case that678

Assumption 3 holds and using the fact that A(x̂) ⊆ Q̂). It follows that, for some δ > 0,679

f(xk + αkp∆xa,k) < f(xk) − δ for all k ∈ K̂ large enough. Proposition 2 (eq. (46)) then680

gives that f(xk+1) := f(xk + αkp∆xk) < f(xk) − ω
2
δ for all k ∈ K̂ large enough, where681

ω > 0 is an algorithm parameter. Since {f(xk)} is monotonically decreasing, the proof is682

now complete. 2683
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We now conclude the proof of Theorem 1 via a string of eight lemmas, each of which684

builds on the previous one. First, on any subsequence, if {∆xa,k} tends to zero, then {xk}685

approaches stationary points. (Here both {λ̃a,k+1} and {λ̃k+1} are as defined in (34).)686

Lemma 6 Suppose that Assumption 1 holds and that {xk} converges to some limit point687

x̂ on an infinite index set K. If {∆xa,k} converges to zero on K, then (i) x̂ is stationary688

and689

∇f(xk)−
(
AA(x̂)

)T
λ̃

a,k+1
A(x̂) → 0 , as k →∞ , k ∈ K . (59)

If, in addition, Assumption 2 holds, then (ii) {λ̃a,k+1} and {λ̃k+1} converge on K to λ̂,690

the unique multiplier associated with x̂.691

Proof Suppose {xk} → x̂ on K and {∆xa,k} → 0 on K. Let sk := Axk − b(> 0) for all
k ∈ K and ŝ := Ax̂ − b(≥ 0), so that {sk} → ŝ on K. As a first step toward proving

Claim (i), we show that, for any i 6∈ A(x̂), {λ̃a,k+1
i } → 0 on K. For i 6∈ A(x̂), since ŝi > 0,

{ski } is bounded away from zero on K. Since it follows from (34) and (36) that, for all k,

λ̃a,k+1
i = 0 , ∀i 6∈ Qk and λ̃a,k+1

i = −(ski )
−1
λki∆s

a,k
i , ∀i ∈ Qk ,

and since {λki } is bounded (by construction) and ∆sa,k = A∆xa,k (by (21)), we have

{λ̃a,k+1
i } → 0 on K. To complete the proof of Claim (i), note that the first equation of (10)

(with H replaced by W ) yields

∇f(xk)− (AQk
)T λ̃

a,k+1
Qk

= −Wk∆xa,k .

Since (i) {λ̃a,k+1
i } → 0 on K for i 6∈ A(x̂), (ii) {Wk} is bounded (since H �Wk � H +R),

(iii) {∆xa,k} → 0 on K, and (iv) by definition (34), λ̃a,+
i = 0 for i ∈ Qc, we conclude

that (59) holds, hence {
(
AA(x̂)

)T
λ̃

a,k+1
A(x̂) } converges (since ∇f(xk) does) as k →∞, k ∈ K,

to a point in the range of
(
AA(x̂)

)T
, say

(
AA(x̂)

)T
λ̂A(x̂). We get∇f(x̂)−

(
AA(x̂)

)T
λ̂A(x̂) =

0, proving Claim (i). Finally, Claim (ii) follows from (59), Assumption 2, and the fact that

for i 6∈ A(x̂), {λ̃a,k+1
i } → 0 as k → ∞, k ∈ K, noting that the same argument applies

to {λ̃k+1}, using a modified version of (59), with λ̃ replacing λ̃
a
, obtained by starting

from the first equation of (32) instead of that of (10) and using the fact, proved next, that

{λ̃k+1
i } → 0 on K for all i 6∈ A(x̂). From its definition in (34) and the last equation in (33),

we have that, for all k,

λ̃k+1
i = 0 , ∀i 6∈ Qk ,

λ̃k+1
i = (ski )

−1
(−λki∆ski + γkσkµ

(k)
(Qk)

− γk∆sa,ki ∆λa,k
i ) , ∀i ∈ Qk .

Since {λ̃a,k+1
i } converges (to zero) on K, {∆λa,k

i } is bounded on K. Furthermore, from its692

definition (7)–(8) (see also (16)), {γk} is bounded and |γkσkµ
(k)
(Qk)
| ≤ τ‖∆xa,k‖ for all k.693

Since ∆sa,k = A∆xa,k and ∆sk = A∆xk, in view of Lemma 3, it follows that, for i 6∈ A(x̂),694

{λ̃k+1
i } → 0 on K. 2695

Lemma 6, combined with Proposition 3 via a contradiction argument, then implies that (on696

a subsequence), if {xk} does not approach F∗P , then {∆xk} approaches zero.697

Lemma 7 Suppose that Assumptions 1 and 2 hold and that {xk} is bounded away from698

F∗P on some infinite index set K. Then {∆xk} → 0 as k →∞, k ∈ K.699

Proof Proceeding by contradiction, let K be an infinite index set such that {xk} is bounded
away from F∗P on K and {∆xk} 6→ 0 as k → ∞, k ∈ K. Then, in view of Proposition 3
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and boundedness of {xk} (Lemma 5), there exist Q̂ ⊆m, x̂ 6∈ F∗P , and an infinite index set

K̂ ⊆ K such that Qk = Q̂ for all k ∈ K̂ and

{xk} → x̂ , as k →∞, k ∈ K̂ ,

{∆xa,k−1} → 0 , as k →∞, k ∈ K̂ ,

{[λ̃a,k

Q̂
]−} → 0 , as k →∞, k ∈ K̂ .

On the other hand, from (25), (16) and (7)–(8),

‖xk − xk−1‖ = ‖αk−1
p ∆xk−1‖ ≤ ‖∆xk−1‖ ≤ (1 + τ)‖∆xa,k−1‖ ,

which implies that {xk−1} → x̂ as k → ∞, k ∈ K̂. It then follows from Lemma 6 that700

x̂ is stationary and that [λ̃
a,k
A(x̂)]+ converges to the associated multiplier vector. Hence the701

multipliers are non-negative, contradicting the fact that x̂ 6∈ F∗P . 2702

A contradiction argument based on Lemmas 6 and 7 then shows that {xk} approaches the703

set of stationary points of (P).704

Lemma 8 Suppose Assumptions 1 and 2 hold. Then the sequence {xk} approaches the set705

of stationary points of (P), i.e., there exists a sequence {x̂k} of stationary points such that706

‖xk − x̂k‖ goes to zero as k →∞.707

Proof Proceeding by contradiction, suppose the claim does not hold, i.e., (invoking Lemma 5)708

suppose {xk} converges to some non-stationary point x̂ on some infinite index set K. Then709

{∆xa,k} does not converge to zero on K (Lemma 6(i)) and nor does {∆xk} (Lemma 3).710

Since x̂ is non-stationary, this is in contradiction with Lemma 7. 2711

The next technical result, proved in [29, Lemma 3.6], invokes analogues of Lemmas 5, 7712

and 8.713

Lemma 9 Suppose Assumptions 1 and 2 hold. Suppose {xk} is bounded away from F∗P .714

Let x̂ and x̂′ be limit points of {xk} and let λ̂ and λ̂
′

be the associated KKT multipliers.715

Then λ̂ = λ̂
′
.716

Convergence of {xk} to F∗P ensues, proving Claim (i) of Theorem 1.717

Lemma 10 Suppose Assumptions 1 and 2 hold. Then {xk} converges to F∗P .718

Proof We proceed by contradiction. Thus suppose {xk} does not converge to F∗P . Then,719

since {xk} is bounded (Lemma 5), it has at least one limit point x̂ that is not in F∗P ,720

and since (by Proposition 2) {f(xk)} is a bounded, monotonically decreasing sequence,721

f(x̂) = infk f(xk). Then, by Lemmas 7 and 3, {∆xk} and {∆xa,k} converge to zero as722

k → ∞. It follows from Lemmas 6 and 9 that all limit points of {xk} are stationary, and723

that both {λ̃a,k} and {λ̃k} converge to λ̂, the common KKT multiplier vector associated to724

all limit points of {xk}. Since x̂ 6∈ F∗P , there exists i0 such that λ̂i0 < 0, so that, for some725

k̂ > 0,726

λ̃a,k+1
i0

< 0 and λ̃k+1
i0

< 0 , ∀k > k̂ , (60)

which, in view of Step 8 of the algorithm, implies that i0 ∈ Qk for all k > k̂. Then (36) gives

∆sa,ki0 = −(λki0 )−1ski0 λ̃
a,k+1
i0

, ∀k > k̂ ,

where ski0 > 0, λki0 > 0 by construction. Thus, in view of (60), ∆sa,ki0 > 0 for all k > k̂. On727

the other hand, the last equation of (33) gives728

∆ski0 = (λki0 )−1(−ski0 λ̃
k+1
i0

+ γkσkµ
k
(Qk) − γk∆s

a,k
i0
∆λa,k

i0
), ∀k > k̂ , (61)
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where γk ≥ 0, σk ≥ 0, and µk
(Qk)

≥ 0 by construction. Further, for k > k̂, ∆λa,k
i0

< 0 since729

λki0 > 0 and λ̃a,k+1
i0

(= λki0 + ∆λa,k
i0

) < 0. It follows that all terms in (61) are non-negative730

and the first term is positive, so that ∆ski0 > 0 for all k > k′. Moreover, for all k > k̂, we731

have sk+1
i0

= ski0 + αkp∆s
k
i0
> ski0 > 0, where αkp > 0 since sk > 0. Since {sk} is bounded732

(Lemma 5), we then conclude that {ski0} → ŝi0 > 0 so that ŝi0 λ̂i0 < 0, in contradiction733

with the stationarity of limit points. 2734

Under strict complementarity, the next lemma then establishes appropriate convergence of735

the multipliers, setting the stage for the proof of part (ii) of Theorem 1 in the following736

lemma.737

Lemma 11 Suppose Assumptions 1 to 3 hold and let (x∗,λ∗) be the unique primal-dual738

solution. Then, given any infinite index set K such that {∆xa,k}k∈K → 0, it holds that739

{λk+1}k∈K → ξ∗, where ξ∗i := min{λ∗i , λmax}, for all i ∈m.740

Proof Lemma 10 guarantees that {xk} → x∗. Let K be an infinite index set such that

{∆xa,k}k∈K → 0. Then, in view of Lemma 6(ii), {λ̃a,k+1}k∈K → λ∗ ≥ 0. Accordingly,

{χk} = {‖∆xa,k‖ν +‖[λ̃a,k+1
Qk

]−‖ν} → 0 as k →∞, k ∈ K. Hence, in view of (26) and (27),

the proof will be complete if we show that {λ̆k+1}k∈K → λ∗, where

λ̆
k+1
i := λki + αkd∆λ

k
i , i ∈ Qk, and λ̆

k+1
i := µk+1

(Qk)
/sk+1
i , i ∈ Qc

k ,

or equivalently, {λ̃k+1 − λ̆
k+1}k∈K → 0, which we do now.741

For every Q ⊆ m, define the index set K(Q) := {k ∈ K : Qk = Q}, and let Q :=

{Q ⊆m : |K(Q)| =∞}. We first show that for all Q ∈ Q, {λ̃k+1
Q − λ̆

k+1
Q }k∈K(Q) → 0. For

Q ∈ Q, the definition (34) of λ̃
+

yields

‖λ̃k+1
Q − λ̆

k+1
Q ‖ = (1− αkd)‖∆λkQ‖, k ∈ K(Q) .

Since boundedness of {λkQ} (by construction) and of {λ̃k+1
Q }k∈K (={λkQ + ∆λkQ)}k∈K)742

(by Lemma 6(ii)) implies boundedness of {∆λkQ}k∈K , we only need {αkd}k∈K(Q) → 1 in743

order to guarantee that ‖λ̃k+1
Q − λ̆

k+1
Q ‖ → 0 on K(Q). Now, {∆xa,k}k∈K → 0 implies that744

{∆sa,k}k∈K → 0, and from Lemma 3 that {∆xk}k∈K → 0, implying that {∆sk}k∈K → 0;745

and {xk} → x∗ yields {sk} → s∗ := Ax∗ − b, so ski + ∆ski > 0 for all i ∈ A(x∗)c,746

k ∈ K large enough. Moreover, Assumption 3 gives λ∗i > 0 for all i ∈ A(x∗) so that, for747

sufficiently large k ∈ K, λ̃k+1
i > 0 for all i ∈ A(x∗), and Condition CSR(ii) implies that748

A(x∗) ⊆ Q, so Lemma 4 applies, with A := A(x∗). It follows that {ᾱkd}k∈K → 1, since all749

terms on the right-hand side of (41) converge to one on K. Thus, from the definition of αkd750

in (24) and the fact that {∆xk}k∈K → 0, we have {αkd}k∈K → 1 indeed, establishing that751

{λ̃k+1
Q − λ̆

k+1
Q }k∈K(Q) → 0.752

It remains to show that, for all Q ∈ Q, {λ̃k+1
Qc − λ̆

k+1
Qc }k∈K(Q) → 0. To show this, we753

first note that, since {χk}k∈K → 0, it follows from (26) and (27) and the fact established754

above that {λ̆k+1
Q }K(Q) → λ∗Q that, for all Q ∈ Q,755

{λk+1
Q } → ξ∗Q, k →∞, k ∈ K(Q). (62)

Next, from (26), (27), and the definition (34) of λ̃
+

, we have, for Q ∈ Q and sufficiently756

large k ∈ K(Q),757

|λ̃k+1
i − λ̆k+1

i | = λ̆
k+1
i =

µk+1
(Q)

sk+1
i

, i ∈ Qc . (63)
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Clearly, since A(x∗) ⊆ Q, we have s∗i > 0 for i ∈ Qc. Hence, since {∆sk}k∈K → 0, {sk+1
i }

is bounded away from zero on K for i ∈ Qc. When Q is empty, the right-hand side of (63)
is set to zero (see definition (14) of µ(Q)). When Q is not empty, since ξ∗i = 0 whenever
λ∗i = 0, (62) and complementary slackness gives

{
µk+1

(Q)

}
=

{
(sk+1
Q )Tλk+1

Q

|Q|

}
→
{

(s∗Q)T ξ∗Q

|Q|

}
= 0, k ∈ K(Q) ,

and it follows from (63) that {λ̃k+1
Qc − λ̆

k+1
Qc }k∈K(Q) → 0, completing the proof. 2758

Claim (ii) of Theorem 1 can now be proved.759

Lemma 12 Suppose Assumptions 1 to 3 hold and let (x∗,λ∗) be the unique primal-dual760

solution. Then {λ̃k} → λ∗ and {λk} → ξ∗, with ξ∗i := min{λ∗i , λmax} for all i ∈m.761

Proof Again, Lemma 10 guarantees that {xk} → x∗ and {sk} → s∗ := Ax∗ − b. Note762

that if {∆xa,k} → 0, the claims are immediate consequences of Lemmas 6 and 11. We763

now prove by contradiction that {∆xa,k} → 0. Thus, suppose that for some infinite index764

set K, infk∈K ‖∆xa,k‖ > 0. Then, Lemma 3 gives infk∈K ‖∆xk‖ > 0. It follows from765

Proposition 3 that, on some infinite index set K′ ⊆ K, {∆xa,k−1} → 0 and {[λ̃a,k
]−} → 0.766

Since Qk is selected from a finite set and {Wk} is bounded, we can assume without loss767

of generality that Qk = Q on K′ for some Q ⊆ m, and that {Wk} → W ∗ � H on K′.768

Further, from Lemma 11, {λk}k∈K′ → ξ∗. Therefore, {J(Wk, AQk
, sQk

,λQk
)}k∈K′ →769

J(W ∗, AQ, s
∗
Q, ξ
∗
Q), and in view of Assumptions 2 and 3 and Lemma 1, J(W ∗, AQ, s

∗
Q, ξ
∗
Q)770

is non-singular (since (x∗,λ∗) is optimal). It follows from (10), with W substituted for H,771

that {∆xa,k} → 0 on K′, a contradiction, proving that {∆xa,k} → 0. 2772

Claim (iv) of Theorem 1 follows as well.773

Lemma 13 Suppose Assumptions 1 and 2 hold and ε > 0. Then Algorithm CR-MPC774

terminates (in Step 1) after finitely many iterations.775

Proof If {(xk,λk)} has a limit point in F∗, then infk{Ek} = 0, proving the claim. Thus,776

suppose that {(xk,λk)} is bounded away from F∗. In view of Lemmas 5 and 10, {xk} has a777

limit point x∗ ∈ F∗P . Assumption 2 then implies that there exists a unique KKT multiplier778

vector λ∗ ≥ 0 associated to x∗. If (x∗,λ∗) ∈ F∗ is a limit point of {(xk, λ̃k)}, which also779

implies that infk{E(xk, λ̃
k
)} = 0, then in view of the stopping criterion, the claim again780

follows. Thus, further suppose that there is an infinite index set K such that {xk}k∈K → x∗,781

but infk∈K ‖λ̃
k − λ∗‖ > 0. It then follows from Lemma 6(ii) that {∆xa,k−1}k∈K 6→ 0,782

and from Lemma 3 that {∆xk−1}k∈K 6→ 0. Proposition 3 and Lemma 3 then imply that783

{∆xa,k−2}k∈K′ → 0 and {∆xk−2}k∈K′ → 0 for some infinite index set K′ ⊆ K. Next, from784

Lemmas 5 and 10, we have {xk−2}k∈K′′ → x∗∗ ∈ F∗P for some infinite index set K′′ ⊆ K′,785

and in view of Lemma 6(ii) {λ̃k−1}k∈K′′ → λ∗∗, where λ∗∗ is the KKT multiplier associated786

to x∗∗. Since αkp ∈ [0, 1] for all k, we also have {xk−1}k∈K′′ = {xk−2+αk−2
p ∆xk−2}k∈K′′ →787

x∗∗, i.e., {(xk−1, λ̃
k−1

)}k∈K′′ → (x∗∗,λ∗∗) ∈ F∗, completing the proof. 2788

Proof of Theorem 1. Claim (i) was proved in Lemma 10 and Claim (ii) in Lemma 12,789

Claim (iii) is a direct consequence of Condition CSR(ii), and Claim (iv) was proved in790

Lemma 13.791

Proof of Corollary 2. From Theorem 1, {(xk,λk)} → (x∗,λ∗), i.e., {Ek} → 0. It follows792

that (i) in view of Proposition 1 and Condition CSR(ii) Qk ⊇ A(x∗) for all k large enough,793

and (ii) in view of Rule R, {δk} → 0, so that Qk eventually excludes all indexes that are794

not in A(x∗). 2795
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B Proof of Theorem 2796

Parts of this proof are adapted from [16,29,34]. Throughout, we assume that Assumption 3797

holds (so that Assumption 1 also holds), that ε = 0 and that the iteration never stops, and798

that λ∗i < λmax for all i.799

Newton’s method plays the central role in the local analysis. The following lemma is800

standard or readily proved; see, e.g., [29, Proposition 3.10].801

Lemma 14 Let Φ : Rn → Rn be twice continuously differentiable and let t∗ ∈ Rn such that802

Φ(t∗) = 0. Suppose there exists ρ > 0 such that ∂Φ
∂t

(t) is non-singular for all t ∈ B(t∗, ρ).803

Define ∆Nt to be the Newton increment at t, i.e., ∆Nt = −
(
∂Φ
∂t

(t)
)−1

Φ(t). Then, given804

any c > 0, there exists c∗ > 0 such that, for all t ∈ B(t∗, ρ), if t+ ∈ Rn satisfies805

min{|t+i − t
∗
i |, |t

+
i − (ti + (∆Nt)i)|} ≤ c max{‖∆Nt‖2, ‖t− t∗‖2}, i = 1, . . . , n , (64)

then
‖t+ − t∗‖ ≤ c∗‖t− t∗‖2 .

For convenience, define z := (x,λ) (as well as z∗ := (x∗,λ∗), etc.). For z ∈ Fo := {z :
x ∈ FoP , λ > 0}, define

%(z) := min

{
1,
E(x,λ)

Ē

}
and W (z) := H + %(z)R .

The gist of the remainder of this appendix is to apply Lemma 14 to

ΦQ(z) :=

[
Hx− (AQ)TλQ + c
ΛQ(AQx− bQ)

]
, Q ⊆m.

(Note that ΦQ(z∗) = 0.) Let zQ := (x,λQ), then the step taken on the Q components
along the search direction generated by the Algorithm CR-MPC is analogously given by

z̆+
Q := (x+, λ̆

+
Q) with λ̆

+
Q := λQ + αd∆λQ. The first major step of the proof is achieved

by Proposition 4 below, where the focus is on z̆+
Q rather than on z+. Thus we compare z̆+

Q,

with Q ∈ Q∗ to the Q components of the (unregularized) Newton step, i.e., zQ + (∆Nz)Q.
Define

A :=

[
αpIn 0

0 αdI|Q|

]
, and α := min{αp, αd} .

The difference between the CR-MPC iteration and the Newton iteration can be written as806

‖z̆+
Q − (zQ + (∆Nz)Q)‖

≤ ‖z̆+
Q − (zQ +∆zQ)‖+ ‖∆zQ −∆za

Q‖+ ‖∆za
Q −∆z0

Q‖+ ‖∆z0
Q − (∆Nz)Q‖

= ‖(I −A )∆zQ‖+ γ‖∆zc
Q‖+ ‖∆za

Q −∆z0
Q‖+ ‖∆z0

Q − (∆Nz)Q‖

≤ (1− α)‖∆zQ‖+ ‖∆zc
Q‖+ ‖∆za

Q −∆z0
Q‖+ ‖∆z0

Q − (∆Nz)Q‖ ,

(65)

where ∆zQ := (∆x,∆λQ), ∆za
Q := (∆xa,∆λa

Q), ∆zc
Q := (∆xc,∆λc

Q), and ∆z0
Q is807

the (constraint-reduced) affine-scaling direction for the original (unregularized) system (so808

∆Nz = ∆z0
m).809

Let810

Ja(W,A, s,λ) :=

[
W −AT
ΛA S

]
.

The following readily proved lemma will be of help. (For details, see Lemmas B.15 and B.16811

in [16]; also Lemmas 13 and 1 in [28])812

Lemma 15 Let s,λ ∈ Rm and Q ⊆m be arbitrary and let W be symmetric, with W � H.813

Then (i) Ja(W,AQ, sQ,λQ) is non-singular if and only if J(W,AQ, sQ,λQ) is, and (ii) if814

A(x∗) ⊆ Q, then J(W,AQ, s
∗
Q,λ

∗
Q) is non-singular (and so is Ja(W,AQ, s

∗
Q,λ

∗
Q)).815
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With s := Ax−b, Ja(H,AQ, sQ,λQ), the system matrix for the (constraint-reduced) orig-
inal (unregularized) “augmented” system, is the Jacobian of ΦQ(z), i.e.,

Ja(H,AQ, sQ,λQ)∆z0
Q = −ΦQ(z) ,

and its regularized version Ja(W (z), AQ, sQ,λQ) satisfies (among other systems solved by816

Algorithm CR-MPC)817

Ja(W (z), AQ, sQ,λQ)∆za
Q = −ΦQ(z) .

Next, we verify that Ja(W (z), AQ, sQ,λQ) is non-singular near z∗ (so that ∆z0
Q and ∆za

Q

in (65) are well defined) and establish other useful local properties. For convenience, we
define

Q∗ := {Q ⊆m : A(x∗) ⊆ Q} .
and818

s̃+ := s +∆s, s̃a,+ := s +∆sa.

Lemma 16 Let ε∗ := min{1,mini∈m(λ∗i + s∗i )}. There exist ρ∗ > 0 and r > 0, such that,819

for all z ∈ Fo ∩B(z∗, ρ∗) and all Q ∈ Q∗, the following hold:820

(i) ‖Ja(W (z), AQ,λQ, sQ)−1‖ ≤ r,821

(ii) max{‖∆za
Q‖, ‖∆zQ‖, ‖∆sa

Q‖, ‖∆sQ‖} < ε∗/4,822

(iii) min{λi, λ̃a,+
i , λ̃+

i } > ε∗/2, ∀i ∈ A(x∗),823

max{λi, λ̃a,+
i , λ̃+

i } < ε∗/2, ∀i ∈m \ A(x∗),824

max{si, s̃a,+i , s̃+i } < ε∗/2, ∀i ∈ A(x∗),825

min{si, s̃a,+i , s̃+i } > ε∗/2, ∀i ∈m \ A(x∗).826

(iv) λ̃+
i < λmax, ∀i ∈m.827

Proof Claim (i) follows from Lemma 15, continuity of Ja(W (z), AQ,λQ, sQ) (and the fact828

that W (z∗) = H). Claims (ii) and (iv) follow from Claim (i), Lemma 15, continuity of the829

right-hand sides of (10) and (32), which are zero at the solution, definition (34) of λ̃
+

, and830

our assumption that λ∗i < λmax for all i ∈m. Claim (iii) is true due to strict complementary831

slackness, the definition of ε∗, and Claim (ii). 2832

In preparation for Proposition 4, Lemmas 17–20 provide bounds on the four terms in833

the last line of (65). The ρ∗ used in these lemmas comes from Lemma 16. The proofs of834

Lemmas 17, 18, and 20 are omitted, as they are very similar to those of Lemmas A.9 and835

A.10 in the supplementary materials of [34] (where an MPC algorithm for linear optimization836

problems is considered) and of Lemma B.19 in [16] (also Lemma 16 in [28]).837

Lemma 17 There exists a constant c1 > 0 such that, for all z ∈ Fo ∩ B(z∗, ρ∗), and for
all Q ∈ Q∗,

‖∆zc
Q‖ ≤ c1‖∆za

Q‖
2 .

Note that an upper bound on the magnitude of the MPC search direction ∆zQ can be838

obtained by using Lemma 17 and Lemma 16(ii), viz.839

‖∆zQ‖ ≤ ‖∆za
Q‖+ ‖∆zc

Q‖ ≤ ‖∆za
Q‖+ c1‖∆za

Q‖
2 ≤

(
1 + c1

ε∗

4

)
‖∆za

Q‖ . (66)

This bound is used in the proofs of Lemma 18 and Proposition 4.840

Lemma 18 There exists a constant c2 > 0 such that, for all z ∈ Fo ∩ B(z∗, ρ∗), and for
all Q ∈ Q∗,

|1− α| ≤ c2‖∆za
Q‖ .

Lemma 19 There exists a constant c3 > 0 such that, for all z ∈ Fo ∩ B(z∗, ρ∗) and all
Q ∈ Q∗,

‖∆za
Q −∆z0

Q‖ ≤ c3‖z− z∗‖2.
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Proof We have

∆za
Q −∆z0

Q = −(Ja(W (z), AQ, sQ,λQ)−1 − Ja(H,AQ, sQ,λQ)−1)ΦQ(z)

so that there exist c31 > 0 such that, for all z ∈ Fo ∩B(z∗, ρ∗) and all Q ∈ Q∗,

‖∆za
Q −∆z0

Q‖ ≤ c31‖W (z)−H‖‖z− z∗‖ ,

where the second inequality follows from Lemma 16(i). Since W (z) −H = %(z)R, |%(z)| ≤841

c32|E(z)|, and |E(z)| ≤ c33‖z− z∗‖, for some c32 > 0 and c33 > 0, the proof is complete. 2842

Lemma 20 There exists a constant c4 > 0 such that, for all z ∈ Fo ∩ B(z∗, ρ∗), and for
all Q ∈ Q∗,

‖∆z0
Q − (∆Nz)Q‖ ≤ c4‖z− z∗‖‖(∆Nz)Q‖ .

843

With Lemmas 17–20 in hand, we return to inequality (65).844

Proposition 4 There exists a constant c5 > 0 such that, for all z ∈ Fo ∩ B(z∗, ρ∗), and845

for all Q ∈ Q∗,846

‖z̆+
Q − (zQ + (∆Nz)Q)‖ ≤ c5 max{‖∆Nz‖2, ‖z− z∗‖2} . (67)

Proof Let z ∈ Fo ∩ B(z∗, ρ∗) and Q ∈ Q∗. It follows from (65), Lemmas 17–20, and (66)
that

‖z̆+
Q − (zQ + (∆Nz)Q)‖ ≤ (1− α)‖∆zQ‖+ ‖∆zc

Q‖+ ‖∆za
Q −∆z0

Q‖+ ‖∆z0
Q − (∆Nz)Q‖

≤ c2‖∆za
Q‖‖∆zQ‖+ c1‖∆za

Q‖
2 + c3‖z− z∗‖2 + c4‖z− z∗‖‖(∆Nz)Q‖

≤
(
c2

(
1 + c1

ε∗

4

)
+ c1

)
‖∆za

Q‖
2 + c3‖z− z∗‖2 + c4‖z− z∗‖‖(∆Nz)Q‖ .

Also, by Lemmas 19 and 20, we have847

‖∆za
Q‖ ≤ ‖∆za

Q −∆z0
Q‖+ ‖∆z0

Q − (∆Nz)Q‖+ ‖(∆Nz)Q‖

≤ c3‖z− z∗‖2 + c4‖z− z∗‖‖(∆Nz)Q‖+ ‖(∆Nz)Q‖ .
(68)

The claim follows (in view of boundedness of Fo ∩B(z∗, ρ∗)). 2848

With Proposition 4 established, we proceed to the second major step of the proof of849

Theorem 2: to show that (67) still holds when z+ is substituted for z̆+
Q.850

Proof of Theorem 2. Again, let ρ∗ be as given in Lemma 16. Let z ∈ Fo ∩B(z∗, ρ∗) and851

Q ∈ Q∗. Let ρ := ρ∗, t := z, and t∗ := z∗. Then the desired q-quadratic convergence is852

a direct consequence of Lemma 14, provided that the condition (64) is satisfied. Hence, we853

now show that there exists some constant c > 0 such that, for each i ∈m,854

min{|z+
i − z

∗
i |, |z

+
i − (zi + (∆Nz)i)|} ≤ c max{‖∆Nz‖2, ‖z− z∗‖2} . (69)

As per Proposition 4, (69) holds for i ∈ Q with z+
i replaced with z̆+

i . In particular, (69) holds855

for the x+ components of z+. It remains to show that (69) holds for the λ+ components of856

z+. Firstly, for all i ∈ A(x∗), we show that λ+
i = λ̆

+
i , thus (69) holds for all λ+

i such that857

i ∈ A(x∗) by Proposition 4. From the fact that λ > 0 (z ∈ Fo) and Lemma 16(ii), and858

since ν ≥ 2, it follows that859

χ := ‖∆xa‖ν + ‖[λ̃a,+
Q ]−‖ν ≤ ‖∆xa‖ν + ‖∆λa

Q‖
ν ≤ 2

(
ε∗

4

)ν
≤
ε∗

2
, (70)
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so that min{χ, λ} ≤ ε∗/2. Also, from Lemma 16(iii) and the fact that λ̆
+
Q is a convex860

combination of λQ and λ̃
+
Q, we have, for all i ∈ A(x∗),861

ε∗

2
< min{λi, λ̃+

i } ≤ λ̆
+
i . (71)

Hence, from (70), (71), Lemma 16(iv), and (26), we conclude that λ+
i = λ̆

+
i for all i ∈ A(x∗).862

Secondly, we prove that there exists d1 > 0 such that863

‖λ+
Q\A(x∗)‖ = ‖λ+

Q\A(x∗) − λ∗Q\A(x∗)‖ ≤ d1 max{‖∆Nz‖2, ‖z− z∗‖2} ∀i ∈ Q \ A(x∗) ,

(72)
thus establishing (69) for λ+

i with i ∈ Q \ A(x∗). For i ∈ Q \ A(x∗), we know from (26)

that, either λ+
i = min{λmax, λ̆

+
i }, or λ+

i = min{λ, ‖∆xa‖ν + ‖[λ̃a,+
Q ]−‖ν}. In the former

case, we have

|λ+
i | ≤ |λ̆

+
i | = |λ̆

+
i − λ∗i | ≤ |λ̆

+
i − (λi + (∆Nλ)i)|+ |(λi + (∆Nλ)i)− λ∗i |

≤ d2 max{‖∆Nz‖2, ‖z− z∗‖2}+ d3‖z− z∗‖2 ,

for some d2 > 0, d3 > 0. Here the last inequality follows from Proposition 4 and the864

quadratic rate of the Newton step given in Lemma 14. In the latter case, since λ > 0, we865

obtain866

|λ+
i | ≤ ‖∆xa‖ν+‖[[λ̃a,+

Q ]−‖ν ≤ ‖∆xa‖ν+‖∆λa
Q‖

ν = ‖∆za
Q‖

ν ≤ d4 max{‖∆Nz‖2, ‖z−z∗‖2},
(73)

for some d4 > 0. Here the equality is from the definition of ∆za and the last inequality
follows from ν ≥ 2, (68), and boundedness of Fo∩B(z∗, ρ∗). Hence, we have established (72).
Thirdly and finally, consider the case that i ∈ Qc. Since A(x∗) ⊆ Q, λ∗Qc = 0 and it follows

from (27) that, either λ+
i = min{λmax, µ+

(Q)
/s+i }, or λ+

i = min{λ, ‖∆xa‖ν + ‖[λ̃a
Q]−‖ν}. In

the latter case, the bound in (73) follows. In the former case, we have

|λ+
i − λ

∗
i | = |λ

+
i | ≤ µ

+
(Q)

/s+i .

By definition, s+i := si +αp∆si is a convex combination of si and s̃+i . Thus, Lemma 16(iii)

gives that s+i ≥ min{si, s̃+i } > ε∗/2. Then using the definition of µ+
(Q)

(see Step 10 of

Algorithm CR-MPC) leads to

|λ+
i − λ

∗
i | ≤

{
2

ε∗|Q|

(
(s+
A(x∗))

T (λ+
A(x∗)) + (s+

Q\A(x∗))
T (λ+

Q\A(x∗))
)
, if |Q| 6= 0

0 , otherwise
.

Since z ∈ B(z∗, ρ∗), λ+
A(x∗) and s+

Q\A(x∗) are bounded by Lemma 16(ii). Also, by definition,

s∗A(x∗) = 0. Thus there exist d5 > 0 and d6 > 0 such that

|λ+
i − λ

∗
i | ≤ d5‖s+

A(x∗) − s∗A(x∗)‖+ d6‖λ+
Q\A(x∗)‖ .

Having already established that the second term is bounded by the right-hand side of (72),
and we are left to prove that the first term also is. By definition,

‖s+
A(x∗) − s∗A(x∗)‖ = ‖AA(x∗)x

+ −AA(x∗)x
∗‖ ≤ ‖Ax+ −Ax∗‖ ≤ ‖A‖‖z̆+

Q − z∗Q‖ .

Applying Proposition 4 and Lemma 14, we get

‖s+
A(x∗) − s∗A(x∗)‖ ≤ ‖A‖‖z̆

+
Q − (zQ + (∆Nz)Q)‖+ ‖A‖‖(zQ + (∆Nz)Q)− z∗Q‖

≤ d7 max{‖∆Nz‖2, ‖z− z∗‖2}+ d8‖z− z∗‖2 ,

for some d7 > 0, d8 > 0. Hence, we established (69) for all i ∈ m, thus proving the q-867

quadratic convergence rate. 2868
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